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The Non-Relativistic Approximation in the Theory of a Spin /; Particle with Three Additional
Characteristics in Electromagnetic Fields

We start with the well-known Dirac-type four-component equation for a spin % particle with three
additional characteristics, which includes several interaction terms interpreted as related to certain additional
electromagnetic characteristics of a spin % particle. In this paper, we investigate the nonrelativistic approximation
for this theory in the presence of electromagnetic fields. It turns out that in the nonrelativistic approximation, the
derived equation takes the form of the standard Pauli-like equation for a spin % particle with an anomalous
magnetic moment, defined as the sum of three parameters (u+ o +n) interpreted differently in the relativistic case.

Key words: spin % particle, generalized Dirac equation, additional characteristics, external
electromagnetic fields, non-relativistic approximation.

HEPEJIATUBUCTCKOE ITPUBJIMNKEHUE B TEOPUU YACTHUIBI CO CIIMHOM 2
N TPEMSA JONOJHUTEJBHBIMU XAPAKTEPUCTUKAMM
B IPUCYTCTBHUHU JIEKTPOMATHUTHBIX IOJER

Hcxooum uz uzeecmnozo 4-KoMnOHEHMHO20 YPABHEeHUs. OUPAKOBCKO20 MUNA O YACMUYbL CO CHUHOM Y5
U mpems OONONHUMENbHbIMU XAPAKMEPUCMUKAMU, 8 KOMOopoe 8X00AMm HeCKOIbKO YNeHO8 83aumMooelicmsis,
UHmMeEpNpemupyemuvixX KaKk CeA3aHHble C HEeKOMOPbIMU OONOTHUMENbHLIMU JIeKMPOMASHUMHBIMU XAPAKmMepuc-
MUKamu 4acmuysl co CRUHOM %. B nacmosweu pabome ucciedoan 60RpoC O HeperAMUBUCICKOM npeoeie
07151 9O MeopuU 8 NPUCYMCIMBUU INEKMPOMAZHUMHBIX noael. OKa3anocs, Ymo 8 HepeismueUCmcKom npudiu-
JiceHuU ypagHenue npuxumaem 6uo o006viuno2o ypagnenus Ilaynu 0ns wacmuysbl o CNUHOM Y U AHOMATLHBIM
MAZHUMHOIM MOMEHMOM (i+0 +17), onpedersemMvblM Kak CyMMa mpex Rapamempos, UHMepnpemupyembix

NO-pAaA3HOMY 6 peIAMUBUCNICKOM cayuae.
Knrwuesvie cnosa: uacmuya co CHUHOM 1/2, 0606W€HHbl€ ypaeHeHus ﬂupam, O00NoIHUMeNbHbLE xapak-
mepucmuku, 6HeulHue 31eKmpomacHuniHbvle noJs, HepeiamueucmcKkoe npu@m:»ceHue.

Introduction

In [1], within the general method by Gel’fand and Yaglom, starting with the extended
28-component representation of the Lorentz group — it includes four bispiniors and one spinor
of the 3rd rank — for a spin % particle, it was constructed a relativistic P-invariant generalized
system of equations for a spin # particle with three additional to electric charge characteristics.
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First, this model was developed for a free particle, and the system of spinor equations
was derived; then it was transformed to spin-tensor form in presence of external
electromagnetic fields. After eliminating the accessory variables of the complete wave function,
it was derived the minimal 4-component Dirac-like equation, the last includes several new
interaction terms which were interpreted as related to some additional electromagnetic
characteristics of a spin % particle. For more detail see [2—4].

In order to get additional arguments for correct interpreting the physical meaning of
additional characteristics, in the present paper we have studied the non-relativistic limit for the
theory under consideration. It turns out that in the non-relativistic approximation, the
generalized equation takes the form of the ordinary Pauli-like equation for a spin # particle with
anomalous magnetic moment (u+o +n); detemined as the sum of three paremeters, which in

relativistic case were interpretted as different.

1. The non-relativistic approximation
Extended relativistic equation for a spin % particle with three additional characteristics
M,0,n has the form [1]

. e u eo . .
{iy Dc_M+ﬁ’uF;dJkl+W(7 DC)F;(ZJH+

n

v (DPF, 4 FIE 2R, F e L E P L i gy,
M 2 4 (1)

where
: 1
D. =0, +ied, D’=(0, +ied )0 +ied"), J" = Z(}/"j/l )
F,, is a electromagnetic tensor, and J¥ are the Lorentzian bispinor generators.
Let us make the (3+1)-splitting in eq. (1):
{i(y"Dy+y'D,) =M +
+2e’u(F O L 02 0 3 3 o
M 01/ ) T A Fu T+ EyjT A FL )+

2 ,
LD, 47 D) F "+ P 4 Fig 4 o 4 P+ By ™)+

# T 2D} =D, D, )(Fy 4 Fj + B+ Foy ¥ 4 Fy 7+ F 2+

n mn

1 1
+F"F' +2F F' j* +55,Fk’ +Z;/56’””"’F E )Y =0.
2)

Taking in mind the identities (we apply the notations E, = F,,B, = F,;,...)
FLF = 2} + 2R 4 2R ~2F 2K 2R = AE - ),

F;{IFlnjkn = 0’ %E(IFU — E2 _EZ’ %}/Sé_mnle Ed _ ]/SE E;

mn

)

and the notations

K=" %)) =G2 71
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we can present eq. (2) differently
{i(y'Dy+7'D)—M +

2eoc

2ep = 5 s= ; = = =
+7ﬂ(EK+BJ)+ ("D, +7'D,)E K + BJ)+
e - — — — — — [
+—773(2(D§ —-D,D))(E K +BJ)+(E*-B*)+yE B)¥ =0.
M 4
For the following, it is convenient to use the Pauli basis for the Dirac matrices:
I 0 A 0 o, 0 -7
0 _ Lyl = R ,
/4 0 —I‘ /4 o, 0 4 rvrvvy ‘_1 0
1 0 0 1 0 —i 1 0
o, = , O, = , O,=|. , O3= .
0 1 10 i 0 0 -1 )
. .ab 1 a. b b_ay : . .
Also we need expressions for generators j* = Z(}/ y” —y’y") in this basis:
0 o 0 o 0
K1:J01_l(71 ’ Kzzjoz_l 2 ’ K3:J03_l 3 ’
210 -0 210 -o, 2|0 -o,
J, = n_ 10 O’ J2=j31=—io-2 0, J3=j12=—i63 O.
2|10 o 210 o, 210 o, 6)
Further, we apply the method of projective operators [3]:
© 17 0 -7 10 0
P=p=T=l | p=p=Tel
2 0 0 2 0 7
X 0
w70y _py [P ‘P2=P2‘P=‘ ;
¢_(x) ¢_(x) 7

in the non-relativistic approximation, the component @, (x) should be considered as large, and
@_(x) as small one.
Taking this in mind, we present the main equation in the block form

(iD,-M) Do, |o. L eH (EG —iB&) 0 2N
~iD,o, (=iD,—~M)||p.| M 0 (-E& —iB&)||¢.
" eo DO Dko-k (EO_:—ZB&) 0 (/8 n
M*|-D,o, -D, 0 (-E& —iB&)||p.

EG —iB& 0 A
+e_773[(D§—Dij)( g-ige) 0 e,
M 0 (~EG —iB&)||-

E? — B> 0 -]~ -
+(E B #0# Pl s B](p*=0;
0 (E>=BY)|lp.| |-I O o

(8)
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whence it follows

(E6 — zBJ)(p+
M (- EO'—zBO')(p
D,(EG —iB&)p, + D,o,(~EG —iB&)p.
-D,o,(Ec —iBo)p, —D,(~Ec —iBc)¢._
(D; —D,D,Y(EG —iB&)p, +(E* - B*)p, —(E B)g.
(D2 D,D)(—-EG—iB&)p_+(E* - B*)p_—(E B)go+

(D,-Mp. D7 | e
—iD, 0@, +(—iD, —M)¢_

eo
+M2

+

Thus, we arrive at the following two equations:

(iD,-M)p, +iD,o, ¢ + (E(r—zBa)go+
ec o= oL s
+W[DO (Ec —iBo)p, + D,o,(-EG —iBo)p ]+
+ LD} = D,D,(EG~iB&)g, +(E* ~ B)p, ~(E Bp 1= 0.
. . e, =. .=._
—iD,o.¢, +(=iD,—M)p_ +ﬁ(_EO- —iBo)p_+
eo - = .=
~[-D,0,(EG —iBG)p, — Dy(-EG —iBo)p_]+
en 2 =_ R~ 72 p2 D _
—[(Dy =D,;D,)(—Ec —iB6)p_+(E"—B")p_—(E B)p,]=

Now, we should separate the rest energy, by using the formal changes
D, = (D,-iM), iD, = (iD,+M), D; = (D;-2iMD,—M?),

then we obtain

. . e = .=

(iD,+M -M)p, +iD,c, ¢ + V(EO' —iBo)p, +

+22 (D, —iM)(EG —iB&)p, + Do, (~EG —iB&)p. ]+
e : R, O = =
+V773[(D§ —~2iMD, - M* - D,D,\EG ~iB&)p, +(E* — B*)p, —(E B)p.]1=

. . el , -. .=

—iD,o,@, + (=D, —=2M)p_+ W (—Ec —iBo)p_ +

eo

+W[—Dk0'k (EG —iBG)p, —(D, —iM)(—~EG —iB&)p. ]+

Z[(D} - 2iMD, ~M* - D,D,\~EG - iB&)p_+(E* - B*)p_—(E B)p,]1=

©)
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Dividing both equations by M, we get

1 1 el = .o

zﬁDO(/)+ +lﬁDkak¢— +W(EG—ZBG)¢+ +

ec 1 - S 1 =S
+W[(MDO —i)(Ec —iBo)ep, +ﬁDk0k (—Ec —iBo)p_ |+
e 1 1 1 = I = 5 | QR
+M—’72[ WDj —21HD0 —1—WD_,DJ.)(EJ—zBa)go+ +W(E2 ~B%)op, —W(E B)p 1=0,
1 1 ey . = .m.
—lﬁDkO'kq)+ + (—ZHD0 -2)p. +W(_EG —iBo)p_ +

ec 1 =L m 1 Ny D= D=
+W[—HDkak (Ec—iBo)p, _(MDO —i)(—Ec —iBo)p_]+
1 1

e | ) - = ~ = | QR
+V772[(WD02 —ZZEDO —I—WD].DJ‘)(—EO'—IBU)Q +(E*-BY)p. —W(E B)p,1=0.

It is known (for instance, see in [3]) that we should assume the following orders of
smallness for the involved quantities (magnetic components B, arise from commutators D,,,,,

electric components E, arise from commutators D,,,, whence follow their smallness orders
shown below):
E

~1, ~x, —D. ~x, —D,~Xx", L~ X7, L~ X,
¢+ w— M J M 0 M2 M2 (10)

In both equations, we will equate to zero only the terms of the primary orders, x and x’;
in this way, we obtain two approximate equations:

o1
X, 73 Z_ZWD/{U/(% =0;
o1 o1 el = eo = .en =_.
X’ lﬂDo% +1MD/<U/{(P_ —ZW(BU)% —W(BU)(A +ZW(BU)(P+ =0.

Further, eliminating the small component ¢_, we derive an equation for the large

component

o1 o1 1 el = eo - .en =

i—Dop +i—(D,c,)(-i—D o —i—(Bo)p, ———(Bo)p, +i—(Bo)p, =0,

M 0¢)+ M( k k)( 2M n n¢+) M2( )¢+ Mz( )¢+ Mz( )¢+
or shorter

1 e -
iDp, +——(D,0 )D o +—(-iu—oc+in)(Bo)p, =0;
0¢+ ZM( k k)( n n)(0+ M( :u 77)( )¢+

it is convenient to change the notations: —u = u,ioc = o . Taking in mind the multiplication

rules for the Pauli matrices, we get
(D,c,)D,c,)=D,D,(3, +ie,,o,)=D,D, +ieB,c, = D’ +ieB,oc,;

n n

so we arrive at the equation (let p=Y¥).
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1 e - ' =
DY, +——D¥ +——B6 W + - (u+0+3)B5 ¥ = 0.
2M 2M M (11)
Thus, in the non-relativistic limit, the generalized equation takes the form of the ordinary
Pauli equation for a spin % particle with anomalous magnetic moment (u+oc+7).

Conclusion

For the theory under consideration, we have studied the non-relativistic approximation
in the theory of a particle with 3 additional characteristics. It is shown that in this limit, the
generalized equation takes the form of the ordinary Pauli equation for a spin % particle with
anomalous magnetic moment; detemined as the sum of three paremeters (u+o+n).
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SPIN 2 PARTICLE IN THE COULOMB FIELD,
STATES WITH MINIMAL VALUE OF THE QUANTUM NUMBER ;=0

The main goal of this study is to derive the non-relativistic system of equations for a spin 2 particle in
presence of the external Coulomb field, then to solve it and to find the relevant energy spectra. We started with
the known radial system of 39 equations derived for the case of a free particle and modified to take into account
the presence of the Coulomb field. After eliminating the 28 components related to vector and 3-rank tensor, we
get the system of second order for 11 components referring to scalar and symmetric tensor. Previously, the problem
of a non-relativistic spin 2 particle in external Coulomb field was studied. In turned out that this study did not
cover the case of minimal value of the quantum number, j = 0. In the present paper, this special situation is
solved, the corresponding energy spectrum is found.

Key words: spin 2 particle, angular momentum, coulomb field, non-relativistic equation, projective
operators, energy spectrum.

qacmuua co cnunom 2 ¢ KYJIOHO6CKOM noJie,
COCMOARUA C MUHUMAIbHBIM 3HAYEHUEM K6AHM 06020 HUC/iA ] =0

OcHognasi yenb Uccie008anusi — BblGeCMU HEPENAMUBUCIICKYIO CUCIEM)Y YPAGHeHUll Ol 4acmuybl
€O cnuHoM 2 8 NPUCYMCMEUU GHEULHE20 KYIOHOBCKO20 NOJISl, 3aMeM peuuns ee U Haumu coOOmeemcmeyouue
9Hepeemuueckue cnekmpwl. B pabome ucnonv3oeana uzeecmuas paduaivhas cucmema uz 39 ypaenenuil, evlge-
O0eHHas 01 CAyyYas c80000HOU yacmuysbl U MOOUDUYUPOBAHHAA C YUEmOM NPUCYMCMEUS KYJIOHOBCKO20 NOJIA.
Hocne uckniouenus 28 KOMROHEHM, CEI3AHHBIX C 6EKIMOPOM U MEH30POM MPEMbe20 Paned, Mbl NOLYYAEM CUCTNEMY
6Mopo2o nopsoka 0ns 11 koMnoHenm, OMHOCSUWUXCSL K CKATSAPY U CUMMEMPUYHOMY men3opy. Panee 6vina uzyuena
3a0a4a 0 HepeIsIMUGUCIICKOU dacmuye co CRUHOM 2 60 6HewHeMm KYloHoeckom nore. OOnaxo oOamnoe
UCCne0osanue He O0X6AMbIEAN0 CAYYAL MUHUMALbHOZ0 3Hauenus keéanmoeozo uucia j =0 . B pabome

UCC1e008aH UMEHHO SIMOM CIy4all, HAOeH COOMEEMCMBYIOWUL IHEPLEMUIECKU CREeKMP.
Knwuesvie cnosa: wacmuya co cnunom 2, angular momentum, KyJI10HOBCKOe noOJe, HEPesmusUCmcKoe
ypasHeHue, NPOeKmMuHvle ONepamopbl, CHeKmp SHepIull.

1. Solving the problem

In [1], the problem of a non-relativistic spin 2 particle in external Coulomb field was
studied. In turned out that this study did not cover the case of minimal value of the quantum
number, ;=0. In the present paper, this special situation will be solved. Let us recall only the

needed points. The wave function of a relativistic spin 2 particle consists of a scalar (H ),
4-vector (H,), symmetric tensor( /,), and 3-rank tensor antisymmetric in two indices ( H,);

in total, the wave function includes 39 components. On solutions with spherical symmetry the
following operators are diagonalized

JH=j(j+V)H, JH=mH, J H =j(j+)H, JOH =mH;

R
jz

- - . (1
o, = Jj(j+DH,, JYH, = mH,; Jé)H3=](]+1)H3, J{H, = mH,.

To separate the variables, we applied the Wigner D-functions technique

j =
D*"Hs (4.0,0) D*S3 ; see in [2; 3], at this the known recurrent relations [2] were used:
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1 1 — 1 1
0,0,=+—aD , -—aD,, ——D,=——aD ,——aD,,
2 2 sin @ 2 2
1 1 —m— 1 1
0,0, =+~ap,—<pp,, =0, __Lip_Lip.,
2 2 sin @ 2 2
1 1 —m+cos @ 1 1
o,D,=+—bD,——aD,, —— D =—-—bD_ ——a 2)
A A sing 2 7 2
—-m— 1
89D+2:+lbD+l_lCD+3’ MDJrZ:__bDH__CDH’
2 2 sin @ 2 2
1 1 — 2 1
0,0, =+tep, ~Lpp, 2080, _ 1 .p -
2 2 sin @ 2

ViG+D =a, (j-D(j+2)=b,

(J=2(+3) =c

We use the following substitutions (which refer to the cyclic basis, the common

—iet

multiplier e is omitted):

L) D,
f(r) D,
£ D,
hy(r) D, ¢(r)D,,
H=h(r)D,, H, = h(r) D, ’ zzcz(’”)Do
h,(r) D, c(r) D,
hy(r) D, dy(r) D,
d,(r) D,
dy(r) D,
Jo(r) D,
E\(r)D_ E,(r)D, E,(r)D_, E,(r)D,
Ey(r)D, E, (r)D_, Ey,(r)D, Ey(r)D,,
E5(r)D,, E5, (r)D, E,(r)D,, Ey(r)D,,
"B, [T BLD, [ (B0, B (D, |
By, (r)D, B, (r)D_, By, (r)D, By (r)D,,
B, (r)D_, B, (r)D, By, (r)D_, By, (r)D, ®

In cyclic basis, the third projection of spin is a diagonal matrix. For special case j=0,
we should impose the following restrictions (because only the Wigner functions D, =1 may
be used in describing such states):

h=0,h=0, f,=0,f=0, ¢=0,c,=0, d =0,d,=0,
E,=0, E, =0, E,=0, E,, =0,

Ey, =0, E, =0, E,=0, E;=0, @)
B,=0, B, =0, B,=0, B,=0,
B,=0, B, =0, B,=0, B,=0.

In order to take into account the presence of the Coulomb field, we make the change

€:>(€+£)EDO,
r
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then the 39 equations (see in [1]) take on the form

H
N2a (b + hy)+ 2r (iDyhy + mh + hy, ) +4h, = 0;
Hl
V2a(d, +d,)+2r(iD, f, +d, —3mhy )~ 3iDyrh+4d, =0,
2ac, —3ah+2b 3c
2 6\/7;” f (Dd +C3 +T) mhl =O,
V2a(c,+¢,)+r(2iDyd, +2 f, +3h —6mhy ) +4c, +4f, =0,
2acz—3ah+2bf3 ( 3¢ j
‘Dyd, +c, +— |—mh, =0;
6\/71’ r 3
H2
B, +2
&—iDOE]l —mf, — b(By h1)+B31'=0,
V2r

4B, ~ 4By, —8mrf, +4(Ey —2h, ) +~2a(3B,, + B, ~ B, — 3By, + B, + Ey = 2(h + 1))
+27(=iDy (Ey; +3Ey, + Ey, +2h))— B+ By,'+ E, '+ 6h, ) = 0,
2B,y +~[2b(B,, —2h,)~2r(iD,Ey, + mf, + B,,') = 0,
V2B, +2B,,+2a(B,, - By, ~2h, )~ 4h, ~2r(2me, +iD, (E,, + Ey, )+ B, ~2hy ) =
V2a (B, + B, ~ By~ By, — Ey— E; —2(h + 1))
=2(2(Ey +2h,)+ 7 (4me, +iDy (Eyy + Eyy + Eyy =2k )+ B,'= By,'+ By = 2h,)) = 0,
~4mre, +/2 (aB, —bB;, —a(B,, +2h,))~2(B,, +irD, (E,, + Ey )+ 2h —r(By,'+2h,)) =
—4mrd, + \/E(bE11 +a(—By, +Ey —2h,)) + 2(B30 +E,, +2E, +r(—iD, (E, +2h)+By,'+ E21')) =0,
V2a(B,,~ By + E, +E32)+2(E13 +2E,, + By, +r(-2md, —iD, (E, + 2h2)+E22'+2h0,)) =0,
2B,y +4E,, +2E,, +\2bE,, +32a(Byy + E,y 21, )= 2r (2md, +iD, (Ey + 2k, ) + B~ E,,') = 0,
4B, +~2a(B,, — By + B,y — By, +3E,) +3E,, +2(h + 1))
+2(—2By, +6Ey + 4h, +r(—4mf, +iD, (Ey — Eyy + Ey = 6hy )+ B, = Byy'+ 3, + 2h, ) ) = 0;
H3
6c;, Jr\/E(ac2 +3af, +bf))

r

4c, +\2a(c, +¢,)+4f, +2r(-2iDyd, =3(mEy + f'))+ f1,) = 0,
6c, +\/—(ac2 +3af, +bf3)

r

+2(-2iDyd, —3mE,, +c'y) =0,

+2(-2iDyd, —3mE,, +c¢',) =0,

d,—d
—mBer d3 +d, =0, —a( ’ 1)—mBzo=O,
\/_r J2r
dl +\/§ad2 +21"(WlB30 +d'1) \/— mEll lDoﬁ = O, _iD()c3 _mE21 _d'l = Oa
7"

2d, +~2a(2d, - d,) = 2r (3mE,, +iD, (3¢, + f,)+d",) =0,
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V2a (e, —2¢,)=2(c, + f, )+ 2r (3mB,, +iDyd, —3c',+ f ) =
\/7(2ac2 bf)
r

\/51903+2f1 +2r(mB; + f')=0, —iDy,

=3mB,, +iDyd, +

30,

mE,, =0,

J_ 2r
4d, +\/§a(dl +d3)—6mrE22 +2irD, (fo —3f2)—4rd'2 =0,
d
\/_r -mE,, =0,
6mrB,, —6c, + 2irD,d, + \/7(ac2 —3af, +bf, ) —4rc' =0,
a(c1 —c3)
——>-mB,, =0,
\/EI" 22
—6mrB;, —6c, +2irD,d, + \/E(ac2 +bf, —3af, ) —4rc', =0,
~2d, +~2a(d, —2d,)+2r(3mE,, +iD, (3¢, + f,) +d",) =0,

bd .
\/_T;—mE” —iD, f, =0,

—iDyc, +

—iDyc,—mE,; —d, =0,

13 \/7r f3 +f ,=0, -3mB,,—-iDd, +

\/E(bf3—2acz)
r
V2a(e, —2c1)—2(cz+f2)+2r(—3mB33 +iDyd, =3¢+ f1,) =

Taking in mind restrictions (4), we obtain more simple system
H

| —
-c', =0,

2irDyhy +2mrh+2rh, +4h, =0;

Hl
2irD, f, = 3irDyh + 2rd,, +4d, — 6mrh, =0,
ac, ah
- =0, 0=0 (a=0
3W2r 242r ( )
2irDyd, +4c, +2rf ", +4f, +3rh’ —6mrh, =0,
ac, ah
- =0, 0=0 (a=0
3W2r 242r ( )
H

_1\7/%; =0, 0=0 (B,=0)
~2irD,E,, — 6irD, E,, — 2irD,E,, —4irD,h, + 2rB,,'— 4B, + 2rE, '+ 4E
0=0,
J2aB,, —\2aB,; —2\[2ah, =0, 0=0 (a=0),
~2irD,E,, — 2irD,E,, — 2irD, E,, +4irD,h, + 2rB,,'~

8mrc, —2rE,'—=4E,, +4rh',—8h, =0,
—J2aB,, —2\2ah,-2B, =0, 0=0 (a=0,B, =0)),
—2aB,, +2aE, —22ah, =0, 0=0 (a=0),

5 —dmrf, +12rh',—8h,

=0,
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—=2irD,E,, —4irD,h, —4mrd, + 2rE,,'+ 2E , +4E,, + 2E,, +4rh, =0,
2aB,, +\2aE - 2\2ah, =0, 0=0 (a=0),
+2irD, E,; - 2irD,E,, + 2irD,E,, —12irDyh, — 2rB,,'— 4B,, + 6rE, ' +12E,, —8mrf, + 4rh',+8h, =0,
H3

Nae, 3Nl L oo (a=0)
r r

—4irD,d, +4c, —6mrE,, —6rf"' +2rf',+4f, =0,
\/Eacz N 3x/§af0
r r

=0, 0=0 (a=0),

ad,
=0, 0=0 (a=0), -mB,;=0, 0=0 (B,,=0)
\/Er ( ) 20 ( 20

J2ad, =0, 0=0 (a=0),
—6irD,c, —2irD, f, —2rd',+2d, —6mrE,, =0,
2irDyd, —6rc',—2c, +2rf',=2 f, + bmrB,, =0,
2\/§ac2

