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HALIBI FOBIJIAPHI

80 JIET 3HAHUM Y BIOXHOBEHH!

K 80-nemuio Braoumupa Anecmuesuua Ilnemroxosa

7!

&
BPECTCKUA %
roCyAAPCTBEHHbIN
YHUBEPCUTET

nmenu A.C. MywknHa

17 nexabps 2024 r. ucnonaunoch 80 JeT NOKTOPY (PU3MKO-MATEMATUYECKUX HAYK,
npodeccopy Brnaaumupy AnectueBuuy IlneTroxoBy, cienmuanncTy B 00JacTH KJIACCHYECKON
Y KBAHTOBOM T€OpHUH MOJsl, GUBUKH AJIEMEHTAPHBIX YACTHI], YYEHOMY, IIUPOKO H3BECTHOMY
B benapycu u 3a ee npenenamu.

Ponuncs Oymymmit mpodeccop B 1944 1. B n. EnpoBume Boporexckoit obmactu
B ceMbe (ppoHTOBHKOB. OTel ObLI egarorom, Ho B 1942 r. ero u3 I'py3un npu3Banu Ha GpoHT.
Martsp 6bl1a MOOMIIM30BaHa B MHKEeHEepHBIe yacTh U3 Poccun. Tak Bo BpeMst BOMHBI pOAUTENN
U nmozHakoMuinch. B 1946 r. B bpecre pachopmupoBaiu 4acTb, B KOTOPOH CIY>KHJI OTELl
Brnamumupa AnecTueBnua, U CEMbS OCTaNIaCh 371eCh KUTh. B 1949 r. ero otern TpynoycTpouics
B bpecrckuit negarornueckuii MHCTUTYT, B KOTOPOM mpopabdoTan 1o 1972 1.

Brmagumup AnectmeBuu yuwmiica B cpenHed mkosne Ne 9 r. bBpecra, rae B crapmmx
KJlaccax, Kak U Bce, yBJeKaycs PU3uKoi u MatemaTtukoil. Beimyckunuku 1961 r. meutanu ObITh
JETYNKAMU-KOCMOHABTAMHU,  JIETYMKAMU-UCHBITATENIMA WK (PU3UKAMHU-TEOPETUKAMU,
duzukamMu-saaepukamMu. IMeHHO OJJHY U3 3THX NMPECTHUKHBIX Mpodeccuii u BeIOpa Oynymuit
yueHblil Bnagumup [1netroxoB. OKOHYMB LIKOJTY C 30JI0TOM Menanbto, Biagumup AnectrneBud
NOCTYNUI Ha (pu3nyeckuii pakyabTeT beropycckoro rocy1apcTBEHHOIO YHUBEPCUTETa UMEHH
B. U. Jlennna. B 310 BpemMs OH W Hayan cBOM myTh B HaykKy. B 1966 r., okonunB BI'Y
no cnenuanbHocT  «Teopernueckass  ¢usuka», Bramumup AHecTHeBUY  IOCTYyMaeT
B aCUPAHTYyPy MO ATOM ke cnenuanbHocTH. Hayka — moaruit 1 KponoTJIUBBIN TPyd, UTOTOM
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KoToporo B 1975 r. crana 3amura KaHAuJaTCKOM, a IOCJe U JOKTOPCKOM JUCCEpTaLMU HA TEMY
«PeNATUBACTCKHE BOJHOBBIE YPAaBHEHUS C KPAaTHBIMU IIPEACTABICHUSMU U BHYTPEHHHUE
CTENEHU CBOOO/IbI YACTUIIY.

[Tocne oxonuanust acnupanTypsl B 1970 r. HaunHaeTcss TpyaoBoM nyTh Bragumupa
AHectueBuya B bpectckoMm rocynapctBeHHOM mnenuHctutyre umeHu A. C. Ilymkuna.
ITpukazom pexropa Ne 347-k ot 3 aBrycra 1970 1. B. A. [1neTioxoB ObLI IPUHAT HA TIOJDKHOCTH
cTapuiero mnpemnojaasatens kadeapsl ¢usuku. B oté rogsl Bmagumup AHecTueBHd, Kak
MOJIOJION MpenojaBarenb, ObLI KypaTOpoM CTYAEHYECKMX TpYII, €31WI CO CTyJIEHTaMHu
Ha KapTOIIKy, XOAWJI B TYypPIOXOAbl, Y4YacTBOBaJd B IPa3JHUYHBIX JEMOHCTPALUAX.
«Ha Brnagumupa AHecTueBHMYa MBI BCETJa CMOTPENIN KaK HAa CBETWIO Hayku. OH ABIIAJICS
00pa3uom 1t Hac. MBI BCe €ro JIIOOWIN U 10 CUX TIOP JF0OUM», — IEIUTCS BOCHOMUHAHUSIMU
BbIMYCKHUK 1977 r. Muxann Muxaiinosuu Kynm. C 1976 no 1981 r. Bnagumup AnectueBny
paboTan 3aBeAyIOLIUMM IOATOTOBUTEIBHOIO OTAEIEHUS bpecTckoro rocynapcTBEHHOIO
neparorundeckoro nHerutyra umenu A. C. Ilymkuna.