7

=0, 0=0 (a=0),

36512 =0, 0=0 (a=0), 2iDyf,—6irD,f,—4rd, +4d, —6mrE, =0,
r

9 _0, 0=0 (a=0), 2ac,~3V2af,=0, 0=0 (a=0),
2r

—mB,,=0, B, =0, ~2ac,-3v2af,=0, 0=0 (a=0),
6irD,c, +2irD, f, +2rd',—2d, + 6mrE,, = 0,

a6 o 0_g (azo0)
r

2irDyd, —6mrB,, —6rc, —2c, +2rf',=2f, =0.
Whence it follows

H
2irDyhy + 2mrh+2rh',+4h, = 0,
Hl
2irD, f, =3irDyh +2rd',+ 4d, —6mrh, = 0,
2irDyd, +4c, +2rf',+4f, +3rh'—6mrh, =0,
H

2
=2irD,E,, — 6irD,E,, = 2irD,E, —4irD,h, + 2rB,,'-4B,, + 2rE,,' + 4E,, —8mrf, +12rh',—8h, = 0,
=2irD,E,, - 2irD,E,, - 2irD,E,, + 4irDyh, + 2rB.,'=8mrc, — 2rE, ' - 4E, + 4rh',—8h, = 0,
=2irD,E,, —4irDyh, —4mrd, + 2rE,,'+ 2E, +4E,, + 2E,, +4rh', =0,
+2irD,E,, - 2irD,E,, + 2irD,E,, —12irD,h, — 2rB.,'-4B,, + 6rE, '+ 12E,, —8mrf, +4rh',+8h, = 0,
H

3

—4irD,d, +4c, —6mrE,, —6rf"',+2rf',+4f, =0,
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—6irDyc, —2irD, f, —2rd',+2d, —6mrE,, =0,
2irDyd, —6rc',—2c, +2rf',= 2 f, + bmrB,, =0,
2irD, f, —6irD, f, —4rd',+4d, —6mrE,, =0,
6irD,c, +2irD, f, +2rd',—2d, + bmrE,, =0,
2irDyd, —6mrB,, —6rc, —2¢, +2rf',—-2f, = 0.
Let us take into account the parity restrictions [1]: P = (=1)’"
h=0, h,=0,f,=0, h,=0,f,=0,c,=0,d,=0,
E,=0,E,=0,E,=-E,,B,=B,;

312

)
the the above system simplifies
H 0=0,
H, 0=0,
H, 2rB,'-4B,,=0, 2rB,=0, 0=0, -2rB,-4B, =0,
H, 0=0, E,=0, 6mrB,=0, 0=0, 6mrE,=0, —6mrB,;=0.
We can readily see that any states with this parity do not exist.
For the parity P =(~1)’, we have the following restrictions [1]:
hy=+h; f,=+f, ¢, =+c, d,=+d;

and the system of equations reads

H
2irDyhy +2mrh+2rh',+4h, =0
Hl
2irD, f, = 3irRh+2rd',+4d, — 6mrh, = 0,
2irRyd, +4c, +2rf ', +4f, +3rh' —6mrh, =0,
H2

—6irD,E,, —4irD,E,, —4irD,h, —4rB,,'+8B,, + 2rE, '+ 4E,, —8mrf, +12rh',—8h, = 0,
—-2irD,E,, —4irD,E, +4irD,h, —4rB,'-8mrc, = 2rE, ' —4E,, + 4rh',—8h, = 0,
=2irD,E,, —4irD,h, —4mrd, + 2rE,,'+4E,, +4E,, +4rh' =0,

—2irD,E,, +4irD,E,, —12irD h, + 4rB,'+8B,, + 6rE,,' +12E,, —8mrf, + 4rh',+8h, = 0,

H3
—4irD,d, +4c, —6mrE,, —6rf, +2rf ', +4f, =0,
—6irD,c, —2irD, f, —2rd ', +2d, —6mrE,, = 0,
2irD,d, + 6mrB, —6rc',—2c, +2rf',= 21, =0,
2irD, f, —6irR, f, —4rd',+4d, —6mrE,, =0,
6irD,c, +2irD, f, +2rd',—2d, + 6mrE,, =0, the same
2irDyd, +6mrB,, —6rc',—2c, +2rf"',=2f, =0, the same

We express the variables /,,h, from the group H,, and the variables E,,E,,,B,,,E,,
from the group H,, and substitute the results in the equations of the groups H and H,:
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2 1DDd +2 1DDd +8 ! D0d2+i%Drc2+4 21202+
3 m’ 3 mr 3mr 3mr
8 3 ~D!f, + f2+D2—h+D2 ! : 2%D§f0=0,
3 3m m m* "m’r m
1 o1 1 1 1 1
+4z—2D,D0d2+4z—2DODrd2— 6i Dd +2 D o — —D,,f0—2—2Drf0—
m m m* mr m
1 1 ) 1 1 1 1
—6—2D0f2 8f, +4—— e D 1, + 2Drf2—8—22f2 Dh 6
m mr mr

—4— 1 ~Djc, +16—— 1 D.c,—4 1203c2—8 1
m m m

——0c, =0
2.2 72 2
mr

1 1 1 1 1
—4— D;c, —8¢c, —4—2ch2 —T8cz +4i— D,D.d, +4i— D,D,d, —
m m mr m m
1 1 1 1 1
Df0+4 Df0+2 Df0 sz Df2+2me2 rf2+
1 1

+2D; —2h +2D}
m m mr

—4d, -8i 1 Dcz+21 1 DDf0+21 ! =D.D, f, -
m’r

—21‘#D0Drf2 —8i—m2r D,f,— 21'%DrDof2 - 2i#D0Drh - Zi#DrDoh =0,
| 1 | 1 1 1 1
4— Dyc, +16—— Dcz+4 >D,c,+8——c 41 >D,D,d, —16i——Dd, 41 > D, Dyd, +
m’ m’r mr m’r
1 1 1 1
+6—2D02f0—8f0—12—2D,f0 — D! f,-2—D, f2+12 sz 2— D, +8——f, -
m mr m mr
1 I 1

—6— D02 h+2—
m m mr
For states with the parity P=(~1)’, the 5 independent components are divided into
large (L) and small (§) parts as follows (see in [1])
L,+S,
2
When performing the non-relativistic approximation, we should separate the rest energy
by formal change D, = M +iD,,M >0; besides, bellow we should take into account the
identify m=-M .
As known, we should assume the following smallness orders for the wave function
components and derivatives (see in [1])

h=S,, f,=L+S,, ¢,= , dy, =8, fo=5,- (6)

L~1, S, ~x, iDrwx, wa,
m mr
1. 1 ) 1 a 1 )
—iDy=>—(m+iD,)=—[m+(E+—)]~(1+—R,) ~ (1+x7),
m m m r m
1 2 a 1 a 1 1
D) = (e (B D) (B4 YY) = (=2 R~ R~ (1 mx) =),
m m r-m
21 1 21 1 8 1 1

E_(l ;R )DS10 3mD(l m )Sm 5_(1 mRo)S1o+
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+4 1 D L2+Sz+i 1 L2+S2+

3mir T2 3 mr? 2
SLD (L, + S)+2 ! D?(L, S)+ — (L, +S,)+
3m2 P27

1 1 1 2 1
+(-1-2—R))S, + D} — S, +2D, ——S, + 285, ———203512 =0,
m m mr 3m

+4 ! D (1+ ! —R )Slo+4 (1+ ! R,)D.S,, - 16L(1+iRO)SIO+
mr m

1 1 1
+2(-1-2—R))S,,—4——-D.S,, -2—D!S,, —
m mr m

—6(—-1- 21R)(L +S,)-8(L, +S)+4 ! D(L +S8,)+6— ! ~D}(L,+S,)-
m

(L+S) 2(121R)S+61DS 412 DS, -
r
—4(—1—2—R0)L2+SZ+16 12 D,L2+S 4LD2L +5, _g 212L2+S2:0’
m 2 mr 2 m’ 2 mr 2

—4(—1—2LR0)L2+S2 —8L2+S2 _4%1)3 L,+S, 21 : 8L2+S2 N
m 2 2 m 2 mr 2

+4i(l+iR0)DrSlo+4LD,,(1+iRO)SIO—

m m m m

-1-2L RS, +4 12 DS, +2— ! _D’S,, - 2(—1—21R0)(L2+S2)—

! DZ(L +8,)— 8 (L +8,)+

1

m

2 —
Sl +2Dr WSI —4EDI,S1 = O,

L+5 +2L(I+LR0)D,,512 +2iDr(1+iRo)S12 -
m- m m n

1 1
45, -8—(1+—R,)
mr m

—2i(l+iRO)D,,(L2 +Sz)_8L(l+iRo)(L2 +S2)_2iDr(1+iRo)(Lz +S2)_
m m mr m m m

11 1 1
2 (1+—R))D,5, 2D, (1+—R))S, =0,
m m m

1 L, +S 1 L +S 1 L +S 1 L +S
4-1-2 e lplatS 1 lhtS o S,
- mRO) mr "2 m* "2 m’r* 2
1 1 1 1 1 1
-4—{1+—R,)D,S,,—16—(1+—R,)S,, —4—D, (1+—R,)S,, +
m m mr m m m

+6(-1-21R)S, 85, 12— D 5, —6LD3512 ~2
m m m

2 2
r

1
_2D5(L2 +S2)+

! D (L, +S )+8 (L +S5,)—

—6(~1- 21R)S+21DS+4 ! ~D,5,=0.

We will preserve only the terms of the primary orders x°,x,x”, equating them to zero;
in this way we obtain
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x
S+ 25, _ 0, §-8,=0, 25,-25 =0,
DL g 3L 6s,—145, =0,
m mr
x2
DrzL2 + 5DrL2 + 2l)rSIO + L2 4 4S10 =(
3m*  3mir 3m m*r®  3mr
Drzsz i 3D§Lz n 2DrS10 _ 32L22 I 4R0L2 _ 4S10 -0,
m mr m mr m mr
_Dr2L2 n 2D,S,, _ 32Lzz + 2R,L, =0,
m’r m mr m
_DS _DS, + DS, 3% _ 0, not needed
m m m mr
Dr2L2 n SDrLz _ 2DrS10 n 3L2 _ 4Slo =0
m* m’r m m'r*  mr
From equations related to order x, it follows
s =s,=0, §,=-2A 3L (7)
m  mr

substituting these into equations related to order x°, we get

DL, 5DL, L _DIL, DL, 151, 4R[L,_

2 2 2.2 :0’ 2 2 2.2 0’
3m 3m’r m'r m mr mr m
_2D]L, DL, L 3L 2RI DL, ,SDL, 3L,
m2 m2F m2r2 m ’ m2 m2r m2r2

The first and the last equations coincide, so we have only three different equations
(recall that R, = D,):

LADL, DL, DL, 15, L2DL, 2D}L, 7DL, 3L

= O, = 0’
m m2 mzr m2r2 m m2 m21" m2r2
2
D!L, 5D, 3L _,
2 2 2.2 :
m myr mr

Expressing the term 37, /m’r® from the last equation, and substituting this result in
two remaining equations, we obtain one the same equation

2D, D? 12D
°L2—32"L2— —L,=0.
m m mr

Let us take into account identities D, = E+a/r,m=-M; then we arrive at

2
[d_2+ii+%+m—al][lzzo. (8)
dar- rdr 3 3 r

Near the point r = 0, solutions behave as (let L,(r)=f(r)) f=r", 4=0,4=-3;
to bound states may correspond only the value A = 0. At infinity, we get
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1 d> 6d 2ME1 2Mal
x==, (—-———+ —+ —)f=0.
r (abc2 X dx 3 X 3 x)f
Thus, we have an equation of the confluent hypergeometric type (the point »=0 1is
regular, and the point » =—oo is irregular of the rank 2). Let us introduce the shortening

notations (remembering that m=-M <0)

2mE 2ma d 4d b
=a, =b, L,=f, [+———a——]f=0.
3 3 =/ [dr2 rdr r]f
Using the substitution f =r"e” F, we obtain
F”+(2_A+i+23)p'+[w+(32_a)+w]pzo_
roor

Let us impose restrictions (relevant to bound states)

AA-1)+44=0 = A=0; (B°-a)=0 = B=—Ja=- _2”3"E (E <0): ©)

then the equation simplifies
rF"+2A+4+2Br)F'+(2AB+4B—-b)F =0.
In the variable x =-2Br, it reads
d’ d
x—f+2A4+4-x)—
dx’ S )dx

The polynomial condition leads to the following quantization rule

a=A+2—i=—n’ 2+n=i, where 2_/—2ME’ b=—2Ma;

so the energy spectrum for states with ;=0 is given by the formula
__ Mo”1
" 6 (2+n)’

f—(A+2—%)F=O.

n=0,1,2,... (10)

Conclusion

In the previous study of the problem of a non-relativistic spin 2 particle in external
Coulomb field, the case of minimal value of the quantum number j = (0 was not considered.
In the present paper, this special class of states has been invesigated, and the corresponding
wave function and the energy spectrum are found. Recall that for states with the quantum
numbers j=1,2,... exist five types of solutions and correspondingly five energy spectra [1].

REFERENCES (CIINCOK HCIIOJIb3OBAHHBIX NCTOYHUKOB)

1. Ivashkevich, A. V. Spin 2 Particle in Coulomb Field, the Non-relativistic Approximation /
A. V. Ivashkevich, V. M. Red’kov // Symmetry. — 2025 (accepted for publication).

2. Varshalovich, D. A. Quantum theory of angular moment / D. A. Varshalovich, A. N. Moskalev,
V. K. Khersonskii. — L. : Nauka, 1975.

3. Red’kov, V. M. Tetrad formalism, spherical symmetry and Schrodinger basis / V. M. Red’kov. —
Mn. : Bel. Science Publ., 2011. - 339 p.

Pykanic nacmyniy y paoaxywiio 16.03.2026



DI3IKA 21

YK 539.12 : 530.145 DOI 10.63874/2218-0303-2026-1-21-30

Baaoumup Anecmueguu Inemioxoé', Aumon Cepeeesuu Ti Kauee’
10-p gpuz.-mam. nayx, npog., npogh. xagp. obweii u meopemuuecxoii puzuxu
bpecmcroeo eocyoapcmeennozo ynusepcumema umenu A. C. Iywkuna
Zemyoenm 4-20 kypca gus.-mam. gax.
bpecmcroeo cocyoapcmeennozo ynugepcumema umenu A. C. [Tywkuna
Viadimir Pletukhov', Anton Tkachev’

'Doctor of Physical and Mathematical Sciences, Professor,
Professor of the Department of General and Theoretical Physics
of Brest State A. S. Pushkin University
?4-th Year Student of the Faculty of Physics and Mathematics of Brest State A. S. Pushkin University
e-mail: 'pletyyukhov@yandex.by: *tonitkachev693(@gmail.com

HUHTEPIIPETAIIUA DJEKTPOCJIABOI'O TOJIA
B TEOPHUHU PEJISITUBUCTKHUX BOJTHOBBIX YPABHEHUM

Toxa3zano, umo ucnonb308aHUe pACUUPEHHBIX HADOPOE HENPUBOOUMBIX hpedcmasnenul epynnsl Jlopenya
6 meopuu peamueUcmcKux 801H08bIX ypasHenutl (PBY) omxpeieaem Hogbie 603MOMCHOCIU ¢ MOYKU 3pEHUS NPO-
CMPAHCMBEHHO-BPEMEHHO20 ONUCAHUSA U3OCNUHOBLIX CeneHell c80000bl MUKpoobvekmos. Pazsusaemuvlii 6 pa-
b6ome no0xo0 no3eosaem npumeHams memoo meopuu PBY 6 kanubpoeounvix Mooensix oyHOameHmAanbHbIX 83au-
MoOelicmeull; 8 YACTMHOCMU, NPedlodCeHo He pacnadaroujeecs no epynne Jlopenya PBY, komopoe moxcem ciy-
JHCUMB 8 KaYecmaee OCHOBYL 0I5l ONUCAHUSA INeKMPOCIAO020 NOJIAL.

Knrwouesvie cnosa: perssimugucmcerue 0aHO8bIE ypasHe s, npedcmagienus epynnel Jlopenya, uzocnuno-
8ble cmenenu c60600vbl, dekmpociaboe noie.

Interpretation of the Electroweak Field in the Theory of Relativistic Wave Equations

It is shown that the use of extended sets of irreducible representations of the Lorentz group opens new
possibilities for the theory of relativistic wave equation (RWE) from the point of view of the space-time description
of the isospin degrees of freedom of microobjects. The approach developed in this paper makes it possible to apply
the method of RWE — theory in gauge models of fundamental interactions. In particular, a non-disintegrating RWE
is proposed for the description of the electroweak field.

Key worlds: relativistic wave equations, representations of Lorentz group, isospin degrees of freedom,
electroweatk field.

BBenenue

B knaccudeckoil Teopun pensTUBUCTCKUX BOIHOBBIX ypaBHeHui (PBY) npexycmarpu-
BAeTCS BO3MOXKHOCTD JIUIIIb Pa3ebHOIO OMHCAHUS MUKPOOOBEKTOB ¢ HEHYJICBOW U HYJIEBOM
Mmaccoii [1; 2]. OmHako B cOBpeMeHHON (DU3UKE BBICOKMX YHEPTUN (PUTYPHPYIOT OIS, KBAHTHI
KOTOPBIX (IIJIs1 TaHHOTO TOJIsT) 00JIaIaf0T KaK HYJIEBOH, Tak U HEHYJIEBOI Maccoil. XOpoIio u3-
BECTHBIM ITPUMEPOM TAKOTO poja SIBJISETCS AJIeKTpociaadoe mosne [3].

Ecnu cBoOonHOE 3nekTpocnaboe moje paccMaTpuBaTh Kak eIUHbINA (pU3nYecKuii 00b-
eKT (a IpU JOCTaTOYHO BBICOKHX DHEPIHsIX TaK OHO U €CTh), TO BO3HUKAET BOIPOC, MOXKHO JIU
B pamkax teopun PBY coemecmno omnuceiBaTh IO C HEHYJIEBOW M HYJIEBOHM MAaccoil
(T. H. MaccuBHO-0e3MaccoBbIe ToJIsT). HamoMHUM, 94TO MO COBMECTHBIM TTOHMMAETCS OTIHCa-
HUE B paMKax OJHOM HE pacnajarolleiicsl B pelIsSITUBUCTCKU-UHBAPUAHTHOM CMBICJIE CUCTEMBbI
YpaBHEHUU.

OcHoBHast 4acTh
OctanoBuMcs oApoOHO HA ATOM Bompoce. OOpaTumMcs K Ha0Opy 3aleTUISIONINXCSI He-
MIPUBOJIMMBIX MPECTAaBICHUN rpynnbl JIopeHua:
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!’

11 11
(E,Ej@)(g,aj ®(0,1)®1,0), (1)

11 11
rae IMpeacTaBiICHUE [E,EJ SIBIIAETCSL BEKTOPHBIM, a (5,5 — IICEBJOBEKTOPHBIM. Eciu

B HanOoJee o0Iel TeH30pHOU (POPMYIIMPOBKE PENIITUBUCTCKU-UHBAPUAHTHOIN CHCTEMBI TIep-
BOT'O MOpsAKa

aavl[)['uv] + al/)ﬂ = 0,
B0 ¥wa; + 00 + 0Wiau) + DYpway = O,

a’(—0,Yq + 9) + .B*ayw[,uva] + Clp[va] =0, (2)
COOTBETCTBYIOIIIEH MpecTaBieHuo (1), mMoJ0XuTh
a=0,b=c=m, (3)
MOJTyYUM CUCTEMY
O = 0, “4)
’B(a/‘w[m] * aal//[w] * a"l/j[fw]) MW ey = 0, ®)
-0 yv + 0y, + ﬁ*aay/[w] + my,, = 0. (6)

U3 (4) — (6) HeTpyIHO HAWTH ypaBHEHHS BTOPOTO MOPSIIKA!

2

—_ W av = 0, (7)

| ﬂ|2 [wav]
8/4\/(1,58,5!’//[#\/0{] = O’ (8)
Dl/),u - a,uavlpv =0, (9)

— 72
rie 0 = d; — omeparop anambepa.

VYpasuenus (7) u (8) o3HauaroT, uto cuctema (4) — (6) conepKUT OMHUCAHUE TICEBIOBEK-
TOPHOM YaCTHIIBI C HEHYJIEBOM Maccol. YpaBHEeHHE ke (9) yKa3bIBaeT HA TO, YTO JaHHAS CH-
CTeMa ONKCHIBACT Cle M 0e3MaccoBOe BEKTOPHOE MoJe ¢ noteHuuanom v, . Ilocinennee 06-

CTOSITENILCTBO MO3BOJISIET UCIIOIB30BATh KATMOPOBOYHOE MPEOOpa3oBaHKe BUIA
LI
v, — l//ﬂ—l//ﬂ+5ﬂ/\(x), (10)

OTHOCHUTEIIFHO KOTOPOTO MHBAapUAHTHBI U cucteMa (4) — (6) u ypaBaenue (9). Ota uHBapuaHT-
HOCTh 03HAYaeT, YTO YKa3aHHOE 0e3MaccoBOE TOJIe SABISIETCS MOJIEM MaKCBEIJIOBCKOTO THIIA
CO CIUPAJIBLHOCTHIO *1.

Taxum oOpas3om, He pacnazaromiascs no rpymnmne JlopeHma Ten3zopHas cucrema (4) — (6)
JTA€T COBMECTHOE OIMMCAaHNE TICEBIOBEKTOPHOM YaCTHUIIBI C HEHYJIEBOW Maccoi U 6€3MaccoBOTO
BEKTOPHOT'O TOJISI AJIEKTPOMArHUTHOTO THUTIA.

OTMeTHM Takxe, 4To eciu B (2) BEIOpAThH

b=0,a=c=m, (11)
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TO MBI PUJIEM K TyaThbHO CUMMETPUYHOM TEOPUHU IO OTHOIIEHUIO K (4) — (6) cucteme B TOM
cMbIcie, uTo Tipu BeIOope (11) cuctema (2) MpUBOIUT K COBMECTHOMY OIMCAHUIO MaCCUBHOMN
BEKTOPHON YaCTHUIBI U O€3MAacCOBOTO MOJS MaKCBEJIOBCKOTO THIA C TICEBJAOBEKTOPHBIM II0-
TEHIUAJIOM.

Kpome Toro, Ha ocHOBe cxeMbl (1) MOKHO OCYIIECTBUTh COBMECTHOE OTMMCAaHUE MUK-
POOOBEKTA ¢ ABYMsI pA3TUYHBIMU HEHYJIEBBIMU Maccamu. st aToro B (2) HaJ0 MOJIOXKUTh

a=b=c=m (12)

B pesynbTare nmosyuumM CHCTEMY MEPBOTO TOPSIKA
a@vt//[ﬂv] +my, =0, (13)
ﬂ(@ﬂt//[m] + O + av://[a#]) +myp, = 0, (14)

= 0. (15)

a (-0w, +o,w,) + ﬂ*aﬂ‘/l[m + my,

va

]

N3 (13) — (15) BeiTekaroT ypaBHeHUs BToporo nopsiaka (7), (8), a Takke ypaBHEHUs

2
m

a0 a0 (16)

YTO U OATBEPKIACT BBIIECKA3aHHOE.

Tenepr paccMOTpUM BO3MOKHOCTH COBMECTHOT'O OITMCAHUS BEKTOPHBIX YacTull (1osneit),
conoctaBiisieMbix cucteMaM (4) — (6) u (13) — (15). OueBHIHO, YTO MPOCTOE MEXAaHUIECKOE
00BbEeTMHEHNE ITUX CUCTEM HE NMPHUBENET K JKEIaeMOMY pe3yJIbTaTy, MIOCKOJIbKY MOJyuYeHHAs
TakuM 00pa3oM cHcTeMa YpaBHEHUI pacrnagaercs B PeNATUBUCTCKU-UHBAPUAHTHOM CMBICIIE
U, CJIEI0BATENIbHO, C TOYKU 3peHusi Teopurt PBY He MokeT onmuchiBaTh €AMHBIN (PU3NUECKUN
OOBEKT.

Camblif IpOCTOM M €CTECTBEHHBIN CIIOCOO MOCTPOCHMS HEpPACHaJaroIIeiCs] CUCTEMbI
yYpaBHEHMI, 0OecieunBaroiel COBMECTHOE ONHMCAHHUE BBIIIIEYKa3aHHBIX BEKTOPHBIX 0JIEH, 3a-
KJIIOYAE€TCsl BO BBEJEHUU B PACCMOTPEHHUE JOMOJHUTEIBHOIO CKAJISPHOTO IPEACTaBICHUS
(0, 0). B pe3ynbpTaTe MOXKHO MOTYYUTh HE paciaarolytocs o rpymme JIopeHiia cucremy ypas-
HEHUU [IEpBOTo MOpsIIKa:

(o-

av‘//[#v] = 0, (17)
a (8 Ma] T 80!(//[/”] + avw[aﬂ]) + BEuapOsWo + MY ] = 0, (18)
-0y, +0y,+ a*éal//[w] +my,, =0, (19)
PO, B+ 0¥y +mp, =0, (20)
5(6#%] +0, 0,1+ 0o ) +OE 0 W + 1), 17 =0, Q1)
P (0,8, +0,8,)+ 50,80+ M, =0, (22)
. . I .
zﬂ gﬂméﬂw[ﬂm] +y oy, +§0 gﬂﬂméﬁ;ﬁ[#m] +my, =0. (23)

Haiinem ypaBHeHUsI BTOPOTO MOPSIKA, K KOTOPBIM MPUBOIUT cuctema (17) — (23).
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[MoneiictByem Ha (19) oneparopom 0, . C yuerom (17) momyanm

oy, — 0,0, = 0. (24)

Hcnons3ys kanmmbpoBounoe npeodpazoBanue (10), ypaBuenue (24) ctaHIapTHBIM CITO-
cOOOM MOXHO TPUBECTH K BUIY

Oy, =0, oy,=0. (25)
[pumenenue onepatopa 0, K ypaBHeHuto (22) maer:

p (04, -0,0,8,)+md,¢,, =0. (26)

U3 (20) BeIpa3sum 4ieH 8V¢[W] :

¥ m
0, =——0W,——po,. (27)
¢[ﬂ ] o " 0 ol
Ortcrona cienyer:
4
a#¢ﬂ =- Ly, (28)
m
[Moncrasnss (27), (28) B (26), OyneM UMETh:
2
m m
O¢, +02-0,0p, — 2.0,y ¢, = 0. (29)
L o] o]
Ecnu BBECTH B pacCMOTpPEHHE BEKTOP
®, =4, +2 0, (30)
m
ypaBHeHUE (29) npuHUMAET BUT
2
m
0o, ——o,=0. 31

|
IIpu o710 Bektop @, ¢ yueToM (28) yAOBICTBOPAET YCIOBHIO
0,0,=0. (32)
Teneps npumenuM k ypaBHeHuto (19) onepatop

puve = o puve = o

€ pino 00 O €50 50 W ) + 1€ 5,006V ,01 = 0. (33)
C moMo1IbI0 HETOCPEACTBEHHO MPOBEPSEMOT0 TOKIECTBA
gpﬂVGaUaa V/[ﬂva] = & pua I:h//[;xvat] - apaﬂ gﬁﬂval//[ﬂva]
ypaBHeHUe (33) MpUBOUTCS K BUITY

at ( & pua W ] — 0 50 5 puva¥ e ) + 18 11 O W (0 = O- (34)
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N3 ypaBHenus (18) BrITeKaeT:

__B m
a,u!f//[va] + aal//[,uv] + av!r//[oz,u] - _;g,uvaﬁﬁﬁ'lfl/o _;W[,uva]' (35)
1 .
ITpumensts k (35) onepaTtop ;gﬂm 0, » IOy InM:
1 B
zgﬂvapﬁpl’//[,uva] = ; DWO (36)
KombOunanwms ypasaenwii (34) — (36) naer:
m’ p pm
Dl//[,uva] —Wl//[ﬂva] + ;g,uvaﬂﬁﬂ Dl//o _W‘C"uwxﬂaﬂWO =0. (37)
[TocpencTBoM 0003HAUCHUS
Yoo = + ﬁg 0 (38)
[uva] — V/[yva] m uvaf ,B!rllo
m2
npusesieM ypashenne (37) k Buay ¥y, _WT[W] =0. (39)
a
OnnospemenHo ¢ (39) B cooTBeTcTBHM C (34) MUMEEM YCIOBHE &,,,,,0 ﬁ‘{’[m] =0. (40)

AHanoru4HeIM 00pa3oM u3 cuctemsl (17) — (23) MOXKHO MOTyYUTh YpaBHEHUE BTOPOTO

opsiIKa

2
m

@, —ch[m] =0 (41)

C JOTIOJIHHUTCIBbHBIM YCJIIOBUEM

0,0

g#vaﬁ' B ['Wa]:(), (42)

rIe

(o}
CD[,uva] = q,uwx] + ;g,uvaﬂaﬂWO' (43)

Halinem, HakoHel, ypaBHEHHE BTOPOTO MOPSAKA Ul CKansipa Y/, . [Ipumenss oneparop

1
;gﬂm ,0, KypaBHeHuio (21), Oynem umers:

1 o
zg‘uvap@pqua] :Z DWO (44)

[Toacrasmss Teneps (28), (36) u (44) B (23), monydyum:

2

Oyy ——5— = 0. 45
ST +
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VYpasuenus (25), (31), (32), (39)—(42) u (45) moka3pIBalOT, YTO B HE pacIaaromencs
no rpynme Jlopenna cucreme nepsoro nopsiaka (17) — (23) conepkuTcs onvcaHue YeThIpex
yacTull (1Mojei) co cnmuHoM 1, 0JIHa U3 KOTOPBIX UMEET HYJIEBYIO MAcCy, a TaKKe CKaSIpPHOU
YaCTHULbI C HEHYJIEBOM MAaCCOM.

Tenzopnas cuctema (17) — (23) MoxeT OBITH IPEACTABICHA B CTAHIAPTHON MaTPUIHOM
¢dopme PBY

(r0,+I')¥=0 (46)

¢ ocobeHHoit matpuneir /', Buma

r—o“ 47
S - 47

Hamum popmynuposky 3toro PBY B 6a3zuce 'enbdanga — SArnoma [4].
BBenem cremyromyro HymMepanuio HEMPUBOIAMMBIX IPEICTABICHUH, COAEPKALIUXCS
B cucteme (17) — (23):

.01 (24] 200 (1.1 0-3{u)
(0. 1).(1, 0)~4, 5(y,.)): (5,5}6(@);

!

(33) 07 @000~ 59 (4. @

0 1
Torma as cniuHoBbIX 0510k0B C°,C° MaTpHIIBI

r, =< (49)
e C'®I,
HOJYYHM CIIEYIOLIe 00IIe BEIpaKeHUS:
0 0 ay a5 a
0 00 0 0 -
o_| o (@
C’=[cd 00 0 0| C= (50)
("
¢ 00 0 0
L 00 0 0

71

YcnoBue MHBapHAHTHOCTU paccMmarpuBaemoro PBY oTHocuTensHO mpeoOpa3zoBaHUiA

o 9 1
coOcTBeHHOM rpymnbl JIopeHIla HUKaKiX OrpaHUYeHUH Ha 3JIeMEHTHI cl.(; , C; 3/1eCh HE HaKJa-
neiBaeT. TpeboBanue P-uHBapHaHTHOCTH TEOPUU IPUMEHHUTEIHHO K 3JIEKTPOCIad0oMYy MO0 He

ABJISIETCS AKTyaJIbHBIM. Y CIIOBHE BO3MOXKHOCTH JIarpaHkeBor (hOopMyIHpPOBKH TEOPUU MTPUBO-
JUT K COOTHOLIEHUSIM [4]

0 _ o0\ o _ o\ o _ 0\
=) —f(cn) »Cel _g(clé) 71 _h(cn)
* *

(o L (o
»Ca3 —Q(C35) »Cs3 —q(c34)
% %

Gy 25(0;9)*’057 :S(cés) ) (52)

1 _ 1Y 1 1
Cyp = P\Cxs) sC5p = P\Cxy

1 1Y 1 1
Cgs = P\Coo | 5Cos = 7| Cog
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rie
ol g M g
0 0> 0
m M i
T, T, Tl s

0 1?2 1
Py 33 M6 ez
Broast Takxe miis yno0cTBa 0003HaUCHHS
0 _ 0 _ 0 _ 1 _ 1 _
ey=A, cg=A, 7=k, =4, C5=A4,

0;4:/16’ 0;5217’ Céxzﬂxa Cé9:2'9’ 0;8:110’ 0;92111’ (54)

¢ yaerom (52), (53) amst 6aokoB C° (50), (C'), (C") (51) momydmm BeIpaXKeHHS:

00 A4 4 A4
00 0 0 O
C'=|f4 0 0 0 0] (55)
g, 0. 0 0 0
hig, 0 0 0 0
0 A4 A 0 0 A4 A
: 0 0 A . 0 0
(Cl) — . . 6 /17 , (Cl) — . . /110 /111 (56)
P gk 0 0 iy sk, 00
Pl g 0 0 ridy sh, 0 0
XapakTepucTU4YecKue ypaBHEeHuUs i1 0710K0B (55), (56) UMEIOT COOTBETCTBEHHO BUJI:
2 (2= fIAl - gl -nlal ) =o0. (57)
A =2 (pAids+ pAs + A + A )+
(58)
* a4k ® * 2 2 2
+pQ(/14/15/1627+l4/151617 _|l4| |ﬂ7|2_|/15| |ﬂ6| ):0,
A=A (FAX*AE’ 'H”ﬂ'xﬂ': +S/11*0211 +S/1102'1*1)+ (59)

+ 15 ( Ao Aoy + A 2o =4 1 =L T ) =0
PBY, skBuBanenTHOe TeH30pHOH cucteme (17) — (23), mOay4YuTCsi, €CIu MOTO0KHUTh:

SV + gl +mlaf =61 +]7[ +lo
DAl + IS +qA A+ gl = o +1, (60)

2
s

CootHomenusiM (60) MOXHO YJIOBIETBOPUTD, BEIOPAB, HAIIPUMED:

h=p. 2 =2 +lol ). A=l +of -
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P I B . (e . | 61
14— /15_\/57/16_/17_\/59;18_ /19_\/57/110_111_ 2’ ( )
f=g=—h=-p=q=-r=s=1. (62)

PapenctBa (62), B cBOIO 04epe/ib, IPUBOJIAT K CIETYIOIMM 3HaYEHUSAM DIEMEHTOB 77, ,

MaTpPHIIbI JIOPECHII-UHBAPUAHTHON OMITMHEHHOW POPMBI N:
0 0 0 0 0 1 1 1 1 1 1
My =Ty =153 =16 = Mgy =Ty =Ty = ~Tgs = —Ngs =137 =11 o =1 (63)

Crmrossie 6ok C° (55), (C'), (C") (56) B coorBerctBun ¢ (61), (62) IPUHUMAIOT BH:

00 8 o fof Jof +lof
0 00 o o
C0: ,B* 0 O 00 , (64)
27+l 0 o 00
[ +e[ 0 o0 0 0
0 0 i|a| —i|a|
co_ L[ 0 01 1
20=ilel 1 0 0
ila] 1 0 0
0 0 ilp| —ilo|
@y=p 1000 (©5)
2(—ilp| 6 0 0
ilo|] 6 0 0
Buz 610k0B 77°,17' MaTpHIBI
Mo
- 66
n [ 0, ® IJ (66)
BBITEKaeT u3 (63):
10 00 0
0 -1 0 0 0
=00 1 0 0], (67)
00 010
00 00 -1
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Dl 68)

CrinnoBsiii 610k C° (63) HMeeT ouH (¢ TOYHOCTBIO [0 3HAKA) HEHYJICBOH KOPEHb

+ 181+ +lo] (69)
KOTOPBIH COOTBETCTBYET MAacCe CKAISIPHOTO 0030HA
m® = 7 . (70)
AL +of ol

'
Bnok (C') wumeer kopHu *1, i|a| . IlepBblil U3 HUX B CUJIy ITIPOCKTUBHOCTU MATPULIBI

I’y (49) otHOCHTCS K O€3MaccOBOMY BEKTOPHOMY ITOJIO MAKCBEJIOBCKOTO THIIA, BTOPOH —

K BEKTOPHOW YaCTHIIE C MAaCCOM

o
Kopun +|5|,£|p| 6noka (C') cootBercTByIOT Maccam
W_m @m_m
M2 T ™ Tl (72)

JIBYX APYTHX BEKTOPHBIX YaCTHII, ONMCAHNE KOTOPBIX TAKXKe COAEPKUTCS B 00cyk1aemom PBY
1 DKBUBAJICHTHOW eMy TeH30pHOU cucteme (17) — (23).

3akJil0ueHue

Wtak, Habop HEMPHUBOIUMBIX MPEICTABICHUI (48) MO3BOISIET MOCTPOUTH PEIISITUBUCT-
CKO€ BOJIHOBOE YpaBHEHHUE, ONKCHIBAIOIIEE BEKTOPHOE T0JIE€ C YETHIPHMSI TUIIAMH KBAHTOB — OJI-
HUM 0€3MacCOBBIM H TpeMsI MAaCCUBHBIMU. [Ipr 3TOM B TeOpUU ¢ HEOOXOIUMOCTHIO BO3HUKAET
CKaJIsIpHAas YacTHIla C HEHYJIEBOW Maccoi, KoTopas, COOCTBEHHO, U 00EeCIeYnBaeT €AMHCTBO
KOMITOHEHTOB YKa3aHHOTO MUKPOOOBEKTa. BEKTOpHAs COCTABIISIFOIIAS TOCIETHETO MOXKET UH-
TEPIPETUPOBATHCS KaK AJIEKTpOciadoe 1Moe, a CKalsipHOe — KakK JIMHEHHBIA aHajor 0030Ha
Xwurrca. JInneitnpiii xapakrep ypaBHeHUs (45), ONMKCHIBAIOIIETO CKATSPHYIO YaCTUILY, CBS3aH C
TEM, YTO BOIIPOC O MPOUCXOKICHUU MAacChl HE 3aTparuBaetcsi B Teopuu PBY, pamkamu koto-
poit Mbl orpaHnuynBaeMcs. Hanuuue uiam oTCyTCTBUE MacChl SIBJIIETCSA B JaHHOM TEOPUU 3aaH-
HBIM (paKTOM, TTIOITOMY HET HEOOXOIUMOCTH BBOJIUTH B (45) HETMHEHHBIC YJICHBI.
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Takum 0O6pazom, mpesiaraemasi HaMy MOJIENb, HE BCTYIIasi B MPOTUBOPEUHE C OOIETTPH-
HSATBIM XUITTCOBCKMM MEXaHM3MOM T'€HEpallud MAacChl, MO3BOJISIET YKa3aTh Ha €IIe OJIHY BO3-
MOXHYIO TIPUYUHY MOSIBJICHUS CKAJSIPHOM COCTABIISIIOIEH B TEOPUHM BEKTOPHOTO JIEKTPOCIIa-
6oro nomns. OgHAKO €ClIi BMECTO XUTTCOBCKOTO MEXaHHM3Ma paccMaTpuBaTh MHOM Crocob re-
Hepaluu Maccel, HanpuMep noaxoa Kans6a — Pamonza [5], To MbI mpuieM K abTepHATHBHON
MOJIENIN 3JIEKTPOCIad0ro B3aUMOJCHCTBUS, B KOTOPOU CKAIAPHBIA OO30H UIpaeT HCKIIOYH-
TEJLHO POJIb CBS3YIOMIEH KOMITIOHEHTHI JJIsI BEKTOPHBIX COCTABJISIONINX JIEKTPOCIA00TO TOJIS.

CIIMCOK UCIIOJIbB30BAHHBIX NCTOUHNKOB

1. l'enbang, U. M. IlpencraBnenus rpymnmsl Bpauienuii u rpynmnsl Jlopenna / M. M. I'enbdang,
P. A. Munnoc, 3. 5. llamupo. — M : ®usmatrus, 1958. — 368 c.

2. ®enopos, @. M. O60O0IICHHBIE PEIATUBUCTCKUE BOJIHOBBIC ypaBHeHus / ®. U. demopos //
Hoxmanst AH CCCP. —1952. —T. 82, Ne 1. — C. 37-40.

3. borym, A. A. BBeaeHue B MoJIeBYIO TEOpHUIO 3JieMeHTapHBIX Yactull / A. A. Borymr. — MH. :
Hayxka un texnuka, 1981. — 390 c.

4. InetroxoB, B. A. PenstuBucTckre BOJTHOBBIE YPaBHEHUS M BHYTPEHHHE CTEIICHU CBOOOIBI /
B. A. [Inetioxos, B. M. PenrkoB, B. 1. CtpaxxeB — MH. : ben. HaByka, 2015. — 326 c.

5. Kalb, M. Classical direct interesting action / M. Kalb, P. Ramond // Physical Review D. —1974. —
Vol. 9, nr 8. — P. 2273-2284.

REFERENCES

1. Gel’fand, 1. M. Predstavleniya gruppy vrasccheniy i gruppy Lorentsa / I. M. Gel’fand,
R. A. Minlos, Z. Ya. Shapiro. — M. : Fizmatgiz, 1958. — 368 s.

2. Fedorov, F. I. Obobshchennye relativistiskiye volnovye uravneniya / F. 1. Fedorov // Doklady
AN SSSR. -1952. - T. 82, Ne 1. — S. 37-40.

3. Bogush, A. A. Vvedeniye v polevuyu teoriyu elementarnyk chastits / A. A. Bogush // Mn. :
Nauka 1 tekhnika, 1981. — 390 s.

4. Pletyukhov, V. A. Reliativistskie volnovye uravneniya i vnutrennie stepeni svobody /
V. A. Pletyukhov, V. M. Red’kov, V. I. Strazhev. — Mn. : Bel. navuka, 2015. — 326 s.

5. Kalb, M. Classical direct interesting action / M. Kalb, P. Ramond // Physical Review D. —
1974. - Vol. 9, nr 8. — P. 2273-2284.

Pyxanic nacmyniy y paodaxywiio 15.04.2026



MATOMATBIKA

YK 512.542 DOI10.63874/2218-0303-2026-1-31-41

Polina Pavlushko', Alexander Trofimuk’
4-th Year Student of the Faculty of Physics and Mathematics
of Brest State A. S. Pushkin University
’Doctor of Physical and Mathematical Sciences, Associate Professor,
Head of the Department of Fundamental Mathematics of Brest State A. S. Pushkin University
Honuna Anexcandpoena Ilasnywro’, Anexcandp Anexcanoposuu Tpodumyr’
lemyoenm 4-20 kypca usuxo-mamemamuyeckozo (paxyrbmema
Bpecmcroeo cocyoapcmeennozo ynueepcumema umenu A. C. [lywikuna
20-p Qusz.-mam. nayx, ooy., 3a6. kag. yHoameHmanbHOl MamemMamuxy
Bpecmcroeo cocyoapcmeennozo ynueepcumema umenu A. C. [ywikuna
email: 'polinapavlushko@gmail.com; 2alexander.trofimuk@gmail.com

ON A FINITE GROUP FACTORIZED BY CONDITIONALLY SEMINORMAL
SUBGROUPS*

The subgroups A and B are said to be cc-permutable, if A permutes with B* for some x € (A, B).

A subgroup A of a finite group G is called conditionally seminormal in G , if there exists a subgroup T of G
such that G = AT and A is cc-permutable with all subgroups of T . The groups G = G,G,...G, with

pairwise permutable subgroups Gl, cees Gn such that Gi and G ; are conditionally seminormal in GI.G ; for any

i,jel{l,...,n}, i# j, are studied.

Key words: finite factorized group, conditionally seminormal subgroups.

O KoHeunol zpynne, haxmopuzyemoil ycio6Ho NOIYHOPMATbHLIMU ROOZPYRNAMU

X

Iooepynner A u B naseieaiomes ccC-nepecmanosounvimu, ecmu A nepecmanosouna ¢ B
ons nexomopozo X € (A, B). Iloozpynna A roneunoii epynnor G nasvisaemcs ycnosno nonynopmanvhoti G
ecu cywecmeyem nooepynna 1 epynnwit G maxas, umo G = AT u A ccC-nepecmanosouna ¢ xasicooii

nodzpynnoti uz 1 . B pabome uzyyenv epynnor G = Gle e Gn ¢ NONapHo nepecmano8oHbLIMU NOOZPYRNAMU
Gl,...,Gn maxkumu, 4mo Gl. u Gj YCA08HO NOJYHOPMANLHBL GiGj ona mobwix I, j€{l,....,n}, i# .

Knrwouesvie cnosa: koneunas pakmopusyemas 2pynnd, YCio6HO NOJYHOPMALbHbIE NOOSPYNNbL.

Introduction

Throughout this paper, all groups are finite and G always denotes a finite group. We use
the standard notations and terminology of [1; 2].
It is well known that 4B is a subgroup of G if and only if AB = BA, that is, if the subgroups
A and B permute. Should it happen that 4B coincides with the group G, then G is said to
be factorized by its subgroups A and B. A group G is said to be the product of its pairwise

permutable subgroups G,,G,,...,G, if G=GG,...G, and GG, =G,G, for all integers i and
j with i,je€{l1,2,...,n}. In many of the most relevant results in group theory structure

properties of a product of pairwise permutable subgroups are deduced from properties of the
factors. For example, a group is soluble if and only if it is the product of pairwise permutable
Sylow subgroups; if a group is the product of pairwise permutable nilpotent subgroups, then it
is soluble; a group which is the product of pairwise permutable cyclic subgroups is
supersoluble.

*Paboma gvinoanena npu Qunancosoti noodepicke BPODPU-PH®D (epanm Ne @26PHD-101).
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We say that two subgroups A4 and B of G are mutually permutable [3]if A permutes
with every subgroup of B and B permutes with every subgroup of 4. The following definition
give a very special case of a product with pairwise permutable subgroups G,,G,,...,G,.

A group G=GG,...G, 1s said to be the pairwise mutually permutable product of the
subgroups  G,,G,,...,G, if G, and G, are mutually permutable subgroups for all

i,j€{1,2,...,n}. The monograph [1] contains detailed information on the structure of groups

factorized by finitely many pairwise mutually permutable subgroups.
In this direction, the results given in the following theorem are well known.
Theorem A. Let G=G,G,...G, be the product of the pairwise mutually permutable

subgroups G,,...,G,. Let {5 be a saturated formation such that 1l < (5 . Then:

1) if G, belongs to (5 forall ie{l...,n} and G is nilpotent, then G belongs to {5,
see [1, Theorem 5.2.21];

2)if G, is supersoluble and G, is nilpotent for every ie€{2,...,n}, then G is
supersoluble, see [1, Theorem 4.1.35].

Recall that a subgroup 7 of a group G is said to be a supplement to a subgroup A
in G if G=AT. A subgroup A4 of a group G is called seminormal in G, if there exists
a supplement B such that G= AB and AX is a subgroup of G for every subgroup X of B.
A weaker condition for permutability was given in [4]: the subgroups 4 and B are said to be

cc-permutable, if A permutes with B* for some x € (A4, B). It is quite natural to study the

cc -permutability between subgroups of A4 and subgroups of supplement to 4. Using this
approach, the concept of conditionally seminormal subgroups was introduced in [5].

Definition. A subgroup A of a finite group G is called conditionally seminormal
in G, if there exists a subgroup 7 of G such that G= AT and 4 is cc-permutable with all
subgroups of 7.

In this case, we say that T is a conditionally supplementto A in G.1f G=A4B is a
product of mutually cc-permutable subgroups A4 and B, then 4 and B are conditionally
seminormal subgroups of G. The converse is false. An example is the dihedral group
G=(a)yx{c)~D,,, |al=12, |c|=2, considered above. In [5] the structure of a group with
given systems of conditionally seminormal subgroups was established.

In present article, we continue our research in this direction and extend the above-
mentioned results of Theorem A. The groups G =GG,...G, with pairwise permutable

subgroups G,...,G, such that G, and G, are conditionally seminormal in G,G; for any
i,je{l,...,n}, i # j are studied.

We prove the following

Theorem B. Let G =G,G,...G, be the product of the pairwise permutable subgroup

G,,...,G, such that G, and G, are conditionally seminormal in G,G, for any i, je{l,...,n},
i# j.Let (Y be a saturated formation such that 1l c {5 .

1. Suppose that G, belongs to (5 forall i€ {l...,n}. Then G” <(G)”.

2. Suppose that G, belongs to 5 for all ie{l...,n}, 5 <D and (G, ||G,;|)=1 for
any i,je€{l,...,n}, i# j. Then Ge .

3. If G, is supersoluble and G, is nilpotent for every ie{2,...,n}, then G is

supersoluble.
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That the condition of being nilpotent in Theorem B (3) cannot be weakened to being
supersoluble for at least one of the factors G, i € {2,...,n}, is demonstrated by the following.

Example. A non-supersoluble group 7 =VxQ, where V =<a,b>~ E52 and

0 =<ux,y>~(Q,, was constructed in [6]. The group T is representable as a product of two
normal supersoluble subgroups 4=V <x> and B=V <y>. Consider a group G=TxC,
where C~Z . Obviously, the group G =ABC is non-supersoluble and is a product of
subgroups A, B, and C normalin G.

Preliminary results

In this section, we give some definitions and basic results which are essential
in the sequel.