B 1996 r. Bramumup AnectueBnu Obu1 m30pan gemyratom BepxoBHoro Cosera
Pecniy6nuku benapyces u cran npeacenateneM [loctosunoit komuccun BepxoBHoro CoBeta
1o oOpazoBaHuto, Hayke, KyiabType (mo 1999 r.). 3a stu romel Brnagmmmp AnHecTneBud
OPWIOKWI HEMalO YCWIMH Uil HallaKMBaHUS B3aUMOBBITOJHBIX HAyUYHBIX, KYJIbTYPHBIX
U 00pa3oBaTeIbHbBIX CBA3EH C HAYYHBIMHU U YUYEOHBIMU YUPEXKIECHUSIMH JIPYTUX CTPaH.

B 1999 r. Bnagumup AHecTHEBUY CTajl PpEKTOPOM HAILIEr0 YHUBEPCUTETA.

B. A. IlnertoxoB, ocraBuB B 2002 T. mOCT peKTopa, HPOJOJIKUI AKTHUBHYIO
U IUIOJOTBOPHYIO paboTy mpodeccopa Ha Kadenpe oOMEH M TEOPSTHUSCKOH (HHU3HKH.
OH npuHUMal yyacTHe B BBIOJHEHMHU 3a/aHuil ['ocynapcTBeHHON mporpamMMbl (yHIaMeH-
TanpHbIX HccnenoBanui «lloms m wactuue», ['ocygapcTBEHHOM HpOrpaMmbl HAay4YHBIX
uccnenoBanuii «Konseprenuus», benopycckoro pecnyoaukanckoro ¢poxaa GyHaaMeHTaAIbHBIX
uccienoBaHuil mo reme «Onucanue cumMmeTpuil U 3¢ (PeKToB B3aUMOJCHCTBUS CIUHOBBIX
4acTUI, B MHOTOKOMIIOHEHTHOM MoOAxozae». Biagumup AHECTHEBUY SBISETCS aBTOPOM
u coaBTOopoM Oosiee 200 HayYHBIX U METOJIMYECKUX MYOJIMKAIIU, B TOM YHCIIE HAyYHBIX CTaTei
B XypHanax «SnepHas ¢usuka», «Teopernueckas u mMatemarudeckas gusmukay, «M3Bectus
By30B. ®usmka», «Acta Physica Polonica», «Becui HAH Bbenapyci», «Joxnagst HAH
benapycu» u ap. OH HarpaxxJeH 3HakoM «BbraatHik agykarsii» (1995, 1999 rr.), HarpynHeiM
MOYETHBIM 3HAKOM «3a BKJIaJ B pa3BUTHE BpecTckoro rocyaapcTBEHHOIO YHHMBEpPCUTETa
umenn A. C. Ilymkuna» (2010 r.), rpamoToii MuHHCTEpCTBa HapOJHOrO 0Opa3zoBaHHUs
benmopycckoit CCP (1990 r1.), modeTHbIMM TpamMoTamMu MUHUCTEPCTBA OOpa30BaHUS
Peciyonmuku benapycer (1983, 2000, 2002, 2013, 2024 rr.), IloderHoil rpamoTOi
Mexmnapnamentckoit Accambiaen CHIT (2001 r.), Ilouernoit rpamotoit HanmonanbHOro
cobOpanust Pecriyonuku bemapycs (2005 r.), rpamoToii bpectckoro 0071acTHOTO HCIIONHH-
TenbHOro komurera (2024 r.). Braagumup AHecTHeBUY — JEHCTBUTENBHBIN uieH MexayHa-
POJIHOM akaJleMUHU HayK BBICIIEH MIKOIBI (T. MOCKBa).

Ha Bcex sTanax cBoeli paboTsl Bianumupa AHecTHeBHYa OTiIMYaia YyTKOCTb, 3a00Ta
¥ BHUMaHHUE K JIOAAM. «/{oOpbIif 1 OT3BIBUMBEIN MpenoaaBaTenby, «Camblil TIOOMMBINA Halll
KypaTop», «3aMedaTelbHbIi 4eloBeK M MpenofaBaTenby, «51 o4eHb paj, YTO UMEHHO 3TOT
YeJI0BEK CTajl KypaTopoM Hamel rpynnsl. OH cTai Juisl Hac 3alUTON ¥ OIOPO», — UMEHHO TaK
OT3BIBAIOTCS O FOOMIIIPE €T0 HBIHEIIHUE CTYACHTHI.

Celiuac Brnagumup AHectueBud [IneTOXOB — 3TO HE TOJNBKO W3BECTHBIN YYEHBIN
Y IIPEKPACHBIN MIPENOAaBaTellb, HO U 3aMe4aTeIbHbIA MYK, OTELl M IEAYyIIKA.

Kemnaem Bam, Bnagumup AnecTHeBrd, KpEmKOro 370pOBbs, Oiaronoiayuyus u mupal
[TycTh pamocTh, ONTUMU3M M yJlaua HUKOTAA He nokuaaoT Bac!

Compyonuxu kageopul obwell u meopemuyeckou Qusuxu
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SPIN 1/2 PARTICLE WITH ANOMALOUS MAGNETIC MOMENT AND POLARIZABILITY

Within the general method by Gel fand — Yaglom, starting with the extended set of representations of the
Lorentz group, we construct a relativistic generalized equation for a spin 1/2 particle with two additional
characteristics. We take into account the presence of external electromagnetic fields. After eliminating the
accessory variables of the complete wave function, we derive the generalized Dirac-like equation, the last includes
two additional interaction terms which are interpreted as related to anomalous magnetic moment, and a second
additional characteristics looks as related to polarizability of the particle.