If H<G and H # G,we write H <G . The notation H << G means that A is a normal

subgroup of a group G . Denote by G, Z(G), F(G) and ®(G) the derived subgroup, centre,
Fitting and Frattini subgroups of G respectively, and by O ,(G) and O .(G) the greatest
p

normal p - and p -subgroups of G respectively. Denote by 7(G) the set of all prime divisors
of order of G . The semidirect product of a normal subgroup A and a subgroup B is written
as follows: AxB.

A group whose chief factors have prime orders is called supersoluble. Recall that a
p -closed group is a group with a normal Sylow p -subgroup and a p -nilpotent group is a
group with a normal Hall p -subgroup.

The monograph [7] contains the necessary information of the theory of formations. The
formations of all nilpotent, p -groups, supersoluble groups and all groups which have an ordered
Sylow tower of supersoluble type are denoted by 91, 91, 4l and D, respectively. A formation

& is said to be saturated if G/®(G)e F implies Ge /5. Let P be the set of all prime
numbers. A formation function is a function f defined on P such that f(p) is a, possibly
empty, formation. A formation /5 is said to be local if there exists a formation function f
such that G € /5 if and only if for any chief factor H /K of G and any p € #(H / K), one has
G/C,(H/K)e f(p). Wewrite (y =LF(f) and f is a local definition of {5 . A chief factor
H/K of a group G in this case is called f-central. It is clear that
O =LF(f)={G|G/F,(G)e f(p)}. Here F,(G) is the greatest normal p -nilpotent
subgroup of G . By [7, Theorem IV.3.7], among all possible local definitions of a local
formation /5 there exists a unique f such that 1 is integrated (i.e. f(p)< & forall peP)
and full (i.e. f(p)=2, f(p) forall peP). Here N, is the formation of all p -groups. Such

local definition f is said to be canonical local definition of (5 . By [7, Theorem 1V .4.6],
a formation is saturated if and only if it is local.

If a group G contains a maximal subgroup M with trivial core, then G 1is said to be
primitive and M is its primitivator.

Lemma 1. Let § be a saturated formation and G be a group. Assume that G ¢ §, but
G/ N € § for all non-trivial normal subgroups N of G. Then G is a primitive group.

Lemma 2. ([2, Theorem I1.3.2]) Let G be a soluble primitive group and M is a
primitivator of G . Then the following statements hold:

(1) ©(G)=1;
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(2) F(G)=C;(F(G))=0,(G) and F(G) is an elementary abelian subgroup of order
p" for some prime p and some positive integer n;

(3) G contains a unique minimal normal subgroup N and moreover, N = F(G);

(4) G=F(G)xM and O,(M)=1.

Lemma 3 ([8, Lemma 6]). Let G be a soluble group. Assume that G g I, but
G/ K € ll for every non-trivial normal subgroup K of G . Then the following hold:

(1) G contains a unique minimal normal subgroup N, N =F(G)=0,(G)=C;(N)
for some p e n(G);

(2) Z(G)=0 (G)=2(G) =1,

(3) G is primitive; G =N xM , where M is maximal in G with trivial core;

(4) N is an elementary abelian subgroup of order p", n>1;

(5) if M is abelian, then M is a cyclic group of order dividing p" —1 and n is the
smallest positive integer such that p" =1(mod | M |).

Lemma 4 ([9, Theorem 2]). Suppose G is the product of pairwise permutable
subgroups G,,...,G,, n>2, such that GG, is a soluble subgroup for any i,je{l,...,n},
i# j. Then G is soluble.

Lemma 5. Let G=GG,...G, be a group with pairwise permutable subgroups
G,...,G, and H<G N...NG,. If H is subnormal in G, for every ie{l,...,n}, then H is

subnormal in G .
Proof- We argue by induction of . By [10, Theorem 1], the result is clear when n = 2.
Let K =G,G,...G,,. By induction, H is subnormal in K. Then by [10, Theorem 1], H is

subnormal in G = KG, .
Lemma 6. Let G be soluble. If G has a subgroup H of prime index, then G/ H is

supersoluble.
Proof. Suppose that H isnotnormalin G . Then H, # H and G/ H 1s primitive with

stabilizer 4/ H . By [7, Theorem 15.6],
G/H.,=(P/H)x(H/H;), P/H,= CG/HG (P/H,).
Let |G:H |= p, where p is prime. Then
\G/H,:H/H,|F|G:H|=p, |P/H; = p.

The subgroup H / H_ is cyclic, as the automorphism group of P/ H of prime order.
Hence G/ H, is supersoluble. If / isnormalin G ,then H = H, and G/ H; is supersoluble.

Lemma is proved.

Lemma 7. Let A be a conditionally seminormal subgroup of G and Y be a
conditionally supplement to A in G . Then the following statements hold.:

(1) A is a conditionally seminormal subgroup of H for any subgroup H of G such
that A<H ;

(2) AN/ N is a conditionally seminormal subgroup of G/ N for any N 1G;
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(3) for any XY there exists yeY such that AX’<G. In particular, AM<LG for
some maximal subgroup M of Y and AH<G for some Hall r-subgroup of H of soluble Y
and any & < 7(G);

(4) AKLG for every subnormal subgroup K of Y ;

(5) AK*<G for any g € G and any subnormal subgroup K of Y ;

(6) A* is a conditionally seminormal subgroup of G and Y* is a conditionally
supplement to A" in G forany xeG;

(7) if A is a maximal subgroup of G, then |G : A| is prime;

(8) if Y is soluble and A is r-closed, then Sylow r-subgroup A, of A is subnormal in
G, where r is the greatest prime in 7(G);

(9) if A is 2 -nilpotent, then the derived subgroup A is subnormal in G .
Proof. The validity of statements 1-8 directly follows from [5, Lemma 6]. We prove
statement (9). We proceed by induction on | G |. By (3), for every p € 7(Y) there exists a Sylow

p-subgroup Y, of ¥ suchthat AY, <G. Suppose that AY, <G forevery p € z(Y). Then by
(1), 4 is a conditionally seminormal subgroup in AY, and by induction, A is subnormal in
AY,. It is clear that for every p € 7(G) there exists a Sylow p -subgroup R of G such that
R<AY,.Since A <(A4,R)< AY,,wehave 4 issubnormal in (4, R).By[11, Theorem], 4

is subnormal in G .
Hence we consider that G = 4Y, for some g € 7(Y). By (4), 4 is seminormal in G .

Since A4 is 2-nilpotent, 4 is soluble by [12, Lemma 10]. Hence G = AY, = AGYq is soluble.
By (4), Y, is a minimal conditionally supplement to 4 in G and A7 <G for some maximal
subgroup 7' of Y, . Because 4 is a conditionally seminormal subgroup in AT, we have by

induction, 4 is subnormal in AT . Since |G : AT |= g, it follows that by Lemma 6, G/ (AT),,
is supersoluble and hence the derived subgroup

(G/(AT),) =G (AT), / (AT),
is nilpotent. Since 4 <G, we have
A(AT), /(AT), <G (AT), / (AT),

and hence 4 (AT), is subnormal in G. It is clear that 4 < A (AT), < AT . Since A is

subnormal in AT, A is subnormal in 4 (AT), and A is subnormal in G .

Lemma 8. 1. Suppose that A and B are conditionally seminormal subgroups of a
group G and G= AB.

(1. 1) If A and B have Sylow towers of supersoluble type then G has a Sylow tower of
supersoluble type.

(1.2) If A is nilpotent and B is supersoluble then G is supersoluble.

2. Let G=G,G,...G, be a group with pairwise permutable subgroups G,,...,G, such

that G, and G, are conditionally seminormal in G,G, for any i,j€{l,...,n}, i # j.
(2.1) If a Sylow p -subgroup P of G is normal in G and is abelian, then PN G, is
normal in G for every i.
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(2.2) If G,,...,G, have an ordered Sylow tower of supersoluble type, then G has an

ordered Sylow tower of supersoluble type.

Proof. 1.1. Assume that the claim is false and let G be a minimal counterexample. Let
N be a non-trivial normal subgroup of G. The subgroups AN/N~A/ANN and
BN /N ~B/BnNN is conditionally seminormal in G/ R=(AR/R)(BR/R) by Lemma 7 (2)

and have an ordered Sylow tower of supersoluble type. By induction, G/ N has an ordered
Sylow tower of supersoluble type.

We show that G is soluble. By Lemma 7 (9), 4 and B are subnormal in G . If 4 and
B are abelian, then by Theorem Itd, G is soluble. Hence we consider that either 4 #1 or
B #1.Suppose that 4 #1. Since 4 has Sylow towers of supersoluble type, (4 )¢ is suluble.
If (4)° =G, then G is soluble. If (4)? <G, then G/(A4)° has Sylow towers of supersoluble
type. Hence G is soluble.

Let r € 7(G) and r be the greatest. It is clear that a Sylow 7 -subgroup 4, is normal in
A . Then by Lemma 7 (8), A, is subnormal in G . Similarly, a Sylow r-subgroup B, of B is
subnormal in G . Since R= 4 B, is a Sylow subgroup of G, we have G 1is r-closed. Since

G/ R has an ordered Sylow tower of supersoluble type by induction, it follows that G has a
Sylow tower of supersoluble type.

1.2. Assume that the claim is false and let G be a minimal counterexample. If N is a
non-trivial normal subgroup of G, then the subgroups AN/ N and BN /N are conditionally
seminormal in G/N by Lemma 7 (2), AN/N~A/ANN is nilpotent and
BN/N>~B/BNN is supersoluble. Then by induction, G/N=(AN/N)BN/N) is
supersoluble. By (1.1), G has an ordered Sylow tower of supersoluble type. By Lemma 3,
O(G)=1, G=NxM, where N=C;(N)=F(G)=0,(G) is a unique minimal normal
subgroup of G . Besides, N =G, is the Sylow p -subgroup for the greatest p € 7(G). Since
G = 4B, it follows that N =4 B, , where 4, and B, are Sylow p -subgroups of 4 and B
respectively.

Let Y be conditionally supplement to 4 in G . Suppose that 4, =1.Then N=B <B.

We choose a minimal normal subgroup N, of B such that N, < N. Since B is supersoluble,
we have | N, |= p. Since N, <N <Y, it follows that there exists a subgroup AN, = N, x4 and
N, is normal in G, a contradiction. Thus the assumption 4, =1 is false and 4, #1.

Assume that B, =1. Hence N=4,<4 and N=4. Then BAN=1 and B is

maximal in G . Since B is conditionally seminormal in G , we have by Lemma 7 (7), the index
of B in G is prime, a contradiction.
By Lemma 7 (3), AY<G for some Hall p'-subgroup Y of Y. It is clear that

Y, <N;(4,), since G is p-closed. Since N is abelian, a Sylow p -subgroup Y, of ¥
centralizes 4, and 4, is normal in G , hence 4, = N . Because 4 is nilpotent and by Lemma
3 (1), it follows that 4= N . Since B is supersoluble, we have B, is normal in B. In this case,
B, isnormal in N = A4 and therefore is normal in G . Thus B, =N and G=A4B=NB=1B is

supersoluble, a contradiction.
2.1. We consider the following representation

G=(GG)...G,...(G,G).
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Since G, is conditionally seminormal in GG,, there exists a subgroup H, such
that GH, =GG,. Let (H,), is a Sylow p -subgroup of H,. By Lemma 7 (3), H, has a Hall
p -subgroup (H ;). of H, such that G;(H,) . is a subgroup of G . It’s obvious that PN G,
p p
isa Sylow p -subgroup of G;. Denote by (G,), =PNG,. Hence PNG,(H;) . =(G,), and
p
(G,), is normal in Gl.(Hj)p,. Therefore (Hf)p’ <N;((G,),). Since (H;), and (G,), are
contained in abelian subgroup P, we have (H,), <C;((G,),). So (G,), is normal in
G=(GG)...G,...(GG)=(HG)...G....(H,G)=
=((Hl)p(Hl)p, Gl.)...Gl....((Hn)p(Hn)P, G).

2.2.If n=2, then Lemma is true by (1.1). Hence n > 3. By induction, every product
G,G; has an ordered Sylow tower of supersoluble type. By Lemma 4, G is soluble. Let

r € 7(G) and r be the greatest. It is clear that a Sylow 7 -subgroup (G,), is normal in G,. Then
by Lemma 7 (8), (G,), is subnormal in G,G, forany i #1. By Lemma 5, (G,), is subnormal in
G=G,(GG,)...(GG,). Hence (G,), is subnormal in G for every ie{l,...,n}. Since
R=(G)),...(G)), is a Sylow subgroup of G, it follows that G is r-closed. The subgroups
GR/R~G,/G;NR and G,R/R>~G,/G, "R are conditionally seminormal in G,G,R/R

by Lemma 7 (3) and have an ordered Sylow tower of supersoluble type. By induction, G/ R
has an ordered Sylow tower of supersoluble type, hence G has an ordered Sylow tower of
supersoluble type.

Proof of Theorem B
1. We consider the case when the derived subgroup G is nilpotent. Then G is soluble.
Assume that G g (¥ . Let N be a non-trivial normal subgroup of G . The quotients

G/N=]](GN/N),GN/N=~G,/G NN.

Hence the subgroups G N/ N €5 forall i andby Lemma 7 (3), GN/N and G,N/N
are conditionally seminormal in G,G,N /N forany i# ;.

Since
(G/IN)=GN/N~G /G NN,

it follows that the derived subgroup (G/N) is nilpotent. Thus the hypotheses of the theorem
hold for G/ N . By induction, G/ N €¢5 . Since ¥ is saturated, we have that G is primitive
by Lemma 1. Hence ®(G)=1, G=NxM and N=C;(N)=F(G)=0,(G) is a unique
minimal normal subgroup of G by Lemma 2. Because G is nilpotent, we have N =G and
G/ N is abelian. Let P be a Sylow p -subgroup of G. Then PN/N =P/ N isaSylow p
-subgroup of G/ N .Hence P isnormalin G, N=P and M = Gp, is abelian.

Without loss of generality, we assume that p divides the order of G,. By Lemma 8
(2.1), N<G,. Since G, is normal in G, it follows that N = F(G,) = F,(G,). Since 5 is
saturated, there exists the canonical local definition 7. Hence 5 =LF(f), f(p)< ¢ and
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f(p)=2,f(p). By hypothesis, G, €5 . Then by definition of formation function,
G /N=G/F,(G)e f(p).

Let K =G,G;...G, and p divides the order of K. Hence p divides the order at least
one of the subgroups G,, i €{2...,n}. By Lemma 8 (2.1), N <K . By induction, K € {5 . Then,
proving as above, K/ N € f(p).

Suppose p does not divide the order of K. Since for every ie{2...,n} G 1is
conditionally seminormal in G,G,, it follows that there exists a subgroup 7 such that
GT =G,G, and G,.X is asubgroup of G for every subnormal subgroup X of 7 by Lemma 7
(4). Because N<T and G is p-closed, we have G, < N, (U) for every subgroup U of N.

By [13, Lemma 2.6], K is cyclic of order dividing p—1. Then K € g(p), where g is a

canonical local definition of a saturated formation /. Since {/ /¥, we have by
[7, Proposition IV.3.11], g(p) < f(p). Hence K € f(p).

Thus G/ N 1is the product of normal subgroups G,/ N and KN /N such that each of
them belongs to f(p). Since G/ N is Abelian, [GN/N,KN/N]=1 and G/ N € f(p) by
[13, Lemma2.4]. Because N € o, wehave Ge ' f(p)= f(p)< & . Hence the assumption
1S wrong.

Let (G')” #1. We show that the quotient G /(G')™ belongs to F . Since

(G/(G)) =G (G /(G =G /(G)",
we have the (G/(G)™) is nilpotent. The quotients
G/(G)" =TTG(G) (G,

G,(G)" /(G ~G, /G, (G,

hence the subgroups G,(G')" /(G)™ for any ie{l...,n} belong to 5 and by Lemma 7 (3),
G.(G)"/(G)" and G,(G)"/(G)" are conditionally seminormal in G.G,(G)"/(G)".
Arguing as above, we see that G/(G)” belongs to (3 .

2. Assume that the claim is false and let G be a minimal counterexample. Let N be a
non-trivial normal subgroup of G . Since

(GN/NLIGN/N)=(G,/GNANLG, /G AN)=1

for any i# j, it follows that G/ N satisfies all the requirements of the theorem and by
induction, G/ N €5 .
Let p be the greatest prime number of 7(G) . Since (| G, |,| G, |) =1 forany i # j, without

loss of generality we have that p € 7(G,). Let Y be a conditionally supplement to G, in G .
By Lemma 7 (3), for every g €7z(Y) there exists a Sylow g -subgroup Y of Y such that
GY, <G. Since G, e <D, G is p-closed. If ¢# p, then by Lemma 7 (8), (G), is
subnormal in G\Y, and consequently (G,), is normal in G\Y, and ¥, <N, ((G),).If ¢=p,
then ¥, <N;((G)),) . So, (G)), isnormal in G =G/Y, since ¥, <N;((G,),) forany g ez(Y).
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It is clear that (G,), is the Sylow p -subgroup of G. Let P=(G,),. Then G is soluble,
because G/ Pey < D.
By Lemmas 1 and 2, G is primitive and G = N xM , where

N =C,(N)=F(G)=0,(G)=P-

is a unique minimal normal subgroup of G and M is a Hall p -subgroup of G. It can be
assumed that M =(G,) ....(G,) . for some Hall p -subgroups (G,) .,...,(G,) . of G,,...,G,,
p p p p

respectively. Let K =G,G,...G,. Since (|G, |,| K|)=1 and P<G,, it follows that K isa p -
subgroup and M = (Gl)p,K .

Since G . is conditionally seminormal in G, j>1, we have that G = GJ.HA ;» Where H i
is a conditionally supplement to G, in G and P<H . Let X be an arbitrary subgroup of P.
By Lemma 7 (4), G,X <G .Since G is p-closed, G, < N;(X) forany j>1 and K <N (X)
.By [13, Lemma 2.6] K is a cyclic group of order dividing p—1 and [(Gl)p, ,K]=1.

Since K is a cyclic group of order dividing p—1. Hence K € g(p), where g is a

canonical local definition of a saturated formation {/. Since I/ </, we have by [7,
Proposition IV.3.11], g(p)< f(p), where f is a canonical local definition of a saturated

formation /5. Hence K e f(p). Because G e and F,(G)=P, we have that

G,/F,(G)=G,/P=(G) € f(p). Since [(G) .KI=1, (G).ef(p), Kef(p) and

f(p) is a formation, it follows that by [13, Lemma 2.4], G/ P= M =(G,) .K € f(p) . Because
p

Pedi,, wehave G e /5, acontradiction.

3.If n=2, then Theorem is true by Lemma 8 (1.2). Hence n>3. By Lemma 8 (2.2), G
has an ordered Sylow tower of supersoluble type.
Assume that the claim is false and let G be a minimal counterexample. Let N be a

non-trivial normal subgroup of G . The subgroups G;N/N and G,R/R are conditionally
seminormal in G,G,R/R by Lemma 7 (3), GN/N~G,/G,nN is nilpotent for all
i€{2,...,n} and GN/N =~ G,/ G NN is supersoluble. By induction, G/ N is supersoluble.
By Lemma 3, G is primitive, G contains a unique minimal normal subgroup N such that
N=C;(N)=0,(G)=F(G) forsome pen(G) and N is an elementary abelian subgroup of
order p", where n>1. Since G has an ordered Sylow tower of supersoluble type, we have
N=G,, where p is the greatest in 7(G).

Suppose that the order of G, is divisible by p for some i. By Lemma 8 (2.1), N <G..
If i>1, then G, is nilpotent and hence G, = N. Thus G, either coincides with N, oris p -
subgroup for each i €{2,...,n}.

If G,G,...G, isa p -subgroup, then N <G,. Let N, be a minimal normal subgroup of
G, such that N, <N. Then |N,|= p, because G, is supersoluble. By hypothesis, G, is
conditionally seminormal in G,G,. Hence there exists a subgroup R such that G.R=GG,.
Since G, isa p -subgroup, N <R and G,N, is a subgroup of G by Lemma 7 (4). Because G

is p-closed, we have G, <N (N,). Therefore N, is normal in G, a contradiction. Thus
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G,G,...G, isnota p -subgroup and G has the representation G = G,N (GS1 ...G, ), where G,
r J

is a nilpotent p -subgroup of G and N is coincides with all nilpotent subgroups G,, whose
order is divisible by p .
Since G, is conditionally seminormal in G, N, it follows that there exists a subgroup
J J

T suchthat G, T =G, N and G, X is asubgroup of G for every subnormal subgroup X of
J J J
T by Lemma 7 (4). Because N <T,we have G, <N, (U) for every subgroup U of N . Since
J

G,N 1is supersoluble by Lemma 8 (1.2), G;N has a normal subgroup V' of order p. Now V'
is normal in G, a contradiction. The theorem is proved.

Conclusions
In present paper we studied the groups G =G,G,...G, with pairwise permutable

subgroups G,...,G, such that G, and G, are conditionally seminormal in G,G, for any

i,je{l,....,n}, i# j. In particular, we obtained a number of conditions for such groups to
belong to a saturated formation containing formations of supersoluble groups.
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METOI[uI/ITEPA]_II/IIZ HESIBHOT'O TUIIA
PEHIEHUSA JIMHEUHBIX YPABHEHUU C BOSMYIIEHUAMU
B ITIPABOM YACTH 1 OTIEPATOPE

B cunvbepmosom npocmpancmee ucciedyemcst HesigHbil Memoo Umepayull peuenus IUHelHbIX YpaeHeHUll
¢ HeOMPUYAMENbHBIM CAMOCORPAICEHHBIM U HECAMOCONPANCEHHBIM 0SPAHUYEHHbIM Onepamopom. Jlokasana cxo-
OUMOCHb Memood 8 Cyude anpuopHo20 8blOOPA YUCTA UMEPayull 6 UCXOOHOU HOpMe 2ubOepmosa npoCmpan-
CMea 6 NPeonoL0ICEHUU, YN0 NOSPEUHOCIIU UMEIOMCSL He MOJIbKO 8 NPABOU YACMU YPAGHEHUS, HO U 8 Onepamope.
Tonyuenvr oyenku nospewtHocmu u anpuopHwlli MomMenm ocmarnosa. Ilonyuennvle pe3ynomamol Mo2ym 6bims Uc-
NOIb308AHbI 8 MEOPEeMULECKUX UCCAeO08AHUAX NPU DeuleHUlU TUHEUHbIX ONepamopHbIX YPAGHEeHUll, a MAaKice
npu peuteHuy NPUKIAOHbIX HeKOPPEKMHbIX 3a0ay.

Knroueevie cnosa: Hekoppekmmuoe ypasHeHue nepeozo pood, HesiHAs UMepayioHHas npoyeoypa, cuiboep-
MOB0 NPOCMPAHCMBO, HEOMPUYAMETbHBIL CAMOCONPANCEHHBIU U HECAMOCONPANCEHHBII 02PAHUYEHHbLIL onepa-
Mop, anpuopHulll MOMeHm OCMAHO8A.

Implicit Iterative Method for Solving Linear Equations with Perturbations
in the Right-Hand Side and Operator

In a Hilbert space, an implicit method of iterations for solving linear equations with a non-negative self-
adjoint and non-self-adjoint bounded operator is investigated. The convergence of the method is proved in the
case of an a priori choice of the number of iterations in the original norm of the Hilbert space, assuming that
errors exist not only in the right-hand side of the equation but also in the operator. Error estimates and an a priori
stopping moment are obtained. The results obtained can be used in theoretical research in solving linear operator
equations, as well as in solving applied ill-posed problems.

Key words: ill-posed equation of the first kind, implicit three-layer iterative procedure, Hilbert space, non-
negative self-adjoint and non-self-adjoint bounded operator, a priori moment of stopping.

BBenenue
Berpeuaercst 6071611101 Ki1ace 3a1a4, T1e peleH s HEYCTOHYMBbI K MAJIbIM U3MEHEHHSIM
MCXOIHBIX JaHHBIX, T. €. CKOJb YTOJHO MaJIble N3MEHEHUS UCXOAHBIX JAHHBIX MOTYT IIPUBO-
JUTH K OOJIBIIUM U3MEHEHUSM peleHH. 3aauu moJ00HOT0 THIa MPUHAJIEKAT K Kiaccy He-
KOPPEKTHBIX 3a/1a4. 3HAaYUTEIbHAs 4aCTh 3a/1a4, BCTPEYAIOIINXCS B IPUKIAJHON MATEMAaTHKE,
¢u3uKe, TEXHUKE, PKOHOMHKE U YIIPABICHUH MOXKET OBITh ITPEJICTaBICHa B BU/IE ONIEPATOPHOTO
YPaBHEHHs IIEPBOTO poJa
Ax=y, xeX, yeY (1)

C 3aaHHBIM omepaTopoM A: X — Y u snemeHToM y, X U Y — MeTpUuecKre IpOCTPaHCTBA,
a B 0c000 OroBapMBaeMbIX CIydasix — OaHaXOBHI WM Jake THibOepToBhl. K. Amamapom [1]
OBLIIO BBEJICHO CJEIYIOIIEee MOHSITUE KOPPEKTHOCTH:
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Onpeoenenue. 3aoauy omvickanus pewenus x € X ypasnenus (1) nazviearom kop-
DEKMHOU (UlU KOPPEKMHO NOCMABIEHHOU, UIU KOPPEeKmMHOU no Adamapy), eciu npu nr0o0ti
pukcuposannoii npasoi yacmu y =y, €Y ypasuenus (1) eco pewrenue:

a) cywecmeyem 6 npocmparcmee X;
0) onpedenero 6 npocmparcmee X 00HO3HAUHO,
8) ycmotiyueo 8 npocmpancmee X, m. e. HenPepwvIEHO 3asUCUM Om npagoli uacmu y €Y .