Key words: spin 1/2 particle, external electromagnetic fields, anomalous magnetic moment, polarizability.

‘Iacmuua co cnunom 1/2 ¢ anomanviovim MazZHUMHBIM MOMEHIOM U noaapuszyemocmasio

B pamxax obwezco memooa I envgpanda — Henoma, ucxoos us pacuupennoeo Habopa npeocmaegieHull
epynnul Jlopenya, cmpoumcs peisimugucmcekoe 060oujennoe ypasuenue 0Jis yacmuysbl co cnunom 1/2 ¢ 0eyms
O00NOIHUMENbHLIMU Xapakmepucmukamu. [Ipu smom yuumvieaemcs HAIUYUe GHEUHUX INEKMPOMASHUNMHBIX
nonei. Ilocne uckmouenuss OONOIHUMENbHLIX NEPEMEHHBIX NOJHOU 8OJHOBOU (PYHKYUU NOTYUeHO 0000weHHOe
ypasnenue muna Jupaka, exmodaioujee 08a OONOIHUMENbHbIX YWICHA 63AUMOO0EICMEUs, OOUH U3 KOMOPbIX CE3AH
C AHOMATIHBIM MACHUMHBIM MOMEHMOM, d 6MOPOI — ¢ ROJSPUIYEMOCTIbIO YACTUYDL.

Knrwuesvte cnosa: uwacmuya co cnumom 1/2, eHewiHue 21eKmMpoMAacHUMHbIE NOJIsL, AHOMATbHbIU
MASHUMHbBLI MOMEHN, NOAAPUZYEMOCTID.

Introduction

Within the general method by Gel’fand — Yaglom [1-3], starting with the extended set
of representations of the Lorentz group, we construct a relativistic generalized equation for a
spin 1/2 particle with two additional characteristics. In [4], it was studied the same set of irre-
ducible representations of the Lorentz group, but author restricted themselves only to a free
particle theory. In the present paper, we have taken into account the external electromagnetic
fields. After eliminating the accessory variables of the complete wave function, we derive the


mailto:2anton.buryy.97@mail.ru
mailto:3polinasacenok@gmail.com

8 Becnix Bpacykaza ynisepcimama. Cepwisi 4. @izika. Mamsmamoixa M 2[2024

generalized Dirac-like equation, the last includes two additional interaction terms which are
interpreted as related to anomalous magnetic moment [5—8], and a second additional charac-
teristics which seems to be related to polarizability of the particle.

1. Gel’fand - Yaglom formalism
We will construct a P -invariant relativistic first order equation for a particle with
the M and the spin S=1/2

r,0,+M)¥=0 (1)
by using the set of representations of the Lorenz group with the following linking scheme
3(1/2,00 - 3(01/2)

| |
a1/2) - @/21°

The corresponding system of spinor equations has the form

o (A, + 40, + 4,D,) + /1482 fb(aC) +My* =0, (2)
aab (ﬂll//b + AZ(Db + ﬂ’&q)b) + 1482 f(zc) +M l//a = 0' (3)
0% (AW, + 2, + 2D, + 408 £.490 + Mg? =0, 4)
0, (AsW® + 2@’ + 2, @) + 2,05 £, + Mgy, =0, )
o® (AW + Ao®, + 41 Dy) + 2128: fb(aC) +Mo* =0, (6)
0,5 (Ag® + Ao@® + 2, @°) + 2,05 £ +M®, =0, @)

% [02 (A + 2up” + 25 @)+ 8 (g + A0 + 25 )] +
v %[8'@ fo + 0 fi 1+ M = 0, ®

%[ag (Ao + ety + Aus®y) + O Guglty + Aatps + Aos®,)] +
; %[% 109 40, 1991+ MfS, = 0. 9)

The numerical parameter A will be restricted later on. Below we will use the notations
(we will apply the imaginery time coordinate x, =ict)
1 i |C
= [ oM. =
0-[1 Oi

0 —i
= Jcﬂ’.&
viow, o, Pod, fOofL

0
O :%aﬂ(o-y)ab’ (O'l)ab :L_ j &° o

The operation of P -reflection is determined by the relations
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The system (2) — (9) can be presented in the matrix form). The components of the
complete wave function y will be listed as follows

(spinor) —

W W v w0t 0 0, 0,0 D, Dy, D

f i .I: i f i f 2 f 2 f 2 .I: i) ’ fl(ii) ’ fl(QQ) , fg(ii) , fz(ii) ’ f2(22) )T :

ay: ‘a2 'e2r Tay 'a2r e 1

the symbol T stands for the matrix transposition. Correspondingly, the matrix T';""" has the form

o 0o 4 0 0 0 4 0 0 0 A4 0
o o o0 4 0 0 0 4 0O 0 0 A
4 0 0 0 4 0 0 0 A4 0 0 0
o 4 0 0 0 4 0 0 0 A4 0 0
o 0o 4 0 0 0 4 0 0O 0 A 0
o o 0 4 0O 0 0O A4 0O 0 0 A
2 0 0 0 4 0 0 0 A 0 0 0
o 4 0 0 0 4 0O 0 0 A4 0 0
o 0 4 0 0 0 A4 0 0 0 A 0
o 0 o0 4 0 0 0 A4 0O 0 0 A
4, 0 0o 0 4 0 0 0 A4, 0O 0 0
o 4 0 0 0 4 O 0 0 4 0 0
o o o ©o0 ©0 0 0 O0O 0 0 0 0

™=y o & o o o & o o o & o

2 2 2

o 0o 0 4 0O 0 0 A4 0O 0 0 A

o 0 -4, 0 0 0 -2 0 0 0 -a O
0o o0 o - 0 b9 0 s

2 2 2

o o o o0 ©0 0 0 O0O ©0 0 0 0

o o o o ©0 0 0 0O 0 0 0 0

A9 9 0 A oo o o0 & o o0 o

2 2 2

o -4, 0 0 0 -4, 0 0 0 -2 0 0

4, 0O 0 O 4, 0 0O 0 4 O 0 0

o A& o o o “ o o o % o o

2 2 2
©o o o o ©0 ©0 0 0O ©0 0 0 0
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o 0 0 0 0 0 0 A4 0 -4 0 O
o 0 0 0 0 0 0 0 A4 0 -4 0
o -4 0 4 0 0 0 0 © 0 0
0O 0 -4 0 4 0 0 0 0O 0O 0 O
o 0 0 0 0 0 0 4 0 -4 0 O
0 0 0O 0 0 0 0 4 O -4 O
o -4 0 4 0 0 0 0 0 0 0 O
0o 0 -4 0 4 0 0 0 0 0 0 O
o 0 0 0 0 0 0 A4 0 -4 0 O
o 0 0 0 0 0 0 0 A4 O -4, O
o -4, 0 4, 0 0 0 0O 0O 0O 0 O
0o 0 -4, 0 4, 0 0 0 0O 0O 0 O
o 0 0 0 0 0 4 O 0O 0 0 O
o 0 0 0 0 0 0 % o A g g
2 2
o 0 0 0 0 0 0 0 0 0 A O
0 o 0 0 0 0 4 0O 0 0 O
o 0 0 0 0 0 0 o0 & o A g
2 2
o 0 0 0 0 0 0 0 0 0 0 A
s, 0 0 0 0 0O 0 0O 0O 0 0 O
(10)
0o & o A g 0 0 0 0 0 0 o0
2 2
o o o0 0 4 0 0O 0 0O 0O 0 ©
o 4 O 0 0 0 0 0 0 0 0 O
0o 0o % o % o 0 0 0 0 0 o0
2 2
0 0 0 0O 4 0 0 0 0 0 ©

Let us transform the matrix I", to the modified Gelfand — Yaglom basis (10) [3];
the last is more convenient for obtaining restrictions on parameters A, .

To this end, first we find the matrix T'* in canonic basis.
For the use set of representations of the Lorenz group SO(3,1), the wave function
in canonical basis has the structure

canon — ¢, (U20) . (U20) . (OV2) . (V2 . (U20) (120 _(0U2) (0U2) .
"4 = (‘//(1/2,0) W0 Wovz 1 W21 P2y » P20 Pouz) » Po-12)

1/2,0) 44(1/2,0) OV2) m~0V2) . £@21) £W21) @21 ¢@21) £@21) @21 .
q)(lfz,qu)(—uz,O)1q)(o,1/2)'q)(o,—1/2)’ f(1/2,1) ) f(—]JZ,l)’ f(1/2,o> ) f(—1/2,0)’ f(1/2,—1)’ f(—1/2,—1)v

AV2) £QV2) £@QV2) £@QV2) §£@QV2) £ @V2)
f(1,1/2) ) f(0,1/2) , f(—1,1/2)1 f(1,—1/2)' f(o,-uzy f(—l,—]JZ))T'
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canon spinor

Functions in two presentations are connected by transformation = By :

its general structure is determined by the formula

(- (Zl)! 1/2 (le)! U2 (1ii-12-2)
V’“s"s')_[(|+|3)!(|—|3)!] [(|'+|3,)!(|'+|3,)!] Vaizz

where parameters (l,,l,) define the functions, transformed as irreducible representation (l,1")
for the proper Lorenz group; the number of spinor indices 1 isequal to (I+ 1,), the number of
spinor indices 2 is equal to (I —1,) ; the number of spinor indices 1 isequalto (I'+l,), 2 —
(I'-1,) . Correspondingly, the matrix ", transforming by the formulas: """ = BI';"" B,
Explicitly the matrix B reads
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Further we get

3 Al
o o o o o o o Jo o o o @@~ -~ o o o o o
|
[9)
~—
o 0o o Yo o o o o o & o o o o o o o o o
3 7l
o o o o o o o o JFo o o o o < o o o o
|
S 4%4
o o o o Yo o o Fo o o o @@~ ~ o o o o o
|
<
© 0o o o o o ¥o o o & o o o o o o o o &
o 4& o[l O]
© o o o o o o o Fo o o o o < o Oaﬂl.__J,O
|
Sﬁg o
|
1KY o~
O O O o o0 o o o o o o o o o o o o o
ol
O O S O O O o o o & o o o o o < o o o o
|
1
=
2
8 <
—
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Ay