B cayuae napywenus nob6oeo uz smux yciosuil 3a0aiy HA3bl8AOM HEKOPPEKMHOU
(HeKOpPEeKMHO NoCcmasieHtoll), boiee KOHKPemHO Npu HApyuleHuu Yclosus 8) ee NPUuHsImo
HA3b18aMb HEYCMOUYUBOU.

W3 onpenenenust BUAHO, UYTO KOPPEKTHOCTH MO AJlaMapy SKBUBAJICHTHA OJHO3HAYHOM

OIIPE/IEICHHOCTH U HEIIPEPBIBHOCTH 0OPaTHOrO omepatopa A | Ha BCeM IPOCTPAHCTBE Y.

Ha npoTsbkeHrr MHOTHX JIET B MATEMATHKE CUUTAIIOCH, YTO TOJIBKO KOPPEKTHBIC 3a]1a91
HUMCIOT IMPaBO Ha CYHICCTBOBAHUC, YTO TOJIbBKO OHU IMPABUJIIBHO OTpPAXAIOT peaﬂbHBIfI MHD.
O HEKOPPEKTHBIX 3a7a4ax CIOKHIOCh MHEHHUE, UTO OHU HE UMEIOT (PU3NYECKON PeaTbHOCTH,
MO3TOMY UX pelleHne OeccMbIcieHHO. B pesynbpTaTe qoiroe BpeMsi HEKOPPEKTHBIE 3a1a4u
He m3y4anuch. OJHAKO HA MPAaKTUKE BCE Yalle W HACTOWYHMBEE CTajla BO3HUKATh HEOOXOIH-
MOCTb pelaTh HEKOppeKTHbIE 3a1auu. K Takum 3agauam otHocsTes 3ana4a Komm 1u1st ypaBHe-
Hus Jlartaca, 3a1a4a penieHus MHTETPaIbHOTO YPaBHEHUS MIEPBOTO POAa, 3a1ada auddepeH-
UPOBaHUs (HYHKIIMHU, 33laHHON MPUOIMKEHHO, YUCIIEHHOE CyMMUpOBaHue psaoB Pypbe, Ko-
raa ko3 GUIMEHTH N3BECTHBI NIPHOINKEHHO B METpUKe [/, , 00paTHas 3a1aya rpaBUMETPUH,

oOparHas 3a/1a4a TEOpUH NOTEHIMANa, 3a]ja4a CIIEKTPOCKOIHHU U T. JI.

Ocoboe MecTo cpeaii METO/I0B PELICHNUS HEKOPPEKTHBIX 3a/1a4 3aHUMAaOT UTEPaI[OH-
HBIE METOJIbl, MOCKOJIBKY OHM JIErKOo peanusyrorca Ha [IDOBM. Pasznuunble uTepanvoHHbIE
CXEMBI peUIeHNs HEKOPPEKTHO IMOCTABJICHHBIX 33/1a4 OBbLIH MPeI0KEHbI B padoTtax [2—13].

B Hacrosieil cratbe npeniaraeTcs HesAeHAs umepayuoHHas npoyeoypa pellieHus He-
KOPPEKTHBIX 3a/1a4 B THJIOEPTOBOM IPOCTPAHCTBE U MIPOBEICHO UCCIIEOBAHNE €€ OCHOBHBIX
cBoiicTB. CpaBHEHUE MPEATAraeMoro MeToia ¢ XOPOLIO U3BECTHBIM SABHbIM MEMOOOM Umepa-
yutt Jlanosebepa [2] Xx,115 =X, 5 + a(y5 - Axn’s), xg,5 = 0 moKa3bIBaeT, 4TO MOPAIKU UX

ONTUMAIBHBIX OIICHOK OJINHAKOBBI.

JIOCTOMHCTBO SIBHBIX METOZOB B TOM, YTO OHHM HE TpeOyIOT oOpalleHHs omeparopa,
a TpeOYIOT TOJIBKO BBIYMCIICHUS 3HAUEHUH orepaTopa Ha MOCIeI0BATEIbHBIX MPUOIMKEHUSIX.
B sTom cMmbicne memoo Jlanogeebepa npennouTuTeNbHEEe pacCMaTPUBaEMOT 0 HEIBHOT'O METO/1a.
Opnnako npe/raraeMblii HESIBHBIN METO]T 00J1aaeT CIEAYONUM BaKHBIM JIOCTOUHCTBOM. B me-
mooe Jlanosebepa Ha TapamMeTp o HAKJIAIbIBACTCSd OTPAaHUYEHUE CBEPXY — HEPABEHCTBO

5
O<ac< W’ YTO MOXET MPUBECTU HA MPAKTUKE K HEOOXOIUMOCTH OOJIBIIOTO YHCIIa UTEpa-

. B mpennaraemoii HEIBHOM cXxeMe UTepaluii OrpaHUYeHH cBepXy Ha o > 0 HeT. DTo 1o3-

BOJIIET CUUTaTh o > (0 MPOU3BOJIBHO OOJBIINM (HE3aBHUCUMO OT ||A||) B cBsi3u ¢ aTUM onTH-

MaJbHYI0 OLEHKY IIOIPEIIHOCTH JJI1 HESIBHOTO METOAA MOKHO ITOJIyYUTh YK€ Ha IEPBBIX 11a-
rax uTepanui.

PaccMOTpeHHBIN B CTaThe HEABHBIM UTEPALIMOHHBIN METO HalIET IPAKTUYECKOE IIPU-
MEHEHUE B MPUKIAAHON MaTeMaTHKe: OH MOXET ObITh HCIOJb30BAH Ul PELICHMs 3a/ad,
BCTPEYAOLINXCS B TEOPUH ONTHUMAIBHOTO YIIPABICHHS, MAaTEMAaTHUECKON SKOHOMUKE, Te0(H-
3MKE, TUarHOCTHUKE IUIA3MBI, B T€0JI0TrOpa3BeIKe, CEICMUKE, aKyCTHUKE, CIIEKTPOCKOIIUU U KOM-
NBIOTEPHON TOMOTpaduu.
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1. ITocTanoBKka 3ag1a4u
ITycts H u F — runs0eptoBsl npoctpanctBa u A€ £ (H,F), 1. e. A — TUHEHHBII
HENPEPBIBHBIN onepaTop, AcicTByommi u3z H B F. [Ipeanonaraercs, 4To HyJIb TPUHAIIIECKUAT
CIEKTpY omepaTtopa A, HO He SBJISIETCS ero COOCTBEHHBIM 3HaueHHeM. Pemiaercs ypaBHEHHE
NEepBOro poja:
Ax=y. (2)

3azaya OTBICKaHMS 3JeMeHTa X € H 10 3JeMeHTy )y € I aBiseTcs HEKOPPEKTHOM,

T. K. CKOJIb YIOAHO MAaJIBIC BO3MYLICHUS B npaBoﬁ 4aCTH y MOI'YT BBI3BIBATH CKOJIb YT'OJHO

OoJIbIIIME BO3MYIICHUS PCIICHUA.

*
[Ipeanonoxxum, 4T0 TOYHOE pemieHne x € H ypaBHEHHS (2) CYIIECTBYET U SIBIISETCA

€IMHCTBEHHBIM. By/ieM ucKaTh €ro ¢ HOMOIIbI0 UTEPALMOHHOTO Mpolecca
(E+a’a4*)x, . =(E—0d*)x,+204" 1 y, x,=0, keN, 3)

rae £ — TOXIECTBEHHBIN OIepaTop, Ol — UTEPALIMOHHBIN IIapaMeTp.
Cunraem, uTo omepatop A M mpaBas 4acTh y ypaBHEHHs (2) 3aaHbl MPUOIMKEHHO,

T. €. BMECTO Y U3BECTHO NIPUOIIIDKEHUE Vg, ||V — y5|| <9, a BMecTO oneparopa 4 U3BECTEH Olle-

parop An ,

A~ Ay <n. Tpeamonaraem, uto 0 € Sp(Ay), Sp(Ay) < [0,M] Torna metox (3)

IMPUMET BU
(E+a 42)x, ) =(E—od}) x, +204) " y5, xy =0, keN. (4)

Cry4aii npuOnMKEHHON IPaBOi YaCTH YPaBHEHHs Vg U TOYHOTrO orieparopa A Juisd pac-

cMaTpuBaeMoro Merona (4) usyueH B MoHorpaduu [13]. Tam uccienoBad anpuopHEI U ano-
CTEpUOPHBII BHIOOP MapameTpa peryispu3alii, U3y4eH Cilydail HeeJMHCTBEHHOTIO PeUIeHUS
3amaun (2), JoKa3zaHa CXOAMMOCTh METOJa B MOJYHOPME (PHEPreTUYECKON HOpME) THIIbOep-
TOBa MpOCTpaHcTBa. JlokaxeM CXOIMMOCTh MeToAa (4) B cilydae ampHOpHOTO BhIOOpa mapa-
METpa Pery spU3aliiy PH PELICHHH YPaBHEHUs A, X = y5 C IPUOIMKCHHBIM OIIepaTopoM A,
Y IpUOIMKEHHON IPAaBO YaCThIO Vg, U TIOyYUM allpHOPHBIE OLEHKH ITOTPEIIHOCTH HESBHOTO

METO/1a UTEPALIUH.

2. Cayuaii caMmOCONPSAKEeHHBIX HEOTPHIATEIbHBIX ONIEPATOPOB
Myets H=F, A=A >0, A, =4y20, Sp(4d;)<c[0,M] 0<n<ng. Wrepanmon-

HBII MeTo (4) 3anuiieM B BUC:

Xp = &n(An)Ys, )

B 1 (l_axk)Zn .

rae g,(A)=2A I_T . B[13] nomyuens! ycnosus mis g, (A) opu a>0:

(I+a 2"
sup [g,(W)|<yn'*,  y=2ka'®, n>0, (6)
0<A<M
g s/k
sup KS|1—Xgn(7»)| < ysn_s/k, (n>0), 0<s<oo, 7, :( j , (7)
0<A<M 2koe

%
(31€Ch S — CTENEeHb NCTOKOMPEACTABMMOCTH TOYHOTO pemenus x = Az, s >0,

<)
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sup [[-Ag, (M) <v¢, Yo=1 n>0, (8)
0<ALM
sup Al-Ag,(A)| >0, n—>. 9)
0<A<M

CnpasennuBa

Temmal. Tyemo A=A 20, Aj=dy20, [dy-4|<n,  Sp(4y) cfo.M]
(0<M<ng), a>0 u svinoanenvt ycnosus (8), (9). Tozcoa ”G,mv‘ -0 npun—>ow, n>0
Vv e N(A)F =R(A), 20e N(4) = {x e H|Ax = 0f u G =E— A, g,(4y).

JlokazaTenbCcTBO

M
Mveem |G| =|(E - 442, (4] = j (1-2rg, (M) dE;v| =

0(1+a273" (1+a279k Y (1+a27£")" A
1 O(.?\,k 2n M
I((1+a2k2k dE, v| < q" () J.dExv —0, n—>00, T.K. 1 A ele, M|
e
kN2 k\2n g
(11 azk_xz)k <q(e)<l. I%d&v < JdE;Lv =||E8V||—)0,8—)0 B CHJIy CBOWCTB
0

cniektpansHol ¢yHkuuu [ 14]. CnenoBarensHo, |G nVH — 0 mpu n—>o0, N—>0.

Jlemma 1 mokaszaHa.
YcnoBue cxoauMOCTH 7st MeToza (4) gaer

Teopema l. Ilyems A=A >0, Ay=dy20, [dy—4/<n,  Sp(4y)cfo.m]

(0<n<ng), aa>0, yeR(A4), | <O u gvinoanenst yciogus (6), (8), (9). Bvibepem na-

1k

pamemp n=n(d,m) 6 npudbawxenuu (4) max, umoodwvr (d+m)n’" (d,m) > 0 npu n(d,M) > o,
8 — 0,1 —0. Tozda x5 v) — X npu &—> 0,n—0.

JlokazaTenbCcTBO
U3 (5) umeem x, = g, (4y)ys- Torna

% % % * %
n—X :gn(An)yS_x ==Gypx +Gppx +gn(An)y6 —X =
* * * * *
=—Gpx +(E—-4n8,(Ay))x +g,(4y)ys —x =-Gypx +gn(An)(J’8_Anx )-

X

Tak kak 1o ycnoButo (6)

g, (4| < sup [g, M)y, 1o
0<A<M

N R TN B

)

o =] sl sl -

*
v+

CnenoBarenbHO,

* l/k(
. H+yn

gn(lis — 4| <

*
— <
Fn(dm) X H =
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%
N3 nmemmsr 1 cnemyer, 4TO ‘Gnnx H —0 mpu n—>o, n—0, a M0 yClIOBUIO TEO-

*

Xnd,m) — X

pewmsr 1 n'/k ©0+m)—>0 mpu 6—>0, n—>0. Takum oOpa3zom, — 0,
0 —> 0,1 —> 0. Teopema 1 nokazana.
Teopema 2. Ilyems A=A >0, A=Ay >0, |4y =4 <m. sp(ay) cio.m],

0<n<ng), a>0, yeR(4),

Ve — y|| <3 u evinoanenwvt yciosus (6), (7). Ecaiu mounoe pe-

*
N
wenue ucmoxonpeocmasumo, m.e. x =A"z,s>0, z|| < p, Mo cnpaseousa oyeHka nocpeul-

Hocmu

min(l,s)

p+ysn_s/kp+yn1/k(8+nux* ), 0<s<.

Xp(s,m) —X H <YoCsM

JlokazaTenbCcTBO
I/IMeeM, HCIOJIb3Ys UCTOKOMMPECACTABUMOCTL TOYHOI'O PCIICHUA,

* in(1 —-s/k
‘Gnnx =‘G,mAsz s‘G,m(AS—A;)ZH+‘GMA1§ZHSyocsnm“’( Dptynp,
1. mo nemme 1.1 [3, c. 91] ‘Aﬁl—As <en™n9) o= const, (¢, <2mma 0<s<1).
Torma nomyyum
min(l,s)

p+ysn_s/kp+ynl/k(8+nux* ), 0<s<oo. (10)

%k
Xp(s,m) X H <YocM

Teopema 2 noka3zaHa.

Ecnm MuaMMEM3NpOBaTh MpaByro 4acTh oleHku (10) mo z, TO MOJy4YnM 3HAYCHHE
k/(s+1)

|| Fk/(s+1)
anpHOPHOTO MOMEHTa OCTaHOBA: 71 = Sysp* —d, pk s+ [5+T] . ]» |
y(6+ X n)
k/(S+1) (S+k)/(s+1)
rae ds = s = (ij a—le_s/(s-H) . OTC}OHa
Y 2k
(s+k)/(s+1)
Mo :(Zs_kj a—le—s/(S+1)pk/(s+1) [6+T] x* ]~k/(s+1).

[MoacraBuM ny,; B oueHky (10), moxydnm

* i -s/k [\ /(s +1)
X, OHTSvocsnmm“’”wvsp(dspk/(””) el s
* AL +D)
+Y(5+T1x )dsl/kpl/(s+1)(6+nx T s+D) _
i L[} (s +D)
=’yocsnmm(1,s)p+(6+nx ): s (ds_s/kyspl/(m)+ydsl/kp1/(s+1)):

*

min(l, ) 1/(s+1) s M

=Yo¢sM p+p cs(5+n

):/(s+1)
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rae

o :ds—s/kstrdel/k (1/(s+1)+ s/(s+1))ys/(s+l) U(s+1) _ (_

s(1=k)/(k(s+1))
)

(145)e s /tks+D),

Otcroma uMeeM

(1+s)e—S/(k(S+1))p1/(s+1)( /(s+1)'

. ¢ R/ k(s +D)
xn(S,n) —x <c nmln(l ,8) j

+
o <8 P (2/(

3ameuanue. Onmumanoras OYEHKa nocpeutHocmu He 3asucunt onm O, HO n

onm OM O

saeucum. Tax kak na o Hem ozpanudeHuti ceepxy (o.>0), mo modxcHo o. évibpamv max,
umoowl n,,, = 1. 11 smozo docmamouno 63amo

(s+k)/(s+1) K/(s+1)
Lo, :(;_kj =S/ sk s+D) [5+11 X Y

3. Cay4aii HecaMOCONPSIKEHHbIX ONEPATOPOB
B ciydae HecamoconpsiKeHHOM 3aaun UTEPallMOHHbIN MeTo (4) mpUMeT BUJT

[E+a2(A:An)2k nil =[E—a(Aji‘|An)"]2xn+2a(A:An)"—1A; vss Xo=0, keN. (11

Ero Mo’xHO 3amucars Tax:
Xy =&y (A Ay) 4 s (12)

N3 nemmsl 1 cnegyer

2
Jdemma 2. Ilycmo A, A4, £ (H, F), <n, HAﬂH <M, a>0 u ewvinonnenwvl
yenosust (8), (9). Toeoa
HK,mvH SO0nmpun—n, 10, Vve N(A)T =R(A), (13)
‘IznnzH%O npu n— 0, n—0, vzeN(A*)L = R(4), (14)

20e K :E—A;Angn(A;An) Ky =E-4 Angn(AnAjfl).

Hcnonbp3yeM neMMy 2 1J1 JOKa3aTENbCTBA CIIELYIOLIEN TEOPEMBI.

— A4y <n, 2SM,(0<11S110),OL>0,
y € R(4),
mak, 4moowl
&+n)2n"*(8,m) > 0upn n(8,1n) = 0,5 >0, N0, (15)
Toeoa X5 ) —)x*npu 0—>0,n1—>0.
JlokazaTenbCcTBO

JUist MOrpelHOCTH NPUOIHIKSHUS X5 n) EMeeM

% % % % %
Xps) —X =KX +gy (AUAH)AH(yS —Apx ) (16)
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3nech

=8n (A; 4y XAT*I 4y )I/Z

< 2kV2 V20 [3,c. 141]. ITockonbky Hy5 —Anx*H < ||y5 —y||+”y—Anx*

gn(A;An) T*l

<y, ey, = sup[”_l/m) sup X1/2|gn (7M)|J <
0<h<M

n>0

=[vs -]+

0 I8, (A:An )A: (y5 - Anx* ]‘ <22 V(20 (2H) (6 + Hx*Hn)

*

+HAx* —Anx*H <d0+m|x

ITosToMy

)

%
K, x ||+

* * * * 12 1/(2k) 1/(2k
- n(AnAn)An(yS—Anx ]‘SHKnn(x )H+2k/ o/ R )(

*
Xn(sm) ~X H S‘

* ~
IToxaxem, uto |K mX H — 0 npu n —> o, m— 0. [eiicTBUuTENbHO,

‘ K

o | == A dyga (arax| =] [a-rg, 0BT =
0

N k~\2n € k\2n HA?IAHH k\2n
_ (1-olr") L a-orH™ oo U
N J (1+ 2}\’2]{ n - W 7\.x + W }\‘X
Torna
AnAnH (L—arby?” * AnH *
I ko X <q"(e) J.dE;Lx —0,n—>, T. K. 14 A€le ]
. (+a™A™) g
k k 2n €
. agxz)k <q(e)<l. I%dExx* < IdExx* =‘ < *H—>0,8—>0 B CUJIy CBOWCTB
0

crniekTpanbHOM pyHkImH [14].

N3  ycrnoBus  (15) nl/k(8+n)2 -0 mpu n—o>o, 3>0, n—>0. Orcroona
212 /(2R) 1/ (2K) (8 + on*H)—> 0, n—>wo, 6>0, n-o0. Takum obpazom,

Xn(d,m) ~ x| - 0, n—>0, 8—>0, n—0. Teopema 3 noka3zana.

Cnpaseniua

2
Teopema 4. Ilycmo A4, A, An” <M, (0<n<ng), a>0,

~ Ay| <7,
y€R(4),

_|A|SZ, s>0,

« /2
A| = (A A)l/ u evtnoanensvl yenosus (6), (7), mo cnpaseonusa oyenka nocpeuinocmu

[l <p-

Xn(sm) ~ x*H <Y oCq (1 + |1nn|)r]min(l’s)p + ys/zn_s/(zk)p +2k 2 /2R 1/ 2H) (8 +|x n), 0<s<oo.
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JlokazaTenbCcTBO

* s * /2
B ciyyae uctokooOpazHO MpeACTaBUMOIO TOYHOTO PELIEHUS X = |A| z=\A A} z

s/(2k)
j . Torma

w3 (7) monyaum  gyp XS/2|1 -\g, (k)| < ys/zn_s/(Zk), rIe Vg2 =(

0<A<M Akore
‘K'm [ 2| = “An‘s [E ~ Ay Ayg, (A:.An )]ZH - H(A:;An )’/ ’ [E ~ A4, g, (AT*] 4, )]Z <y,
Otciona
‘K"“x*uz‘K"nWZ =‘Knn0fln S ‘|A|sz K || 2] < voc, (4 g™ p 4y =0

T. K. 13 [3, ¢. 92] umeem “An‘s —|4’ | <cq (1+|lnn|)nmin(1’s), ¢y =const, (¢, <21 0<s<1).

N3 (16) momyuuM O1eHKY:

+y*n1/(2k) (5+ o n)zHKnnx*H+2k1/20t1/(2k)"1/(2k) (5+ ¥ n)s

<o, (1+ ™ 4y @0 4 212 al/(2k)n1/(2k)(5 +Hx*Hn) O<s<w. (17)

* *
xn(a’n) —X H < HKm]x

Teopema 4 nokasana.
Munumuzupys npasyro 4yacth (17) mo », moiayyuMm 3HaYEHHE alpPUOPHOIO MOMEHTA
OCTaHOBA!

*

)—2k/(s+1)
X |n =

2k/(s+1)
S
Mo :( ’z,s/Z] p2k/(s+1)(8+

*

:(4k)f(s+k)/(s+l)S(2k+s)/(s+1)e—s/(s+l)a—1p2k/(s+l)(8+ . n)*”‘/(”l).

[ToncraBuB 74y, B OueHKY (17), HOTy4MM ONTUMAJIbHYIO OLEHKY MOIPELIHOCTU A
Meroaa urepanuii (11):

) s/(s+1)
Xnd,m) ~ x*HOHT <Y0C (l + |1n n|)r|mm(l’s)p + c;’pl/(”l) (6 + Hx*Hn] , 0<s<oo,

rae

N

Y(stl)  —s/(s+]) s/(s+1) 1/(s+1) B s(k=1)/(2k(s+1))
C":(S/ R /(s+ )y* Yy _ 8 U=20/@KGD) (4 1yage) /(2k(s+ o 5/Ck(s+1)

Taxum o0Opazom,

<c 1+ |1nn|)nmin(l’s)p +

OIT

*
Tn@m) ~F

s/(s+1)
458120/ @GHD) (g ygge) T s @R Y (54D (5 + Han) , 0<s <o,
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3akiaro4enue

B nacrosmen cratbe U3y4eHbl HEKOTOPBIE CBOWCTBA MPEJIOKEHHON HESIBHOU CXEMBI
UTEpalni PEIIECHUS] HEKOPPEKTHBIX 3a1adu:

1) nokazaHa cXOJMMOCTh METOZA C allPHOPHBIM BEIOOPOM HapameTpa peryJisipu3anuu
B ICXOJITHOW HOpME T'MiIb0epTOBa MPOCTPAHCTBA B CIydyae HEOTPHULATEIBHOTO CAMOCOIPSIKEH-

HOTI'0 OTpaHUYCHHOI'O OIICpaTopa An (”A — An” < n), IMOJIYUCHBI OIICHKA MOTrpCIIHOCTHU MCTOAA

Y OLICHKA JUI1 MOMEHTa OCTAHOBA;

2) uccienoBaHa CXOJUMOCTh TPUOMIKEHUH B MCXOIHOW HOpPME THIIBOEpPTOBa IMPO-
CTpPaHCTBA B Clly4ae HEOTPULATEIBHOIO HECAMOCONPSKEHHOIO OTPAHUYEHHOTO U BO3MYILEH-
HOTI'0 OIeparopa.

CIIMCOK UCIIOJIbB30BAHHBIX NCTOUHNKOB

1. Hadamard, J. Le probleme de Cauchy et les equations aux derivees partielles lineaires hyper-
boliques / J. Hadamard. — Paris : Hermann, 1932.

2 Landweber, L. An iteration formula for Fredholm integral equations of the first kind / L. Land-
weber // American Journal of Mathematics. — 1951. — Vol. 73. — P. 615-624.