00 0 0 0 00 F 0 -4 0 0

o 0o o o0 0 0 0 0 4 O —% 0
Ay

0 4 -7 0 0 00 0 0 0 0o 0

0 0 0 % -4 0 0 0 0 0 0o 0

o 0 0 0 0 0 O % 0 -4 0 0

o 0o 0 0 0 0 0 0 4 O —% 0

0 4 -2 0o 0 0 0 0 0 0 0o 0
V2

o 0 0 -% 4 0 0 0 0 o0 0o 0

2
o0 0 0o 0 0 0 o -2 0 0
\/5 2
o0 o 0 0 0 0 0 4, 0 -2 o
2 V2

0 4 -2 0 0 0 0 0 0 0 0o 0
V2

o 0 o0 & 2,0 0 0 0 o0 0o 0

\/5 2

o 0 0 0 0 0 %4 0 0 © 0o 0

o 0 0 0 0 0 O % 0 0 0o 0

o 0 0o o 0 0 0 & o A o o

2 V2
o 0 0o o o0 0 0 0o A g
NG 2
0o 0 0 0 0 0 A/2 0 4,/y2 0

0 0 0 0 0 0 o0 0 s

s 0 0 0 0o 0

0o & A 9 9 0 0 0 0 0 0o 0

22

0 0 0 % o 0 0 0 0 0 0o 0

0o o e o 0 0 0 0 0 0 0
2

0o 0 o & A o 9 0 0o o0 0o 0

2 2
o 0 0 0 0 4 0O 0 0 © 0o 0
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Let us find the matrix I", in modified Gelfand — Yaglom basis:

G-Y _— canon .
wo o = AT

G-Y _ ¢ (U20) (W2,0) 0V2) oV2) . (U20) (120 ov2 V2 .
"4 = (W(l/Z,l/Z) W —u2y Wz Wwo-u2y s Pz P -2y Pz Parz-12)

(1/2,0) (1/2,0) ©0.1/2) OV2) . §@21) 2,1) A12) @Av2) . £ @21) W21)
q)(llz,myq)(uz,-l/z)’q)(yz,uz)’q)(uz,—uz)’ f(uz,yz)i f(uz,—yz)' f(1/2,1/2)’ f(]JZ,—l/Z)’ f(3/2,3/2)’ f(3/2,—3/2)'

FAVD  fQU2) L f@2D)  f@2D) QU2 £ 1LV2) .
(3/2,312)1 '(312,-312) 7 '312/2) '(3/12,-1/2)1 '@I2,12)1 (3/2,—1/2))T’

G-Y _—_ -1.
ey = Areen At

the structure of the matrix A is governed by the formula

= sm 19

Vsm g g ¥ (1,130 m=1,+l,,

where C,", ~stand for Clebsch — Gordan coefficients; the summing is done over the

parameters |,,1,, related as 1, +1, =m; in this way, we get

w
&l
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and
L
L
|4
NG 1
3 B
1 2
B 3
1 2
B 3
) 1
A=y 3 B
1 2
B 3
) 1
3 3
2 1
3 3
1 2
B 3
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This results in

0%0004&/0004@
%0004@0004@0
O O O o o o <$ o o

o O Ko o o <o o o

O ST o o oo o

Ay

(=3

<o o o o o o F o

O O O $To o o o o

o O Mo o o o o o

O o O o Ko o o <&

N O O O o o o & o

O O O NSO O O o o

O O N O OO o o o
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This expression may be presented in a short form (which is the result of the use of the
modified Gelfand — Yaglom basis):

v |8 ®7, 0
' 0 peLey
where
3
A —@4
AR N S L7 o0
LY = ° 2 B2k 4 0 0 O
' 6 Vs
3 1 0 O
29 210 ﬂ‘ll - 5/112 01 0
3 3 3 1
\/;213 Eﬂu \/; 5 5/116

We can readily verify that the P - invariant conditions are satisfied

P ®y, 0

G-Yp — pr6-Y p—
ry"P=PI',;)7" ,P= 0 PO @1 @y,

,P(l/Z) = |4, P(3/2) = _1.

2. The Lagrangian form of the theory
In modified Gelfand — Yaglom basis the matrix of the bilinear form has the structure

kk 0 0 O

- "2 ®y, 3 0 9 = 0 k, 0 O D = k= 41,
0 7 ®1,ey, 0 0 k, O
0 0 0 Kk,

From the constraint (#I",)" =, it follows
H=hy A5=h A=Ay A= A
2‘; = k1k2ﬂ2’ ﬂ‘; = k1k323’ 11*0 = k2k3ﬂ’7’
/11*3 = _k1k4]°4’ ﬂ{; = _kszBv j1*5 = _k3k4/11*2-

For instants, if k =+1,k, =-1,k; =-1,k, = -1, then we have

/L;:_ﬂ?’ /Fig:_ﬂa’ ;‘12:27’ 21*3:/14' ﬂ;:_ﬂa’ ﬂ;s:_ﬂiz;

just this variant is considered below.

3. Restrictions on the parameters /.

Let us find restrictions on the parameters /4, , followed from the requirement to have the

theory for a particle with single mass state M and single spin S =1/2 state; the last means
that the state with spin S =3/2 is absent

A =0.
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Thus, the structure of spin blocks is
3
A 4 4 —\E%
3
s Z z —\Eﬂa
3
Ag ﬂlO ﬂ'n - 5212
3 3 3
B fu

Besides, because the matrix A“? should have only one proper value (+1), and all
remaining ones should be equal to zero, We have additional constraints

At e+ 4, =1, (12)

ﬁ(l/Z) — , ﬂ(3/2) — 0 (11)

Aol + Aol + Ao = Ads = Aoy = Asdoy = g (Aahis + Aghy + 413 4h5) =0, (13)

(Ads + Ao + A6 s) = (W Aoy + iAo s + A Al + Ao Al +
Ao Ao + Aol g + Aoy + Ae g dog + Aoty ) +

+% (A + A A + Ay Ay + Ay As Ay + Ay Ao s +
+A6As s + i A s + Ao s + A is) =0, (14)

213 (12/17]12 + 1426/111 + 2328%0 - 1417/’110 - 2326112 - 22/18311) +
"%14 (/141729 + 2325212 + ﬂiﬂeﬂn - 11/17112 - 24/15211 - ﬂsﬂsﬂg) +
+ s (WA, + A Ash + Ao hy = A sy = o As Aoy — A e ) = 0. (15)

The last are results of two equations
Sp(BY?)" =1, detp¥? =0.

The relations (12) — (15) looks cumbersome. They may be simplify, if we take into
account the possibility to break some links between repeated representations of the Lorenz
group. At this, the physical content of the results remains the same. Such a break is reached by
imposing the following conditions

b =A= A=A =4 =4,=0. (16)

Correspondingly, we obtain

It gt Ay =L an
i+ Ay + e + 2 s + s+ ) =, (18)
Ols 4 oy + Afo) = R 4 3 Uil + s + ndeade) =0, (29)

Aideng + Adgh Ay + A Aoy Aos = 0. (20)
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Taking in mind restrictions (12) — (15) or (16) — (20), we get the presentation for
minimal polynomial of £%? (11)

(B2F1p? -11=0;
the minimal polynomial for the matrix T", is I'3(I'; —1) =0.
4. Spin-tensor form of equations

For the following, it is convenient to transform equations to spin-tensor form. At this,
we will take into account the known relationships

(k1) — o(kn) Pogs m _— o(rs) m
fm - 5 (O-ﬂ)m f,u ! f - 5(kn) (O-ﬂ)r f

(rs) (kn) (21)

su?

where &), 85 are the generalized Kronecker spinorial symbols

M 1 < oh < oh rs) — 1 res res
5 =560 +8L5). o) =2(60)+513)),
Two first spinor equations may be presented as follows

710%™y, +%[ag (0")2 2 +05(c™) £21+ My =0,

b

20 " +%[ag (@)% f,, +32 (o)L f,, 1+ My, =0,
or
ia £\ ab ﬁa _ AL v fb_ vybc Y] fa M é_o
: ,,(G)V/b+2i J(0) (0") T, —(0") (6"),; T/ 1+ My ™ =0,
ia (o) 5+£6 [-(6")..(c)*f. —(6"),. (") f ]+ My, =0
i u abl// i v ac bu bé au Yy =Y.
Taking in mind the identity
(0")*(0" )y = (") 4 (0") " =26, (22)

we get

al A ace v ) a a_
%8#(0'”) bwb+2—‘i‘6v[—(0") ("), fo+2f21+My® =0,

-2 ,
%a# ()" + 50, [0 (0) , 21,1+ My, =0,

Two last equations may be joined to the one

0 4\ ab b
P C| 2
i (0" s 0 v,
(M)A (Y a b a
+/1—‘_‘6V (0")* (") +25:9,, 0 | f, ml¥ -0
2i 0 —(G”)ac(av)°b+25§5w fou Va

Due to identities
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()0 e + (0 (07D = 26,00, (0")(@)* +(0 (0") = 25,,55,  (23)

uv uv-_al
1l 0 (eM)®
H(0%) 4 0

the previous equation is written as follows

Y :

R Y A A 1x
MO +220,(7,7,+25,) 1, + My =0= 20y =240, =207, f,+My =0, (24)

where  is a bispinor, and f, is a vector-bispinor. Similarly we derive the following two
equations

zaago—ﬁ(a —157/ﬂ)f#+M(p=O, (25)

2,50 212 20, l@yﬂ)f FM® =0, (26)
Now consider equation
102Vt + A+ s ®) + Gy + A + s MES =0,
Allowing for (21), we obtain
[6""(&3'// + A" + 2us®°) + 0% (Ayar* + Ay +ﬂa5<l>"")]+—[(0“)c t2+(c*) fi1=0.

Let us multiplying the last equation by (c*)¢
2o (050l + (0 1+ 20750l + (07500 T+

+%[<ai);aicbﬁ+<o*> R DRI COHCDR AL
or

ﬁ[_(o_ﬂ.)acacawb _aﬁc (O-l)ca‘!//a]"'ﬁ[_(oj)ac@ca@b. _660 (O_A)Cé¢a] +

/115[ (07)*0,@° —” ("), @ 1+ o (07)*(6")a f2 = (") (67) s 151 0.

cay

Whence taking in mind relations (22), (23), we get
2 . 5 s 2 _ . .
213[75/1‘/6‘/‘/}) —o" (Ji)cal// ]+114[75/1vav¢b_ab (Gﬂ)caqp 1+

+215[ 5,0,0° —0%(c), ®*]+M[25,, 5 —(c)*(c7) 0,

AvTy au " u ca ,u]

or

1 ) vybc 1 ) vybe
ﬂlfﬂiav[Zé‘iva —(o )b (Oj)cal//a]"'ﬂm?av[zgzvqob (o )b (Oj)ca(Pa]"'

+45%6V[25M®5—(aV>5°(al)cad>a]+M[%ff—(0“>ﬁ°(0) 0. @n

ca ,u]

Similarly, the equation
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1 ¢ ¢ ¢
E [0 (s, + A, + AsDy) + 0y (A, + A4y@5 + AP )]+ Mf(ab) =0
is reduced to the form

1 v a 1 v a
213?61/[25/1\/‘/’13 —(o )bc'(o'/l)C w1+, Eav[25ﬂv¢b —(0" e (OJ)C .1+

l v ca ca
s 70,120, @, = (07), (@) ®,]1+M[25,, T, = (") ()" T,,1=0. (28)
Equations (27), (28) may be joined into the one

25@@? _(Gv)bc (O'/l)ca 0
0 25,6, — (0" )pe(0")®

a

i
Py

2
i

[As| |+

14

w
v,

a

25,60 —(6")*(0")es 0

+M | .
0 26,05 —(0" )y (0")"

=0,

D,,
or differently

1

iﬁv (20, + 7,7 )MAy + 4,0+ A4 P]+M (25,1,, +7y7/1) fy =0.