3. Baiinukko, I'. M. UtepalimoHHble MPOLEAYPhl B HEKOPPEKTHBIX 3anauax / I. M. BaitHukko,
A. 1O. Beperennukos. — M. : Hayka, 1986. — 178 c.

4. Camapckuii, A. A. UnciieHHbIE METO/BI peLIeHUsI OOPATHBIX 3aa4 MaTeMaTH4eCKON QU3UKH /
A. A. Camapckuii, [1. H. Babumeswnda. — M. : Enquropuan YPCC, 2004. — 480 c.

5. CaBuyk, B. ®@. Perynspuzanus onepaTopHbIX YpaBHEHUH B TMJIBOSPTOBOM MPOCTPAHCTBE /
B. @. CaBuyk, O. B. Martsicuk. — bpecrt : bpecr. roc. yn-1, 2008. — 196 c.

6. Marsicuk, O. B. SIBHbIE U HEsIBHbIC HTEPAIIMOHHBIC TIPOIETYPHI PEIIEHHSI HEKOPPEKTHO MOCTAB-
neHnbix 3agau / O. B. Mateicuk. — bpecr : bpecr. roc. yu-t, 2014. — 213 ¢.

7. Matysik, O. V. Implicit iteration method of solving linear equations with approximating right-
hand member and approximately specified operator / O. V. Matysik // Jornel of Computational Appied
Mathematics. — 2014. — Nr 2 (116). — P. 89-95.

8. Martricuk, O. B. Utepaunonnas perynspuszanusi HeKOppekTHbIX 3amad / O. B. Matbicuk. —
Saarbriicken : LAP LAMBERT Acad. Publ., 2015. — 188 c.

9. Matysik, O. V. M. A. Krasnosel’skii theorem and iterative methods for solving ill-posed linear
problems with a self-adjoint operator / O. V. Matysik, P. P. Zabreiko // Computational Methods in Ap-
plied Mathematics (De Gruyter). —2015. — Vol. 15, nr 3. — P. 373-389.

10. Matysik, O. V. Regularization of ill-posed problems in Hilbert space by means of the implicit
iteration process / O. V. Matysik // Journal Computational and Applied Mathematics. — 2015. —
Nr2 (119). - P. 33-41.

11. Matysik, O. V. Simple-iteration method with alternating step size for solving operator equa-
tions in Hilbert space / O. V. Matysik, Marc M. Van Hulle // Jornal of Computational and Appliend
Mathematics. —2016. — Nr 300. — P. 290-299.

12. Matysik, O. V. Alternating step size method for solving ill-posed linear operator equations
in energetic space / O. V. Matysik, Marc M. Van Hulle // Jornal of Computational and Appliend Mathe-
matics. —2022. — Nr416. —P. 1-12.

13. Martsicuk, O. B. Perynspusyromue aaropuTMsl JUIsl HEKOPPEKTHBIX ONIEPATOPHBIX yPaBHEHUIM
nepsoro poaa / O. B. Mateicuk. — Bpecr : Bpecr. roc. yn-t, 2025. — 256 c.

14. Kantoposuu, JI. B. ®yHKIMOHANBHBIN aHaM3 B HOPMHUPOBAHHBIX IPOCTpaHCTBaX /
JI. B. Kantoposwuy, I'. II. Akunos. — M. : ®usmatrus, 1959. — 680 c.

REFERENCES

1. Hadamard, J. Le probleme de Cauchy et les equations aux derivees partielles lineaires hyper-
boliques / J. Hadamard. — Paris : Hermann, 1932.


http://www.sciencedirect.com/science/journal/03770427/300
http://www.sciencedirect.com/science/journal/03770427/300
http://www.sciencedirect.com/science/journal/03770427/300

MATOMATHIKA 51

2 Landweber, L. An iteration formula for Fredholm integral equations of the first kind / L. Land-
weber // American Journal of Mathematics. — 1951. — Vol. 73. — P. 615-624.

3. Vaynikko, G. M. Iteracionnye procedury v niekorriektnykh zadachakh / G. M. Vaynikko,
A. Yu. Veretennikov. — M. : Nauka, 1986. — 178 s.

4. Samarskiy, A. A. Chislennyje metody reshenia obratnykh zadach matiematichieskoj fiziki /
A. A. Samarskiy, P. N. Vabishchevich. — M. : Editorial URSS, 2004. — 480 s.

5. Savchuk, V. F. Riegulyarizatsia opieratornykh uravnieniy v gilbertovom prostranstve /
V. F. Savchuk, O. V. Matysik. — Brest : Brest. gos. un-t, 2008. — 196 s.

6. Matysik, O. V. Yavnyye i niejavnyye iteracionnyye procedury reshenia niekorriektno
postavliennykh zadach / O. V. Matysik. — Brest : Brest. gos. un-t, 2014. — 213 s.

7. Matysik, O. V. Implicit iteration method of solving linear equations with approximating right-
hand member and approximately specified operator / O. V. Matysik // Jornel of Computational Appied
Mathematics. — 2014. — Nr 2 (116). — P. 89-95.

8. Matysik, O. V. Iteracionnayya riegulyarizaciya nieckorrektnykh zadach / O. V. Matysik. —
Saarbriicken : LAP LAMBERT Acad. Publ., 2015. — 188 s.

9. Matysik, O. V. M. A. Krasnosel’skii theorem and iterative methods for solving ill-posed linear
problems with a self-adjoint operator / O. V. Matysik, P. P. Zabreiko // Computational Methods in Ap-
plied Mathematics (De Gruyter). —2015. — Vol. 15, nr 3. — P. 373-389.

10. Matysik, O. V. Regularization of ill-posed problems in Hilbert space by means of the implicit
iteration process / O. V. Matysik // Journal Computational and Applied Mathematics. — 2015. —
Nr 2 (119). - P. 33-41.

11. Matysik, O. V. Simple-iteration method with alternating step size for solving operator equa-
tions in Hilbert space / O. V. Matysik, Marc M. Van Hulle // Jornal of Computental and Appliend Mathe-
matics. —2016. — Nr 300. — P. 290-299.

12. Matysik, O. V. Alternating step size method for solving ill-posed linear operator equations
in energetic space / O. V. Matysik, Marc M. Van Hulle // Jornal of Computational and Appliend Mathe-
matics. —2022. — Nr416. —P. 1-12.

13. Matysik, O. V. Riegulyarizuyushchiye algoritmy dlya niekorrektnykh opieratornykh
uravnieniy pervogo roda / O. V. Matysik. — Brest : Brest. gos. un-t, 2025. — 256 s.

14. Kantorovich, L. V. Funkcional’nyi analiz v normirovannykh prostranstvakh / L. V. Kanto-
rovich, G. P. Akilov. — M. : Fizmatgiz, 1959. — 680 s.

Pyxanic nacmyniy y paodaxywiio 03.05.2026


http://www.sciencedirect.com/science/journal/03770427/300
http://www.sciencedirect.com/science/journal/03770427/300
http://www.sciencedirect.com/science/journal/03770427/300

52 Becuix Bpacyxaea ynieepcimama. Cepwis 4. Dizika. Mamamamvixa Ne 1/2026

YK 512.542 DOI10.63874/2218-0303-2026-1-52-61

Vavana Anexcandposna I'epacumuyk’, Anexcandp Anexcanoposuu Tpopumyr’
lemyoenm 2-20 kypca ¢uz.-mam. pax.
bpecmcroeo ecocyoapecmeennozo ynusepcumema umenu A. C. Ilywkuna
20-p Quz.-mam. nayx, ooy., 3a6. kag. ynoameHmanbHOU MameMamuKy
Bpecmcroeo cocyoapcmeennozo ynueepcumema umenu A. C. [lywikuna
Ulyana Gerasimchuk’, Alexander Trofimuk’
!2-nd Year Student of the Faculty of Physics and Mathematics
of Brest State A. S. Pushkin University
’Doctor of Physical and Mathematical Sciences, Associate Professor,
Head of the Department of Fundamental Mathematics of Brest State A. S. Pushkin University
email: 'u.gerasimchuk@mail.ru; 2alexander.trofimuk@gmail.com

INPU3HAKHU P-CBEPXPA3ZPEHIMMOCTHU I'PYIIIIbI
C 3AJAHHBIMHU CUCTEMAMMHA YCJIOBHO INIEPECTAHOBOYHBIX TIOAT'PYIIIT*

Ioozpynna A epynner G nasviéaemcs ycnosno nonynopmanvroti nodepynnoii 6 G, ecau ons noo-

epynnet A cywecmeyem oobaenenue I 6 zpynne G maxoe, umo ons kaxcooti noozpynnet Ty us T cywpecmeyem

% X o
anemenm X € (A, T;) maxoii, umo A nepecmanosouna ¢ T}" . B dannoti pabome npusedenvi npusnaxu p-céepx-

PaspeuwiumMocmu epynnol, paxkmopuzyemoll YeioeHo NOIYHOPMALbHbIMU nooepynnamu. Kpome mozo, yemanosnena
p-ceepxpaspewumocms p-paspewumoii epynnot G, 6 Komopoii 6ce MakcumMarbHbie NOOZPYNNbL CULOECKOT
P-no02pynnsl AGIAIOMCA YCI08HO NOTYHOPMATLHIMU U U3YYEHO CIMPOeHUe SPYRNbL C YCA08HO NOJYHOPMATbHLIMU
YUKTUYeCKUMU NOOSDYRNAMU.

Knrwoueswvie cnosa: yciosHo nonyHopmansHas noozpynna, pakmopusyemas epynnd, CUI08CKas noopynnd,
MAKCUMANbHAA NOOZPYNNG.

Sufficient Conditions for the p-Supersolubility of a Group
with Given Systems of Conditionally Permutable Subgroups

A subgroup A of a group G is called a conditionally seminormal subgroup of G if there is a supplement
T to A in G such that for each subgroup T, of T there is an element x € (A,T}) such that A permutes

with Tlx. In this paper, we present criteria for p-supersolubility of a group factorizable by conditionally seminor-

mal subgroups. Furthermore, we establish p-supersolubility for a p-soluble group G in which all maximal sub-
groups of the Sylow p-subgroup are conditionally seminormal, and we study the structure of a group with condi-
tionally seminormal cyclic subgroups.

Key words: conditionally seminormal subgroup, factorized group, Sylow subgroup, maximal subgroup.

Beenenue

PaccmarpuBaroTcest TObKO KOHeUHbIe rpynmbl. [loarpynmer 4 u B rpynmnbel G Ha3bIBa-
I0TCSl nepecmaHo8ouHbiMuy, eciu AB = BA.

[Moarpynna A Ha3pIBaeTCs MOIyHOpPMaibHOM B rpymmne G, eciad CyIIeCTBYET IOJI-
rpynmna 7 Takas, uto G = AT u A mepecraHOBOYHA ¢ Kax 1o noarpymnmnoi uz 7' [1]. [pymnmsr
C Pa3IMYHBIMHU CUCTEMaMH MOJIYHOPMAaJbHBIX OATPYII U3y4eHsl B [2; 3]. B pabote [4] uccne-
JIOBaHbI IPYMIIbI, (haKTOPU3yeMble MOTYHOPMAIbHBIMH MOArPYNIIaAMH, B YACTHOCTH, JJOKA3aHBI
CBEpPXPa3pEIIMMOCTb M P -CBEpXpa3pelinMocTh Takux rpymil. [loarpynnsl 4 u B rpynnsl G

Ha3BIBAIOTCS CC-nepecmanosounvivu B G, ecmu A TiepecTaHOBOYHA C Bf ISl HEKOTOPOTO
anemenTa g € (A, B) [5]. Ilpu atom moarpymma A rpymnmnsl G Ha3bIBACTCS CC -NEPECMAH080YHOU

*Paboma svinoanena npu Qunancosol noodepaicke Munucmepcmea obpazosanus Pecnyonuxa bBerapyco 6 pam-
kax gvinonnenus HUP «Koneunvie epynnvl ¢ 3a0aHHbIMU 02DAHUYEHUSMU HA KaHOHUYecKue nooepynnoly (ITIHU
«Koneepeenyusn-2030» na 2026-2030 ze.).
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B G,ecimu A cc-nepectaHOBOYHA ¢ Kakaou noarpymmoit u3 G . [loarpynnsl 4 u B rpymnimsl
G Ha3BIBAIOTCA 83aUMHO (MomaibHo) iepecTaHoBOYHBIMU [6], eciu UB = BU u AV =VA (co-
otrBerctBeHHO, UV =VU )mnaBecex U < A u V < B . [lo ananoruu, moarpynmsl A ¥ B TpymIbl
G Ha3BIBAIOTCS MOMAILHO CC-NEPeCmMAaHO80YHbIMU, €CITH TTOATpyIna A cc-TiepecTaHOBOYHA
C KaXXJI0M MOATPpYNION rpynnsl B U noAarpynmna B cc-epecTaHOBOYHA C KAXKIO0W MOATpyIIIOn
rpynns! 4.

Co BpeMeHHU BbIX0J1a paboThI [6] Teopusi MPOU3BEAECHUN TOTAITBHO MEPECTAHOBOYHBIX
MOATPYII TOTYYHIa IIUPOKoe pa3BuTHe. Tak, B pabote [7] ObLIO BBECHO MOHATHE tCC -MOJI-
rpymnmnsl: noarpynna A rpynmnsl G Ha3biBaeTcs tcc-nodepynnou B G, ecnu B G CylmecTByeT
noarpynmna 7' takas, uto G = AT w noarpynnbl A u T TOTaIbHO CC-TIEPECTAHOBOYHBI,
rne T — ycnoBHoe nobasnenue Kk A B G . Kpome Toro, B [7] ucciieoBaHbl TPy C 3a/1aH-
HBIMHU CUCTEMaMH tCC -IIOATPYIIIL.

B pabote [8] BBeneHo omnpenesncuue: moarpymmna 4 rpynmnbl G Ha3bIBACTCS YCI08HO
nonyHopmanvrou noarpymnmoii B G, ecnu B rpymne G cymecTByeT moarpynmna I Takas,
yto G = AT m A cc-iepecTaHOBOYHA ¢ Kakaou moArpymnmoi u3 T . Tak ke B [8] mpuBeacHsbI
OCHOBHBIE CBOMCTBA YCJIOBHO MOJYHOPMAJIbHBIX MOATPYII U JTIOKA3aHbI CIyyau CBEpXpaspe-
HIMMOCTH TPYMIL, COACPKALTUX YCIOBHO MOTYHOPMAIbHBIEC MOATPYIIIHI.

B nanHoit paboTe pa3BUBAIOTCS U3JI0)KEHHBIE BbIIIE PE3YJIbTAThl, 8 UMEHHO IPUBOJATCS
NPU3HAKU P -CBEPXPA3PEIIMMOCTH TPYMIBI, (PAKTOPU3YEMON YCIOBHO IMOIYHOPMAIBHBIMU
MOATPYNIaMu U 0000IICHBI pe3yabTaThl U3 [2; 3] Ha ciTy4ail YCIOBHO MOJTyHOPMAJIbHBIX MO~
rpymi. KpoMe Toro, ycTaHOBJIEHa p -CBEPXPa3peiIiuMoCTh p -pa3perumMoit rpynmsl G, B KO-
TOpPOIl BCe MaKCHUMaJIbHbIE MOATPYIIBI CHJIOBCKOM p -MOATPYIIIBI SIBISIOTCS YCIOBHO MOJY-

HOpMaJIbHBIMH.

1. [IpenBapuTe/bHBbIE PACCMOTPEHUS

TepMUHOJIOTHS 1 UCTIOIB3yeMble 0003HaUYeHUsT cOOTBETCTBYIOT [9; 10]. 3anuce H < G
o3HayvaeT, uto H —noarpynmna rpynnsl G . Ecmm H <G u H # G, to nmumem H < G . 3anuck
H < G o3nauvaer, utro H — HopManbHas noarpynna rpynnsl G . Yepes G', Z(G), F(G)

u O(G) ob6o03HAYAOTCS KOMMYTAHT, LEHTp, nmoarpynmnbl Ourtuara u Opartuau rpynmnsl G
. !/
coorsercTBenHo; O,(G) n O,(G) — Haubonbume HopManbHbie B G p- M p' -NOATPYIIIBI

cOOTBeTCTBEHHO; 77((G) —MHOKECTBO BCEX MPOCTHIX JICNUTENeH mopsiaka rpymisl G . DineMeH-

TapHast abeneBa IpyIa nopsaaka p' ¥ HUKIMYECKas IPyIa MOpsaka 71 0003HAYA0TCS Ep,

U Z, COOTBETCTBEHHO, a [A]B — MOJIyIPSIMOE NPOU3BEICHUE HOPMAIbHON MOATPYIIB A
Y MOJTPYIIbI B .
I'pynmna Ha3pIBaeTcs p -pa3peuInMoi, ecy ee IIaBHble (aKTOpbl JIMOO p -TPYIIIIBI,
b0 p'-rpymIibL, a p -CBEPXPa3pelinMOil, €CITH HOPSIKH €€ TTIaBHBIX (JaKTOPOB JIHOO PaBHBI p
, 1100 He nenarca Ha p . Yepes [ (G) obo3HauaeTcs 7 -IJIHHA 7 -paspemmmoii rpynnsl G .
Yepesz pG 00603HaUMM Ki1acc BCeX p -pa3peliuMbIX, a uepe3 pil Kiacc BcexX p -CBepX-
paspennmbix rpymi. ['pyria ¢ HOpMalbHO# p' -X0JUIOBO# HOATPYIIIOH HA3BIBACTCS P ~HUITb-

MOTEHTHOM.

Jlemma 1.1. ITycmo A — ycnosno noaynopmanvnas nooepynna epynnvl G u Y — ycnos-
Hoe dobasnenue k A 6 G . Toeda cnpasediugol credyioujue YmeepuHcoeHus.:

(1) A — ycrnosno nonynopmanvuas nooepynna 6 H 0ns xascooti nodepynner H
epynnot G maxoi, umo A< H ;

(2) AN/ N — ycnoeno nonynopmanvnas nooepynna 6 G/ N ons kaxcoou N <G ;
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(3) 0ns kaocooi X <Y cywecmeyem yeY maxou, umo AX’ <G. B uacmnocmu,

AM <G ons nekomopou makcumanvrou nooepynnot M epynnet Y u AH <G 0ns nekomo-
potl 1t -xoan06o0u nooepynnet H paspewumoti epynnot Y u mobozo nw < n(G);

(4) AK £ G 0ns kasicoou cyornopmanvrou nooepynnet K 6 Y ;

(5) AK*® onsa moboco g € G u ntobotl cyoHopmanvrot nooepynnet K uz Y ;

(6) A" —ycnosno nonynopmanvhas nooepynna epynnet G u Y* — ycnosnoe oobasnenue
k A* 6 G ona nobozo x G ;

(7) ecru A — maxcumanvnas nooepynna, mo |G : A| — npocmoe Yucno;

(8) ecau Y paspewuma u A r-3amknyma, r — naubonvuiee npocmoe yucio uz N =G,
mo ee cunosckas r-nooepynna A, cybnopmanvna ¢ G ;

(9) ecriu A 2 -nunvnomenmna, mo A' cybnopmanvna ¢ G .
Hoka3areabcTBo. YTBepx)aeHus (1) — (8) uzBectnsl [8, nemma 2.1].

(9). IlpuMeHuM UHAYKLIHIO IO |G| U3 (3) cnenyer, uto s kaxaoro p € w(Y) cyme-
CTBYET CHIIOBCKasi p -noarpynma Y, u3 Y rakas, uro AY, <G . lpexnonoxum, uro 4Y, <G
st kaxknoro p € z(Y). Torma u3 (1) cnenyer, 9to A SIBISIETCS YCIOBHO MOJYHOPMaTbHOU

MOATPYMIION B AYP u 1o uaayknun A’ cyOHOpMasibHa B AYP. SIcHO, 4TO IJIg Ka)KAOTO
p€n(G) cyumectByer cuinoBckas p-moarpynna R u3 G Ttakas, uto R<AY,. Tak xax
A'<(A4,R)< AY,, 10 A" cyonopmanbna s (4',R).Ilo [11, Teopema] A" cy6nopmanbua s G .

Crenosarensro, G = AY, nus uekoroporo g € z(Y). U3 (4) cnenyer, uro 4 nomnyHop-

manbHa B G . Tak kak A 2-HuibnotenTtHa, To A% paspemmma no [12, nemma 10]. CremoBa-
TensHO, G =AY, =AGYq paspemnma. U3 (4) ciexyer, 4ro Y, sBIsSeTCS MHUHHMAJIbHBIM

ycnoBHbIM 00aBiaeHueM K A B G u AT <G 11 HEKOTOPOi MaKCUMAaIbHOM moArpynimsl 7
rpynmsl Y, . [Tockonbky A sIBISIETCS yCIOBHO IOTYHOPMAIbHON MOATPYNIoi B AT , TO 1O HH-

nykun A’ cyonopmansHa B AT . Tockonsky |G: AT +q, 1o no [13, nemma 3.5] G/ (AT),
cBepxpaspemmma, u, cienosareisho, (G/(AT),) =G'(AT), / (AT), munbnorentna. Tak kak
A'<G",10 A(AT);/(AT); <G'(AT); /(AT), w, cnenosarensuo, A'(AT), cybnopManbHa
B G . Slcno, uto A'< A'(AT), < AT . Tax xak A’ cyonopmansna B AT 10 A’ cyOGHOpManbHa

B A'(AT); n A’ cyonopmansHa i G .

Jlemma 1.2 [10, VL.9].
1. Knacc p$d — nacneocmeennas nacvliuennas popmayusi.

2. Kasicoas MuHUMAnbHAsL HOPMALbHASL ROOSPYANA D -C8EPXPA3PeUUMOt 2PYANbl AG/A-
emcs b0 p'-nodzpynnoit, 1bo noo2pynnoi nopaoka p . B wacmnocmu, p -pane p -ceepx-

paspewumotri epynnol paget 1.
3. Illycmv N — nopmanvnas 6 G nooepynna u G/ N € pM. Eciu N yuxiuveckas

unu N € {Z(G),0,(G),®(G)}, mo G € pil.

4. Kommymanm p -ceéepxpazpeuiumoii 2pynnsvl p -HUulbNnOmMeHmeH.

Jlemma 1.3 [14, nemma 5]. Ilpeononosicum, umo p -paspewumas epynna G ne npunao-
nescum pil, no G/ K € pl ons kascoou nHeedunuunoi Hopmanvnoti 6 G nooepynner K .

Tozoa cnpasednusvl credyoujue YmeepicoeHus:
) Z2(G)=0,(G)=0(G)=1;
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(2) epynna G codepoicum eOUHCMBEHHYIO MUHUMATBHYIO HOpMALbHYio nooepynny N,
N=F(G)=0,G)=C,;(N);

3) G - npumumusnas epynna;, G=[N|M , 20e M — maxcumanvuas nooepynna
6 epynne G ¢ eOUHUYHBIM A0POM,

(4) N —onemenmapnas abenesa noozpynna nopsoka p", n>1;

(5) ecau noozpynna M abenesa, mo M yuxnuueckas nopsioxa, oenswezo p" —1,a n —
HauMeHbUulee HamypaibHoe YUCo, YOosiemeopsiowee cpagieruro p" =1 (mod | M |).

Jlemma 1.4 [14, CnenctBue 1.1]. Ilycmv A u B — HopmanvHble p -céepxpazpeuiumvie

noozpynnut 2pynnot G u G = AB. Eciu kommymanm G' p -nunenomenmen, mo G p -céepx-
paspeuuma.

2. 0 p-cBepxpa3pemIMMOCTH Ipynnbl, (pakTOpH3yeMoil YCJOBHO MOJYHOPMAJIb-

HBIMH NOATPYNIIAMHU
Teopema 2.1. Ilycmv A u B — p -céepxpaspeuiumvie yC108HO NOIYHOPMATbHBLE NOO-

epynnor epynnvl G u G = AB. Tocoa G p -céepxpaspeuwuma 6 ciedyiouux cayuasx:
(1) kommymanm G' p -nunenomenmen;
(2) epynna G p -paspewuma u (| A|,| B|)=1.
Jloka3aTejbCcTBO. [Ipenonokum, 4To TeopeMa HeBepHa U ycTh G — KOHTpIIpUMEp

MHHUMaIBbHOTO nopsinka. [Tycte N — HeeauHuuHasi HopManbHas moarpynmna B G . dakrop-

rpymnmna
G/N=(AN/NYBN/N),AN/N=A/A~N,BN/N =B/BNN,

nostomy noarpymnsl AN/ N u BN/ N p -cBepxpaspemmmsl, a o gemme 1.1 (2) onu sBis-
I0TCSI YCIIOBHO TOJTyHOpMaabHbIMU Tioarpymmamu B G/ N .
1. Tak xak
(G/N)=G'N/N=G'/G'nN,

to kommyTauT (G/N)' p -Hunenorented. CienoBarensHo, daktop-rpynna G/ N ymosie-
TBOpsieT BceM TpeboBaHusiM Teopembl 1 G/ N p -cBepxpasperinma mo Beioopy rpymmsl G .
Takkak G/ N € pS u G' € pS, 1o rpynna G € pS . U3 nemmsr 1.3 nonyyaewm, uto rpynma G
NpUMHUTHBHA, B G CyIIECTBYET eIMHCTBEHHASs MUHUMAITbHAsi HOpMaJlbHast moarpymnmna N Takas,
uro N =C;(N)=0,(G)=F(G), N —onementapHas abenesa MOATPYIIa NOpsKa p',n>1.
Tenepp N <G' n mockomsky O, (G)=1, 0 G' — p-noarpymma. CnenosarensHo, N =G’
u G/ N ab6enesa. JlokaxeMm, uto AN u BN — cobctBennbie noarpymnms! rpymimsl G . [Ipearmo-

noxuM, uto AN =G . Torna ANN =1, 4 — makcumanbaas B G noarpynmna. [To ycrmoBuio
A — ycioBHO noyHOpManbHas noarpymmna B G . Ilo nemme 2.1 (7) |G: A|=r, Tne r — mpo-

croe uncno. [loatomy | N |=r, mpoTuBOpeure. 3HaUuT, Mpeanoiaoxenne HesepHo u AN <G .

Amnanornuno, BN <G
ITo nemme 2.1 (1) moarpynmna A sBiIsS€TCS YCIOBHO MOJIYHOPMAJIbHOW MOArPYIIION
B AN u p -cBepxpazpemmuma 1o ycioBuio. Tak kak N HopmansHa B AN, To N — yCIOBHO

nonynopmansHas moarpynmna B AN . Kpome toro, N abenesa. ITockonmbky (AN) <G,
TO KOMMyTaHT (AN)" p -HunbnotenTeH. [lo uuaykuu noarpynmna AN p -cBepxpaspermma.
Awnanoruyno, BN p -ceepxpaspemuma. Tak kak G/ N a6enea, To AN u BN HopMaibHbI
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B G . Teneps rpynna G =(AN)(BN) sBisieTcsl MpOU3BEICHHEM HOPMAJIbHBIX p -CBEpXpa3pe-
mMbIx oarpynn AN u BN u ee kommytant G’ p -uunbnorented. 1o gemme 1.4 rpymmna
G p -cBepxpaspemmma.

2. Tak kak

(AN/N||BN/N|)=( A/ AAN||B/BAN|) =1,

to (hakrop-rpynima G/ N ymosierBopsieT BceM TpeboBanusm teopeMmbl 1 G/ N p -cBepx-
paspemnma 1o BeiOOpy rpymmbsl G . Tak kak rpymma G p-pa3peimiuma 10 YyCJIOBHIO,

To 1o Jemme 1.3 G mpumuTHBHA, B G CyIIECTBYET €IMHCTBCHHAS MUHUMAITbHAsI HOpMaJIbHAsI
noarpynna N takas, uro N =C;(N)=0,(G)=F(G), N - snementapHas abenesa moj-

rpymma mnopsiaka p”, n>1. [lycte p — HPOCTOi JENUTENb TOPsAKa TPyl A, clieqoBa-
TenbHO, B — p'-rpynma, tak kak (| A|,| B|)=1. Ilycte H — ycrnoBHOe m00aBlieHHE K MO-
rpyrme B 8 G, torma G = BH . Tak kak B — p'-rpymmna, o N < H . TToCKOJIBKY TOATPYIIIa
A p -cBepxpa3pelmma 1o ycioBHI0, Toraa 1o gemme 1.2 (2) cyiecTByeT MUHUMasIbHas HOP-

MmasbHas noarpynna N, B A, mopsaok kotopoit paen p u N, < N. Takum obpazom, N,
cybHopmansia B H, torma mo nmemme 1.1 (4) BN, <G. Ilo toxnectBy [emexunna
NNBN,=N,(NNnB)=N,, crenosarensto, N, <BN, u B<N_.(N,). Tak kak N, Hop-
manbHa B A 1 B< N (N,), t0 N, HOop™mansHa B G = AB, nmpoTHBOpeUHe.

Ipumep 2.1.1 [15, c. 181, 4.2.12]. I'pynna G =[E., ]S; He sBasercs 7-cBepXpaszpenin-
MO rpymnmnoi. Jta rpynna obnaxaer dakropusauueii G = ([E.,]Z;)([E., ]Z,) , rae noarpymmst
[E.]Z; u [E., ]Z, T-cBepXpa3peminMBl, YCIOBHO MOIYHOPMAIIBHBI M UX MOPSIIKH HE SIBIISOTCS

B3aMMHO npocTeiMU. CietoBarenbHo, yeaoBue (| 4,| B|) =1 B reopeme 2.1 (2) yOpaTh Henb3sl.

3. O cTpoeHuy rpynisbI ¢ yCJI0BHO MOJTYHOPMAJILHBIMH HUKJINYECKUMU MOATPYNIAMHA
Teopema 3.1. Eciu 6ce nooecpynnul nopsioka p > 2 AGIAI0MCA YCIO08HO NOTYHOPMATb-

Hoimu nooepynnamu epynnvl G, mo G p -ceéepxpaspewuma.

Jloka3zartesbceTBo. [Ipennonoxnm, uto Teopema HeBepHa 1 G — KOHTPIIpUMEp MHUHH-
MaJIBHOT'O NIOPSIKA.
[Tycte M — makcumanbHas noarpymnna rpynmnsl G u noarpynma H mnopsinka p co-

nepxxutcst B M . Tlo yenosuro A ycroBHO noryHopMaiibHa B G, Toraa mo jtemme 1.1 (1) H —
YCIIOBHO TOJyHOpMallbHas moArpymnmna rpymnmnsl M . CrnegoBarenbHo, Ji00as MakCUMalbHas
noarpynma M rpynmet G p -cBepxpa3pelmnma 1o HHyKIIHH.

Iycte kopagukan G paspemmmsiii. Toraa u3 [16, Teopema 1.1] cenyer, uto G
sBisiercst p -rpynmoit, G™ / ®(G™) — munnMansHas HopmanbHas noarpynna B G/ ®(GMY)

u rpyrma G** mMeeT SKCIIOHEHTY p .

Buibepem noarpymmy K = K / ®(G™) rpynme G** = G** / &(G™) nopska p . Torya
K = (x®(G™)) = ()G / D(GPY),

Tax kak x € G™, 10 | x|= p. V3 nemmsr 1.1 (2) cienyet, uto K — YCIOBHO HOJTYHOP-

ManbHas noxrpynma B G u Y =Y/ ®(G™) — ycnosHoe noGasienne k K B G . Iycrs O —
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CHJIOBCKast ¢ -moarpymmaB Y , ¢ # p. Torna mo nemme 1.1 (3) K_Q < G. o ToxzaectBy Jene-
kuga G* NKQ = K(G™ N Q), cienosarensio, K <KQ u Q<N (K). Torma K <G u

K :W, ¥ nopsaoK rpynnsl G = G / d(GP™) pasen p .
®akrop-rpynna (G/D(G™))/ (G D(G™))=G/G™ p -cepxpaspelma, Toraa
1o temme 1.2 (3) rpyrma G/ ®(G™) sBisiercst p -cBEpXpaspeLINMOi — IPOTHBOpPEUHE.

3naunt, Kopamukan G me sBaserca paspemmMbiM. Torma mo [17, Teopema 4.2.]
¢dakrop-rpynna G/ ®(G) sBaserca npoctoil. Ilycts P — cuioBckas p -MOArpyIIa TPYIIIbI

G u Q(P)=(x|xeP,x’ =e) — umxkuuii cioit moarpymusl P . [Ipeanonoxum, uro €, (P)
nexut B noarpynne @parrunu O(G). Iyers @, — cunosekas p -noarpynna B O(G).
Tax xak @, xapakrepucruyeckas noarpynna B O®(G) u ®(G) nopmansia B G, 10 @, —
HopMmanbHas noarpynna rpynnst G u @, <O, (G) . Beibepem Npou3BosbHY 0 MOArPYIILy {x)
nopsiika p Takyio, uro (x) <® < P, torna Q,(P)=(x|xe® ,x" =e) sBusercsa nOoArpyn-
noi rpynmel @, u, cienosarensHo, noarpymmnoi B O, (G). Ilo [17, teopema 4.3.]
0,(G)<Z(G), rorma Q,(P)< Z(G) . Cormacno [10,1V. 5.5] rpynna G p -HUJIBNIOTEHTHA H,
KaK CJIEICTBHE, p -CBEpXpa3pelnMa — TpoTHBOpedre. Torga MpennojioKeHne HEBEpHO
u €, (P) ue sBusiercs moarpynmoii B O(G).

Tax xak Q,(P) f ®(G), 1o cymiectByer snmement X € €, (P) takoit, uro moarpymma {x)
He sBisercs mnoxarpynmod B @D(G). Torma cymecTByeT HETpUBHAIbHAS MMOJATPYIIa
X = (x®(G)) = (x)D(G)/ D(G) nopsinka p . ITo nemme 1.1 (3) X SBILETCS YCIOBHO MONY-
HopManbHoit oarpyrmoil B G =G/ ®(G) u cymecTsyer noarpynna Y — ycl1oBHOE 106aBIe-
Hue K X B G . Tak KaK MOPSIOK MOATPYIIEl X paBeH p,To X — tcc-moArpymna rpymmsl G
¥ moarpynnsl X W Y TOTanmbHO cc-TiepecTaHoBo4HEl. Torma mo [18, Teopema 4]
[X,Y]<F(G). Hoarpynna F(G) tpuBmanbHa, torma [X,Y]=1 u Y <C,(X). Tax kak
G=XY,10 X — HOopMmanbHas nogrpyrna rpyrmnst G = G/ ®(G) — npornsopeune. ClienoBa-

TeNBHO, rpymmna G p -cBepXpaszperuma.

Teopema 3.2. Eciu éce yukiuueckue nooepynnuol nopsaoxa 2 uiu 4 saeusomcs ycio6Ho
NOYHOPMATbHbIMU noocpynnamu epynnvl G, mo G 2-Hunbnomenmua.

Joka3aTeibcTBO. [Ipennonoxkum, uto Teopema HeBepHa 1 G — KOHTPIIPUMEP MUHU-
MaJbHOTO MOPsJIKA.

[Mycte M — MakcumainipHasi moArpynma rpynnsl G ¥ nUKIndeckas moarpynmna H mo-
psanka 2 uimu 4 conmepxkurcs B M . Ilo ycmoBuio H ycinoBHO mosnyHopManbHa B G, TOor/Ia
no siemme 1.1 (1) H — ycinoBHO moiyHOpManbHast moarpymma rpymmbsl M . CiaenoBarenbHo,
ar00as MakcuManbHas noarpynmna M rpymnmnbsl G 2-HWJIBIMOTEHTHA IO MHIYKIMU. Toraa co-
rnachHo [10, 111, 5.2] G =[P]Q, rne P —HOpManbHas 2-CHJIOBCKas oArpynma rpynmbsl G 3Kc-

NOHEHTHI 2 K 4, a 0 — IUKIMYecKas CHIIOBcKas ¢ -noarpymmna rpynnsl G . [Tycts x € P u
H =(x),rorna | H |=2 wm | H |=4.1lo ycnoButo H — yCIIOBHO OJyHOpMAaJIbHAs OJrPyIIa

rpymmsl G . ITo nemme 1.1 (3) HQ < G. Cornacho [10, IV, 2.8] H < N,(Q), cnenosareinbHo,
P<N.(Q) u Q Hopmanbia B G — IpOTHBOpEYHE.
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4. O cTpoeHMH rPyNIbI ¢ CHJIOBCKOM YCJOBHO MOJYHOPMAJIbHOM MOATPYNNO
Teopema 4.1 Eciu 6 p -paspewumoti epynne G 6ce makcumaibhvie NOOPYnnvl CUI06-

CKOUL P -NOOZPYNNbL AGIAIOMCS YCI0BHO NOIYHOPMATbHbIMU nooepynnamu ¢ G, mo epynna G
P -ceepxpaspeuiuma.

Jloka3zarteabcTBo. [Iycte P — cunoBckast p -noarpynma rpynnsl G . Ecnmu P oukom-
yeckast, T0 G p -cBepxpazpemuma. [lycts P Henmkimudeckas. Toraa cormacHo emme 1.1 (3)
IS KKI0W MakCUMalibHOM moarpynnsl P u3 P u kaxnaoro ¢ € 7(G)\{p} cymiectByer cu-

noBckas ¢ -moarpynmna Q B G takas, uro PO <G .Tlo [19, reopema 3.4] rpynnia G p -cBepx-

pazpenma.
Teopema 4.2. [Iycmv p — Haubonvuull npocmotl denumens nopsioka epynnt G u P —

cunosckas p -nooepynna 6 G . Eciu P ycnosno nonynopmanvna ¢ G, mo P — nopmanvhas

nooepynna epynnvt G .
Hoxka3zaTeabcTBo. [1o ycrmoBuio TeopeMbl P CylIeCTBYET YCIOBHOE n00aBiIeHHue Y

takoe, uto PY =G u PY” =G st mo6oit noarpynmst Y, rpymmst Y, roe a € (P,Y)) . Iycrs
O — cuiloBcKas ¢ -noArpymma rpynmnsl Y u g # p. ScHo, uro Q cuiosckas noarpymnna B G .
Iycte PO“ =PQ', rne Q' — cunosckas g -noarpynna us G . Torna PQ' — GunpumapHas
XO0JLJIOBA MOArpyImna rpynnsl G, B KOTOpoi P yCIOBHO MOJYHOPMaIbHA M ¢ < P .

Ecmu PQ' — cobcrBennas moarpymma rpymmnsl G, 1o P HopManbHa B PQ' 110 MHAYK-
unn. Tostomy Q' < N (P). TlockonbKy g — IPOM3BOJIBLHOE MPOCTOE YHCIIO, OTIMYHOE OT P,
noiydaem, yto P HopManbHa B G . 3Hauut, G = PQ' u Q' — ycnoBHoe no6asienue. [lycth
O, u O, — paznuuHbie MakcuMainbHbie oarpynmsl B Q' . Toraa u3 semmst 1.1 (3) cienyer, uro
PO, <G u PQ,<G. Cornacuo nemme 2.1 (1) P — ycIOBHO MOJyHOPMaJbHAsI MOATPYIIA
rpynmsl PQ, . CnenoBarensio, P Hopmansha B PO, u O, < N (P). Ananoruuno, 0, < N, (P)

.Moatomy O =(0,,0,) < N,(P) u P vopmanbha B G . 3Haunt, Q' CONEP)KUT €IAUHCTBCHHYIO
MaKCHMAJIbHYIO ITOATPYIIITY, a CIefoBaTelnbHo, O IuKInYeckas. Tak kak ¢ < p, To rpynna G
P -HWIBIIOTEHTHA, ClleI0BaTelIbHO, P HopMaibHa B G .

Teopema 4.3. [lyemo G — p -paspewuman epynna, P — cunoeckas p -nodepynna

epynnot G u P ycnosno nonynopmanvra ¢ G .
(1) Ecnu p'-xonnosea nodepynna epynnei G q-ceepxpaspewuma OJisi HEKOMOPO2O

q#p,mo G q-ceepxpaspewuma.

(2) P'< OP(G).

(3) 1,(G)<2ul (G)<2, e 7 =7(G)\{p}.

Jdoxa3aTenbCcTBO.

1. Tak kak G — p -paspemuma, To coriacHo [20, Teopema 6.3.5] B Hell cyIecTByeT
p' -X0JJIOBa TOATPYIINa, KOTOpasi SBJISETCSA yCIOBHBIM qo0aBierneM K P B G . JleiicTBH-

TEJNBHO, ycTh Y — ycinoBHoe nobasienue k P B G . Torna mo nemme 1.1 (3) cymecTtByer
p'-xomnosa moarpynna H B Y, kotopas u Oyaer p'-xoiutoBoi moarpymmoit B G Takow,

uyro PH =G .
[Tokaxewm, uto G ¢ -pazpemnma. [lycte N — npou3BosibHAs MUHUMaIbHAsS HOPMaJib-

Hast noarpynmna rpymnnsl G . 3Haunt, N nmubo p -noarpymma, mubo p' -moarpymma. ITo uHIyK-
nu akrop-rpynna G/ N g -paspemnma. Ecmu N — p -noarpymmna, o G ¢ -pa3pemmma.
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Eciu N — p'-moarpymma, o N<H u N q-cBepxpaspemnma. Takum obpazom, rpymmna G
g -pazpenmma.

[peamonoxum, uto rpynna G He sBIsSETCS ¢ -cBepxpaspemnmoii. Toraa u3 1eMMel
1.3 cnenyer, 4to B rpynne G CyIIeCTBYET €AMHCTBEHHAass MHUHAMAJIbHAsT HOpMaJibHAs TIOJ-
rpynmna N , nopsaok Kotopoii pasen ¢, a >1. Cnenosarensno, N < H u H q-cBepxpaspe-
muma 1o ycioBuro. CornmacHo jemMme 1.2 (2) B H cymecTByeT MUHUMaJIbHAs HOpMaJIbHAs
noarpynma N, mopsinka g Takas, uto N, <N < H . Tak kak cuioBckas p -noarpymnma P
ycioBHO mostyHopManbia B G u N, cyOonopmansha B H, to PN, <G 1o [nemma 1.1.(4)].
Mo toxnectBy denexkunna N N PN, =N, (NNP)=N,. Torna N, — HopMalibHas TIOArPyIIIa
rpymnsl PN, u P< N_.(N,). Cnenosarensto, N, Hopmaibna B rpymie G, IpOTHBOpEYHE.
Takum oOpa3zom, rpynmna G ¢ -cBepxpa3peninma.

2.ITo nemme 1.1 (9) moarpymma P’ cyonopmanbua B rpymme G . CiieqoBaTenbHO,
P'<0,(G).

3. @axrop-rpynna P/O,(G) sasnsercs cunosckoid p -noarpymnoi 8 G/0,(G). Kom-
mytant P'< O, (G) no 1. 2, Torna daxrop-rpymma P/O,(G)=(P/P")/(0,(G)/ P') abenesa
ul,(G/0,(G))<1 no [21, reopema 6.1 (3)].

Homyuaewm, uro /,(G)<1,(G/0,(G))+1,(0,(G)) <1+1=2.

Hycrs O,(G) #1. TlpumenuM MHIYKIMIO 10 NOPsAKY rpynnbl G. ®aktop-rpymnma
G/0,(G) p-paspeumma, P/O,(G) — cunosekas p-noarpynna rpynnsl G/ O, (G)
u P/0,(G) ycnosuo nonynopmansaa B G/ 0,(G). Torma [,(G/0,(G)) <2

u

1(G)<1(G/0,(G)+1,(0,(G)<2+0=2.

Teneps O,(G)=1. B stom ciyuae P'<0,(G) =1 u cunosckas p -noarpynna P ate-

nesa. Torma /,(G) <1 nrpynna G o61a1aeT HOPMATBLHBIM PSIIOM
1=0,(G)<G <G, <G, =G,

e G,/G=0,(6/G), G/0,(G)=0,(G/0,(G)) n G;/G,=0,(G/G,). 3nauur,
[ (G)<2.
CaencrBue 4.3.1. [Iycte G — Ounipumapnas rpymmna u 7(G) = {p,q} . Ecau cunoBckas

p -noarpymnmna rpynnsl G ycinoBHO nonyHopManisHa B G, To rpynna G g -cBepxpaspermma
u n(G)<3.Ecmu p>¢q,10 n(G)<2.

3akirouenue

B nannoli paboTe nmpuBeAeHBI MPU3HAKU pP-CBEPXPA3PELIMMOCTH TPYIIbI, (haKTOPU3Y-
€MOMH YCJIOBHO IOJIYHOPMaJbHBIMH NoArpynnamu. Kpome Toro, ycraHosiaeHa p-cBepxpaspe-
HIMMOCTb p-pa3peliuMoi rpynnsl G , B KOTOPON BCE MaKCUMAaJIbHBIE MTOATPYIIIIBI CUIOBCKON
Pp-TIOATPYIIIBI ABIISAIOTCS YCIOBHO IOJIYyHOPMAJIBHBIMU M U3yYE€HO CTPOCHUE IPYIIIBI C YCIOBHO
IOJIyHOPMAJIBHBIMHU LIMKJINYECKUMU OATPYTIIAMH.
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SABHbINA BU]] PE30OJIbBEHTDI ATIIIPOKCUMHAPYIOIIENA CUCTEMBI
TPEX YPABHEHNU C IEJIbTA-OBPA3SHBIMH KOS ®OPUINEHTAMHA
N MATPUIIEN IUKJINYECKOI'O BJIMAHUA

Ypaesnenus, komopuwie 3anucwvieaiomes 6 sude Lyju =—Au+ A(g)ou = f, 6cmpeuaromes 6 pasiuyHbix 00-

aacmsax u AGNAIOMCS 00beKMoM 0emanbHo2o ucciedosanus. llpouzsedenue ou, éxodsujee 6 3mMo ypagHeHue,
He onpeoeeHo 8 pamMKax KiacCuieckol meopuu 0000ueHHbIX QYHKYUL, NOIMOMY 0OHOU U3 OCHOBHBIX 3A0aY S16-
JIeMCs. NPUOaHUe COOEPICAMENbHO20 3HAYEHUS BbIPAIICCHUIO, KOMOpOe CMOUm 8 Jle60U Yacmu YpaeHeHus,
m. e. hakmuuecku 3a0anue onepamopa, COOMEEMcmeyIoue20 YKa3anHot gopmanvhou sanucu. [is amozo uc-
NOAL3YIOM CREYUATbHBIE ANNPOKCUMAYUL ONEPAMOpa YMHOICeHUs Ha J-@yukyuto. TIpoyecc uccredosanus ypag-
HeHull ¢ 9-06pasHbIMU KO Puyuenmamu 6K0Yaenm HeCKOIbKO OCHOBHBIX IMAN08: NOCMPOEHUe ANNPOKCUMAYUTI
Paccmampusaemozo SbipadjiceHuss ONepamopam KOHeYHO20 paned; HAX0HCOeHUe Pe30ab8eHIMbL ANNPOKCUMUDYIO-
Weeo cemelicmsa, HaxoxcoeHue npedend pe3oibeeHnbl U Gbl0eNeHUe Cyuaed pe3oHAHCA; ONUCAHUe CeKmpa no-
CMPOEHHBIX NPEOelbHbIX ONepamopos; UCCIe008aHUe NO8eOeHUs. COOCMEEHHbIX 3HAUEHUL ANNPOKCUMUPYIOWUX
onepamopos. B 0annotl pabome paccmampugaromes nepsvle 08d SMANd GbIUEUZTONCEHHO20 NO0X00a O/ Cu-
cmem, COCIOAWUX U3 mpex ypagHeHuil ¢ 0e1bma-oopasHvimu Kodpguyuenmamu, u mampuya A(g) umeem yux-

JUYecKull xapaxmep, Ymo 3adaem nocie008amenbHyI0 C81A3b MexcOy mpems KOMNOHEHMAMU CUCTNEeMb.
Knroueswvie cnosa: o60ouennas yHkyus, annpokcumayus, pe3oibeeHmad, onepamop.

Explicit Form of the Resolvent of an Approximation System of Three Equations
with Delta-Shaped Coefficients and a Cyclic Influence Matrix

Equations written in the form Ly =—Au+ A(g)ou = f, are encountered in various fields and are the
subject of detailed study. The product ou in this equation is not defined within the classical theory of generalized
functions, so one of the main tasks is to assign a meaningful meaning to the expression on the left-hand side of the
equation, i.e., to define an operator corresponding to this formal notation. For this purpose, special approxima-
tions of the multiplication operator by the d-function are used. The process of studying equations with delta-shaped
coefficients includes several main stages: constructing approximations of the expression in question by finite-rank
operators; finding the resolvent of the approximating family; finding the limit of the resolvent and identifying
resonance cases; describing the spectrum of the constructed limit operators; and studying the behavior of the
eigenvalues of the approximating operators. This paper considers the first two stages of the above approach for
systems consisting of three equations with delta-shaped coefficients, where the matrix A(g) is cyclic, which es-
tablishes a consistent relationship between the three components of the system.

Key words: generalized function, approximation, resolvent, operator.

BBenenue
YPaBHeHI/IH, KOTOpre 3aIIUCBIBAOTCA B BUJIC

Lou=—-Au+a(e)ou=f, (D)

rze o ectb 0-¢pyHkius [lupaka, BOSHUKAIOT B Pa3IMYHbIX NPUIIOKEHUsX [1] 1 akTHBHO U3yya-
torcs. [IpousBenenue Jou, Bxozsmiee B (1), HE onmpeneneHO B paMKaxX KIACCHYECKON TEOPHH
00001IeHHBIX (DYHKIMI, TOATOMY OJHOW M3 KJIIOYEBBIX 3ajau SIBISETCS NMPHAAHHE CMBICIA


mailto:mtorkaylo@mail.ru

MATOMATHIKA 63

BBIPOKEHHIO, CTOSIIIEMY B JIeBOHM yacTu (1), T. €. (haKTHIECKH MOCTPOCHHE OTepaTopa, KOTOPHIi
OBl COOTBETCTBOBAII ATOMY (HOPMAIIbHOMY BBIPAKECHHIO.