Thus we arrive at the equation

M(@3,, 4 7.7,)8, =10, = 7y + Jup + 251 =0, 9)

So, the system of spin-tensor equations has the form (24)—(26), (29); where we should
take into account the constraints on parameters A4 (16)—(20).

5. Minimal system of equations, the free particle case

From eq. (29) let us express the quantity (&, —%7//1}/#) f,:

1 i 1 x
(5,1,, _27,17/;,) fﬂ = M(az _27/18)[113'//"']14(0"'215@];

whence we derive

L 13

@, —Zéyﬂ)fﬂ = 4D(213y/+/114¢)+215®), 8,0,=0 (30)
Taking into account relations (30) in equations (24)—(26), we obtain
(M + 209) + 2 2,00+ + s ®) =0, (3D)
(M + 20)p+ > Ay + Ap+ 1) =0, @)
(M + 2 2)0 + 1 Oy + A+ 7s®) =0 (33)

Let us act on equations (31) — (33) correspondingly by the operators,
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As(M +4:0)(M +4,0), A, (M +A4)(M +4,0),  As(M +A40)(M +20);

and then sum the results. In this way, we arrive at the equation

{M® + M0+ M (A5 + Ay + 2 20) A A 20y D0} (g ¥ + g0+ 23 ) +
+%{(/W13 + gy + Ay Aas)MZ + MIA A (A + Ayy) + Ag Ay (A + Aay) + Ay g (A + 25)]0 +
H( A As s + Ade Ay + Ads A s L (A + A0 + A, ®) = 0.

Allowing for the restrictions (17)—(20), we derive the equation
M *{0+ M} Ay + A9+ A1s®) = 0,
which coincides with the Dirac equation for a free particle
O+M¥Y =0, ¥=Ap+A,p+AD.

6. The minimal system of equations in presence of electromagnetic fields
Let us start with the first order system in presence of the electromagnetic fields

(M +Alb)y/—i2/14(oﬂ—%[3yﬂ)fﬂ =0, (34)
(M +4,D)p—i24,(D, —%[Syﬂ)fﬂ =0, (35)
(M +4,D)®-i24,(D, —%f)yﬂ) f, =0, (36)
M8, =377, £, ~1(0; =3 . OVt + o+ @1 = 0; @)

where D, =0, —ieA,.
From the last equation in the system (34) — (37), let us express the quantity

1
(52.;1 _Zj/ﬂ,yy) f,u :

1 i 1 4
(5/1# _27/17,,) f,u = M(Dz _ZVzD)(A3‘//+214(P+215(D)-
Act on this equation by operator D, :
1 i 1aa
(D, 2 Dy )f, = M(Dz 2 DD) (4, + 4,0 + 45P), (38)

where D?=D,D,. Allowing for expression (38), we can rewrite equations (34) — (36)
differently

(M + 2D)y +24,(D7 5 BB) g + A+ 7s®) =, (39)
(M + 2D)p+2 1y (DF — DO) ot + A+ 1s®) =, (40)
(M + A,B)0+2 1, (D -5 BO) Uy + s+ /) =0 @)

Act on equations (39)—(41) correspondingly by the following operators
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As(M +4,D)YM +4,D), A,(M +AD)M +4,D), As(M +AD)M +4,D);

this results in

M + MDD+ M (A + A, + 27,) DD +
A DOOW 42 A/ M + M + ) B+

+757,,DD}(D? —% BD) (A + Ay + 415®) = 0,

AifM® + MZD+M (44 + Ay, + Ag4,) DD+
A DODYp+ 27, M + M i+ 2,)D +

+2,4,DB}(D? —% BO) (A + g+ s ®) = 0,
As{M® + MZD+M (44 + Ay, + A 4,) DD +
#3J A DOBYO 42 2, M + M (2 + &) D+

+3,/gDBH(D* =5 DO) iy + A9+ 1) = 0.
Let us sum this three equations
{M° +M?D+M (44 + Ay, + A As;) DD + 4,4 24 DDDY( Ay + Ay ygp+ A5 ®) +
+ UM iy + s+ rs) + MU U + )+
+ A a (Ao + A1)+ Ay g (Ao + 21D +[ Ay A Ay g + A A2 oy +
Ao usJOBHD® = 2 BB) U + A+ 7s®) =0,

The last term in eq. (42) vanishes identically due to restriction (20). Thus, we have

{M3®+M?D+M (A4 + A Ay, + A4, ) DD + 4 A A, DDD +
+2M (A A, + Aghyy + Ay s )(D? —% DD) +
+2[ Ay A3 (A + Ay) + Aoy (A + Au) + Ao s (A + A5)]
<D(D —; DOV} + 4+ 7s®) =0,
Taking in mind the identity
o