OnvH 13 OCHOBHBIX MOAXO0/I0B K ONPENIEICHUIO TOHATUS PELLICHUS YPaBHEHHSI U IOCTPO-
€HUIO TAaKHUX PELIEHUI OCHOBAH Ha allllpOKCUMAaIUY BbIpayKeHUs B JIeBOH yactu (1) cemelicTBOM
KOPPEKTHO 3aJaHHBIX OIIEpaToOpoB L_ W 3aTeM HAXO0KJICHUU IpeJelia Pe30JIbBEHT

lim(L, - A)" = R(A).
&0

Ecnm Takoi mpeaen cymiecTByeT, To onepaTopHo-3HayHas GyHKIus R(4) OKa3pIBaeTCs
PE30JIBBEHTON HEKOTOPOTO OIEepaTopa, KOTOPBI COOTBETCTBYET paCCMATPHUBAEMOH alPOKCH-

3
Mari GOopMaIbHOTO BeIpaKeHHs. B ciyuae omeparopos B mpoctpanctBe L, (R”) ckamspHbIX

(yHKIMiA 6BUT0 0OHAPYIKEHO, YTO B THUIMHYHBIX ciydasx R, (A) ecTb pe3osibBeHTa HEBO3MY-

meHHoro oreparopa R, (4) =(—A—/11 )_1, HO BO3MOXHBI CITy4au pezonanca, Korma R,(A)

€CTh PEe30JIbBEHTa HEKOTOPOTO OIeparopa, OTINYHOro OT -A. Pezonbeenta R, (A) meiictByer
no hopmyne

Ro(/l)f:Ez *f,

rae * — ceeprka QyHkumii, a £, (X) — pyHaaMeHTaNbHOE pElIeHHE IS oneparopa — Au — Au,
3agaHHoe (PopMyIIOif

|
5

1
E,(x)= F”x”e

rae u’ =—-A,Reu>0. Ormernm, uto E, € L,(RY).

CrekTp omeparopa —A ecTb MOJOKHUTEIbHAS MOIyIpsiMasi, IPUYEM CIEKTp HE Cofep-
KHUT COOCTBEHHBIX 3HAUYCHHUN. A y MpeNeNbHbIX ONEepaToOpoB, OTINYHBIX OT —A, UMEETCSI OJTHO
COOCTBEHHOE 3HaueHHe. Y allpOKCUMHPYIOIIEro oneparopa L, CHEKTP MOKET COAEPKaTh (B

3aBUCHUMOCTH OT BBIOPAHHOTO CIIOCO0A anmpOKCUMAIINK) KOHEUHBIN WK Jaxke OECKOHECUHBIN
Habop coOCTBeHHBIX 3HaUeHU. [ToaToMy 001Ias 3a1aua 3aKIF0YaeTCs B OMMMCAHUH TTOBEACHUS
COOCTBEHHBIX 3HAYCHHH alMPOKCUMHUPYIOIINX OMEPaTOPOB U BBISICHEHUH TOTO, KaK B Mpeene
U3 HUX IOJTY9aeTCs OJTHO COOCTBEHHOE 3HAYCHHE.

AHanu3 cUCTEM ypaBHEHUW OOBIYHO OKA3hIBAETCS 00JI€€ CIOKHBIM TI0 CPABHEHUIO C
AQHAJIM30M OJTHOTO YPAaBHEHUS U COJCPIKUT OOJIBIIICE YHCIIO BO3MOXHBIX BapuaHTOB. Llenbio pa-
OOTHI SIBIISIETCS MOCTPOCHHUE ANMPOKCUMAILIUNA PacCMaTPUBAEMOTO BBIPAXKECHHS OTIEpaTOpaMu
KOHEYHOT'O PaHTa; HaXOXKJICHUE PE30JIbBEHTHI alllIPOKCHUMHUPYIOIIETO CEMEHCTBA CHCTEMBI U3

Tpex ypaBHenuit (1), rome u = (“1: uz,u3), a ko3 PUIMEHT ABISIETCS MAaTPUIIEH TPETHETO IO0-

psnka cnenuanbHoro Buaa. Ecnu koadduruent B (1) sBaseTcs TuaroHaibHOW MaTpUIien

a, (&) 0 0
A(e) = 0 ay (&) 0 >
0 0 ay(¢)

TO IIOJIy4YUM CUCTEMY U3 TPEX HE3aBUCUMBIX CKAJIIPHBIX YPABHEHUH, KOTOPBIE YK€ UCCIIEI0BA-
JIUCh paHee.
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Cry4aid, koraa ko3¢ dunmenT B (1) siBaseTcss MaTpHUIleH crieluaibHOTO BUIa

0 0 aye
A(e)=| O a,, (&) 0o |,
a,,(&) 0 0

NpeJICTaBIIsIeT OrPaHUYEHHBIA HHTEPEC BBHUIY TOTO, YTO IEpBasi KOMIIOHEHTA BIMSET Ha Tpe-
TBIO, TPEThS — Ha TIEPBYIO, @ BTOPask BIMUIET TOJIBKO cama Ha ceOsl.
Haubonee cogeprkarenbHbIi OKa3bIBaeTCs Cydaid, Korja Marpuia B (1) umeer Bua

0 a, (&) 0
A= 0 0 a0 )
a;,() 0 0

Br16op Matpuiibl Takoro Bujia 00yCIOBJIEH TeM, 4TO KO3(PGUIIMEHTHI CHUCTEMBI 00pa-
3YIOT MaTpully HUKIWMYCCKOI'0 BJIUAHUA, KOTOPASA NPUHOUIIMAIIBHO OTJINYACTCSA OT KJIaCCHYC-
CKUX MaTpHII PSMBIX U 00paTHBIX cBsizel. CTPYKTypa STOW MaTPHUIIBI 33/1a€TCSI CIEAYIOIIHM
00pasom: >eMeHT a,(£) MaTpulbl A(€) XapaKTEPU3YET BIUAHUE j-Oi KOMIIOHEHTBI CHCTEMBI

Ha i-y10 KOMIIOHEeHTY. J[J1s1 paccMaTpuBaeMoi MaTpHUILIbI TIepBasi KOMIIOHEHTa BO3/IEHCTBYET Ha
TPEThIO, TPEThSI — HA BTOPYIO, a BTOpasi, B CBOIO OUYepe/b, — HA MEPBYIO, 3aMbIKasi IIUKII. Takxke
0COOBI MHTEpEC MPECTABISAET aNreOpandeckoe CBOMCTBO JaHHOW MaTpuilsl. Ecin mpounsse-
JIeHUE

a,,(8)ay(8)ay (&) =1,
TO BBITIONHSAETCS ycnoBue A° =1 (BO3BpAT B HCXOIHOE COCTOSIHHE Uepes TPH IIIara).

OcHoBHasi 4acTh

Haubomnee npocTsIMu SBISIOTCS anMpOKCUMAIIHU C TOMOUIBIO ONEPaTOPOB KOHEYHOTO
pasnra. [IpumenuM noaxon, pa3BuThIid B [2; 3] mid uccieqoBaHusl ypaBHEHHH ¢ J-00pa3HbIMU
kod(urmentamu. OCHOBHBIE 3TAIBI ATOTO MOIX0/1A:

1) mocTpoeHne anmpoKCUMAaITiii JAHHOTO BRIPAKCHHSI ONIEPAaTOpaMy KOHEUYHOTO PaHTa,

2) HaXOXJ/ICHHUE SBHOTO BUA PE30JIbBEHTHI alllPOKCUMUPYIOIIET0 CEMENCTBA;

3) HaxXOKJIeHUE Tpe/Iesia Pe30JIbBEHTHI U BBIJICIICHUE CITy4aeB PE30HAHCA;

4) onricaHue MOCTPOCHHBIX MPENIEIbHBIX OMEPATOPOB;

5) uccreoBaHKe MOBEACHHUSI COOCTBEHHBIX 3HAUCHUH aMMpOKCUMHUPYIOIINX OIepaTo-
POB U X COOCTBEHHBIX BEKTOPOB Tpu & —> 0.

B nanHoit paboTe BBIMOIHEHO MOCTPOCHHE alIpoKCUMaIuidi Beipakenus (1) ormeparo-
paMu KOHEYHOT'O paHTa; HaXOKJIEHWE SBHOTO BHUJA PE30JIHBEHTHI ANMPOKCHMHPYIOIIETO Ce-
MEHCTBA JIJIsl CUCTEM, COCTOAIINX M3 TPEX ypaBHEHUH ¢ MaTpuiiei B (1) cnenuansHOro BUIA.

1. Ilocmpoenue annpoxcumayuu

Mps1 paccmaTpuBaeM (GOpMalbHYIO CHUCTEMY, KOTOpas B MOKOOPIHWHATHOM 3amucu
UMeEeT BH/

—Au, +a,,(&)ou, = f,,
—Au, +a,(€)ou, = f,,

—Au, +a,,(6)ou, = f,. 3)

[ToCTpOMM aNMpOKCUMALMIO ONEPaTopa YMHOXKEHHUS Ha J-(QyHKIHIO, IEHCTBYIOILYIO
Ha raankyo Gyskuuio u 1o Gopmyne ou = u(0)o. Ilycts ¢ — 6eckoneuno qudpepeHuupyemas
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byHKIMST ¢  KOMIAKTHBIM  HOCHTENeM, T. €. qoeD(R3) [4], Takas  4TO
.[.U o(x,,x,, X, )dx,dx,dx, =1.
R3

JInst KpaTKOCTH 3amucu 0003HAYMM '”J- o(x,,x,,x;)dx,dx,dx, = _[(p(x)dx. Torna cemeii-
R3

. 1 (x
CTBO I1agkux QyHkuuil ¢, (x) = _3(0(_) 3aJjaeT alnpoOKCUMAINIO O-(QyHKIIMU KaK 3JIEMEHTa
g &

IPOCTPaHCTBA 00OOIIEHHBIX (YHKIMI, a ceMelcTBO GyHKumonanos @, (u) = j u(x)p, (x)dx —
anmnpoOKCUMAaIUIO J-QYHKUIUH, KaK (yHKIMOHANA. Takum oOpa3zoMm, /Ui TiIaakux (yHKUUN u
umeeM D, (u)p, > u(0)0 =ou [3], 1. e. HA rIaAKUX (QYHKIUIX CEMENCTBO OINEPATOPOB
@, (u)p, cxomutcs K pousBeeHH0 du B mpoctpanctee D'(RY).

Tornma ceMencTBO ONEpaTopoB
L,u=—Au+ 4()p, (x) [ u(»)p, (»)dy )

3a/1aeT amnmnpoKCUMaIiio (hopMaTbHOTO BeIpaykeHUs —Au + A(&)ou. B mokoopauHaTHOM 3amucu
9TO CEMEHUCTBO UMEET BU]I

L, (u), = =Au, +a,,(8)p, () [, (M), (»)dy,
L, (u), ==Au, +a,, (), (%) [, ("), (1) dy,
L, (u), ==Au, +a,, ()0, () [1,(0)ep, (y)dly. (5)

3aaya 3aKII04YaeTCs B UCCIIEJOBAHUY MTOBEACHUS PEIICHUN ypaBHEHUS (L(9 - /1)14 =f

npu & = 0.

2. Ilocmpoenue a61020 6uoda pe3o1b8eHmMbl ANNPOKCUMUPYIOUUX ONEPAMOPOE 0N
CREYUAIbHO20 6U0a Mampuy, KoIhpuuuenmos

[Tpu pukcupoBanHoM ¢ > 0 HalzeM JUIst JAHHBIX ANIPOKCUMAIHH (5) TaKKe perIeHus

HETTOCPE/ICTBEHHO, T. €. MOCTPOUM PE30JILBEHTY (Lg —/1)_1 f =u w nHaiigem, Ui Kakux A oHa
ompe/ereHa.

Teopema. Pezonveenma (Lg —/1)71 annpokcumupyrowezo cemeticméa L, (1) zanucoi-
eaemcsl 6 guoe

(L, =4)" =R, (A)f = 5(&,4)- [ -(Ry (D)o, ), (6)

2oe
R,y
Ry(A)f =|Ry(D) |,
RGNS
1
F=|1,|

7
1= [(R£) e, (»)dy,
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5= [(R) 1) 0o (»)dy,
= [ (R 1) ()0, (),

u S(e,1) ecTb MaTpuLa BUa

b (e, 2) 1 Aed)
ay(&)as, (&) ay(€)
B . o 1 _b(g,/l) 2 ;
S(E,X)—[[A(S)] +B(5,ﬂ)} _b3(g,/1)+ 1 a,(€) &) a,(&)ay, (&) |
a),05303, 1 _b(g, A) b’ (£, )
L a,,(&)ay(€) y(€) -

be,2) 0 0
Be,)=| 0  bed) 0 |,
0 0 be,A)

b, ) = [ (R, (e, N0, ().

Pesonveenma onpeodenena, eciu L€ R u det‘[A(g)]_] + B(g,/l)‘ =b’(e, 1)+ #0.

a5,
JlokazarenbCTBO.
[TocTpoeHne pe30abBEHTHI 3KBUBAICHTHO HAXO0KICHUIO PEIIEHUS CUCTEMBI

—Au, = A+, (£)9, (%) [, (), (Vv = f,
—Au, =ty +ay, (8)p, (0) [ s (M), () dy = £,
—Au, = Aty + a,, (£)p, (0 [ 1, (D), (V)dy = f.. (7)
U3 cuctems (7) MOMydaeM, €CIIM PEIICHHE CYIIECTBYET, TO OHO UMEET BHJL
w(x) = R, /; = C (6,1 (R, (2) 0, ) (%),
u,(x)= R, f, = C,(&, 1) (R, (2) 0, ) (%),
u,(x) = R, f; = Cy(, ) (R, (2) 9, ) (%), (8)

rae
Cy(8) = a, (&) [ u, (1), ()b,
C,(2) = ay (&) [, (), (¥)dy,
Cy(8) = ay, (&) [u, (), (). 9)
Tozcrasum (8) B (9), moydaeM CHCTEMy ypaBHEHHiL
C,(8: 1) = a, (&) [ (R 1)) - C (2, 1) (R, () 9, ) () 2, (1),
Cy(8,4) = 4y (&) [ (Ry(A L)) = Cy(8, 1) (R, (1) 2. ) () 2, (1),
Ci(e,2) = a, (&) [ (R (D) /() = (e D (R, (1) 2,) (1) 9, ().
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[Tocne mpeobpazoBaHuii moTry4aem

Cy(2,4) = (&) [ (Ry(A) /)00, (1) dy = i, ()C, (8, M) [ (R, (2) 0, ) (), (0)ely,
Cy(8,2) = a5 (&) [ (Ry(A) L)), (0)dy = a ()Cy (2, D) [ (R, (2) 0, ) (1), (),
Cy(8,2) = a3, (&) (R /)00, ()dy - ay ()G, (&, D[ (R, (2) 2, ) (1), ().

BBenem o00o03HaueHUS
b(e,2) = [(Ry (D), ) (1), ()b,
5= [(R) 1) (e, (3)dy,
> = [(R(AL) ()0, (»)dy,
= [(R£) e, (»)dy.
Torma paccmaTpuBaemas CCTEMa PUMET BU/T
C/(e,A)+a,(e)b(e, A)C,(e,A)=a,, (3)7;,
C,(,4) +ay (£)b(g,A)Cy(6,2) = ay (6) [,
Cy(e, ) +a,,(e)b(e, M)C\(e,A) = a;,(¢) .
Cucrema NUMEET BU/I

0 aye) 0 ][b i) 0 0 C (e, 1)
I+ 0 0 ay)| 0 bed) 0 C,(e,2)

|

a,(e) 0 0 0 0 b)) Ced)
0 aye) 0 |/
= 0 0 ay(€) ]72 )
a, (€) 0 0 1,

T. €. MOKCM 3aIlUCaTh CUCTEMY B MATPUIHOM BHUIC

(1+A4(e)B(g,1))C(e,A) = A(e)F,

0 a,(€) 0
Ae)=| 0 0 a,(€) |,

a,, (&) 0 0

rIe

be,A) 0 0
Be,))=| 0 be,A) 0 |

0 0  be,)
C,(g,4) /

C(e,2)=| Cy(e,2) |, F=|1,|.
C,(g,2) 7
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Torna

([A(g)]’l + B(s, 1)) C(s,2)=F.

[Tosromy ecnu

det ‘[A(g)]*‘ 1 B(e, /1)‘ 0,

TO PCHICHUC 3alTMChIBACTCA B BUAC

Cle)=([A@)] ' + B, /1))_1 F.

Touku A, mpu KOTOPBIX ONMPEAEIUTENb paBeH 0, SIBASIOTCS CIIEKTPAIbHBIMUA 3HAUYECHU-

SIMH 3TOTO OTIepaTopa.

Haiinem onpenenutens det ‘[A(g)]f1 + B(e, i)‘ # 0 u marpuny S(&,1) B IBHOM BHJIE.

1
S ay (&)
-1 1
[4(e)] +B(e, 4) = o b(e,d) 0
1
_ 0 ) b(g,l)_
det ‘[A(g)]_l T B(e, /1)‘ b (e A)
a150,3053,
b e 1 b(z,)
a,,(€)a,, (&) a,,(&)
4 -1 1 b(e,A) 2 1
S(e,A)=|4 B(e, A = - b (g, A4 .
o |:[ (8)] e )} b (e,A)+ ! a,(&) &4 a,,(&)a;, (€)
50343 1 _b(e, ) b (2.)
| a,(8)ay (&) ay(€) , |
OKOHYATENILHOE PELIEHHE BCIIOMOTATENLHOM CHCTEMBI €CTh
b 6.2) 1 b(e,A) ~
C(e,4) ay(&)ay (&) a;,(€) /i
C, (e, 2) | = : 1 edH ey — L 7]
C,(&,4) b3(g,g)+a — a, (&) a,,(8)ay (&) 7
1282345, 1 _b(&, ) b (e, 2)
| 41,(8)ay(€) a(€) )
Cre1oBaTeNbHO, pelieHre CUCTEMBI (7) IPEACTABUTCS B BUIE
u(@)] [RA)S /
u,(¢) |=| Ry Lo |=S(e, )| 1o |(Ry (1), ) (%), (10)

R, (M) f;

uy(€)

/i
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rae ] i
bz(é‘,l) l _b(ge/l)
ay(€)ay(€) a;,(€)
S5, 2) = 1 ICED S TP ) p—_—
b3(5’ﬂ)+¥ a, (&) a,(&)ay (¢)
1545345 1 _b(g,4) b (2.)
| a,(&)ay;(€) a5,(€) ]
Bripaxxenue Buaa (10) sxkBuBasieHTHO (6).
Taxum 06pa3oM, pe30IbBEHTA ONIPEAEIEHA, €CIIU
det ‘[A(g)]_l + B, /1)‘ (e )0,
a),0y305,

-1
a T¢ TOYKH A, IPH KOTOPBIX det‘[A(e)] + B(e,ﬂ)‘ =0, SBIAIOTCS CHCKTPAIbHBIMU 3HAYCHH-

SIMU 3TOTO oriepaTtopa. Teopema nokaszaHa.

3akJil0ueHue

B mannoit pabote OBIIO MCCIIEJOBAHO CEMEHCTBO CUCTEM ypaBHEHUH C JeNbTa-00pas-
HBIMU KO3 PHUIIMEHTaMU, 2 UMEHHO — ITOCTPOEHA aNMPOKCUMAIIUS PacCCMaTPUBAEMOI0 Oepa-
TOpa € MOMOIIBIO0 ONIEPATOPOB KOHEYHOI'O paHIa U HAaWJIeH SIBHBII BUJ PE30JIbBEHTHI COOTBET-
CTBYIOIIETO aNIpPOKCUMHUPYIOIIETO CeMecTBa. DTU pe3yibTaThl SIBISIOTCS BaXKHBIM IIaroM
B TIOHUMaHUU CIIEKTPAIbHBIX CBOMCTB TAKUX CUCTEM H MO3BOJISAIOT OoJiee TiTy00KO aHaTH3UPO-
BaTh UX MOBEJEHUE B MPENIENbHBIX cllydasx. PaccMoTpen ciyuai, korna matpuna koddduim-
€HTOB MMeEeT LMKJIMYECKUH XapaKTep, 4TO 3aJacT IMOCIEAOBATEIbHYIO CBSI3b MEXIY TPEMS
KOMIIOHEHTaMHU CUCTEMBI.

[TocTpoeHne anmpokcUManuii ¢ MOMOIIBIO ONEPATOPOB KOHEYHOT'O paHra o0ecredu-
BaeT BO3MOXXHOCTh TOYHO MOJEIHUPOBATH CIIOKHBIE JENbTa-00pa3Hble B3aUMOJICHCTBUS, YTO
B YCIIOBUSIX KJIACCUYECKON TEOPUH (PYHKIIMIA OCTAETCS 3aTPYIHUTEILHBIM U HEBO3MOXKHBIM.
[TomyueHnHbie (pOpPMBI anMpOKCUMAIIMI TAlOT SCHOE TMPEICTABICHUE O CTPYKTYype PEIICHUH,
MO3BOJISIIOT MCCIIEIOBATh MPEIEIbHOE MOBECHUE U BBISBIATH (JEHOMEH PE30HaHCa, BO3HHUKA-
IOLIUE B MPOIIECCEe U3MEHEHHUS TapaMeTPOB CUCTEM.

Onpenenenne pe3oabBEHTHI I allIPOKCHUMHUPYIOIIEr0 CEMENCTBA ABIISETCS BaXKHBIM
pe3yNbTaToM, T. K. OHO JIa€T BO3MOXKHOCTh HE TOJBKO aHAJIMTUYECKH UCCIIeI0BaTh CIIEKTPasb-
HbIE XapaKTEPUCTUKH MOCTPOCHHBIX ONEPATOPOB, HO U MPUMEHATH MOJYUYEHHBIE PE3yJIbTaThI
JUTS aHaJIM3a YCTOMYMBOCTH PEIICHUI U JMHAMUKH COOTBETCTBYIOIINX CUCTEM.

[TpakTryeckoe 3HaUeHHE PabOTHI COCTOUT B BOSMOXKHOCTH MPUMEHEHHSI IIOCTPOSHHON
MOJIETIM B PA3JIMYHBIX OOJACTAX MaTeMaTHMKH M MaTeMaTU4ecKOW (U3WKH, /i€ BO3HHUKAIOT
YpaBHEHHS C JIeIbTa-00pa3HbIMU KO3 PULIMEHTaMu, HalTpUMeEp, B TEOPUHU KBAaHTOBBIX IrpadoB,
IIPU OMMCAHUU PACTIPOCTPAHEHUS BOJIH B CBSI3aHHBIX CpefiaX, Mepeaadn S HEPIUHU MEX Iy TpeMs
B3aUMOJICUCTBYIONIMMU KaHanaMmu. [{ukinueckas CTpyKTypa MaTpHUIlbl TO3BOJISIET MOJEIUPO-
BaTh HAIIPABJICHHBIN NEPEHOC COCTOSIHUS OT OJHON KOMIIOHEHTHI K JIPYTOH.

B nanbHeiiiieM Ha OCHOBE MOJTYYE€HHON PE30JIbBEHTHI MIPEANOIAraeTCs BbIACIUTD CITy-
yal BOBHMKHOBEHMSI PE30HAHCA U UCCIIE0BATh YCIOBUS, MPU KOTOPBIX MapaMeTphbl CUCTEMbI
MPUBOAAT K YCUJICHUIO B3aUMOJICUCTBUS MEXK Y KOMITIOHEHTaMU. AHAJIN3 Pe30JIbBEHTHI ITO3BO-
JISIET BBIIBUTH BO3MOYKHBIE PE30HAHCHBIE CUTYAIlMM U ONPEIEINUTh CYIIECTBEHHBIC pa3inyus
MEXly MpeAeIbHBIMU U UCXOJHBIMU OTIepaTOpaMHu.



70 Becnix bpacykaea ynisepcimama. Cepuvis 4. Qisika. Mamamamuixa MNe 172026

Takum o0pa3oM, pe3yibTaThl JAaHHOTO WCCIEIOBAHUS BHOCAT 3HAYMTEIBHBIA BKIIAN
B Pa3BUTHE TEOPHH ONIEPATOPOB C JeNbTa-00pasHBIMU KOAPPHUIIMEHTAMH U IPEJIaraloT HOBbIE
METO/IbI aHAJIN3a MOJOOHBIX CHCTEM, YTO B TAIbHEHIIIEM MOKET CITOCOOCTBOBATh PEIICHUIO aK-
TyaJbHBIX 33J]a4 B MaTeMaTHUECKON (PU3MKE U MPHUKIATHBIX HAayKax.
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