AA = N2 _i _ .1
DD =D —ieF .l where F[#V]—@A»—GVAH, J[M—Z(yyyv—yvy/ﬂ),

we transform the previous equation to the following one

(42)
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IV MD+ M Uiy + Ay + AeAu)D° + M (L +
s+ i) DF 1M Gy 4 A 4 AP

M (R + A+ s P o +
M s ey + 5 O U+ ) + g O+ ) A G+ 2

<O el gy + > Vs + ) + s G+ )+
+ A5 (4 + 4)] Iﬁl:[W] j[yv]}(ﬂl3‘// + 4,0+ 4;0) =0,

or
{M?® + M?D + 2ieM (A4, A, + Ay + Ay s Ry g +

Hg + s+ ) + 2 Gt + Fdados + s+
+2 AU + o)+ 3 Afuae + )+ A G + 2 JIDD? +
H[-( s + o + )= 2 U + s+ uihas) + 5 G+ )+

+2 s )+ i U 2 )IOF, b Uil + oo+ ) =0
Thus, we arrive at the equation
{M®+M°D +2ieM (A4, A; + Ag iy + Ay his) R g +
20e[(Ag + A1) Ao + (Ao + Ay Ay + (Ao + 26) ApAus 1D a6
(AP + A+ As®) = 0.

Therefore, in presence of the external magnetic fields, we have the generalized
Dirac-like equation

A ie .
{D +M + ZM (’14/113 + /13/114 + 212/115)F[uv] J[ﬂV] +

+2% [(As + Au) Auis + (A4 + Ay) Aoy + (A + ) Ay AisIDR oy o FP = 0 (43)
with respect to the bispinor function

V=AY + 4,0+ A4:D;

equation (43) contains two addition interaction terms.
The first term
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ie . . .
2 M (/14/113 + 28214 + 112/115) I:[,uv] J[#V] = Ie/u F[,UV] J[#V]

relates to the anomalous magnetic moment of the particle; the second term

ie A . A .
ZW[(A'G + //111)2’4%3 + (//ll +le)j8//{14 + (ﬂl + j’6)/,112215]DF[,uv] J[/.ll/] = IeO-DF[,uv] J[;tv]
may be considered as referring to some additional characteristics of the particle (polarizability).

Conclusions

We have constructed a generalized relativistic equation for a spin 1/2 particle with two
additional characteristics in presence of external electromagnetic fields. After eliminating the
accessory variables of the complete wave function, we have derived the generalized Dirac-like
equation, the last includes two additional interaction terms which are interpreted as related to
the anomalous magnetic moment and the polarizability of the particle. This equation may be
a base for experimental testing the intrinsic structure of the spin 1/2 particle.
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MOAEJIMPOBAHUE AlGaN 'ETEPOIIEPEXOJHOI'O ITOJIEBOI'O TPAH3UCTOPA

Tpoiinoe coedunenue AlGaN c wupunoti 3anpewennoii 30nbl om 3,4 00 6,2 3B sienaemcs nepcnexmué-
HbIM MAmMepuaiom Oas NOCHMPOeHUs PA3IUYHBIX INeKMPOHHBIX NPUOOPO8: OU0008, MPAH3UCIOPOS, 1A3EPO8,
CBY-murpocxem. 3amena xkpemuus na GaN no3gonsem 8 HECKOIbKO pd3 NOBbICUMb pabOUyI0 memnepamypy,
SPAHUYHYIO YACMOMY, YMEHbUIUMb 8 HECKONbKO pa3 NOmMepu NepeKkuiouenus i npo8ooUMOCmu 8 CULO8bIX NpU-
bopax. Heobxo0umvim s1eMeHmMOM 0CB0€HUs HOBbIX 3JIEKMPOHHBIX YCMPOUCME AGNAemcs KOMNbIOMeEPHOe
MoOenuposanue uuuecKux npoyeccos 8 Hux. B nacmosweil pabome ¢ NOMOWBIO NPOSPAMMHO20 0OecneyeHUs.
COMSOL Multiphysics pazpabomana mooenv cemeponepexoonozo noiesoco mpansucmopa (I'TIT) na ocnose
Alx_Gax_IN, sxniouaiowasn eco BAX u opyeue napamempeot.

Knrwouesvie cnoea: cemeponepexoomnviii nonesoti mpau3ucmop, HUMpUoO 2aiius, HUMpUO arioMUHUs,
oughghyzuonno-opetighosas mooenv, Memoo epadueHma IeKMpoOHHOU NIOMHOCIU, NOJAPUZAYUSL, BOTbMAMNEPHAS
Xapakmepucmuxa.

Modeling AlGaN Heterojunction Field-Effect Transistor

AlGaN ternary alloys with a band gap of 3,4 to 6,2 eV are promising materials for the construction
of various electronic devices: diodes, transistors, lasers, microwave circuits. Replacing silicon with GaN allows
several times to increase the operating temperature, the cutoff frequency, and to reduce several times the
switching and conduction losses in power devices. A necessary element in the development of new electronic
devices is computer modeling of physical processes in them. In this work, a model of a heterojunction field-effect
transistor (FET) based on Alx_Gax_1N was developed using the COMSOL Multiphysics software, including its
CVC and other parameters.

Key words: Heterojunction field-effect transistor, gallium nitride, aluminum nitride, diffusion-drift
model, electron density gradient method, polarization, current-voltage characteristic (volt-ampere characteristic).
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Beenenune

I'ereporniepexoaHbie MOJEBbIE TPAH3UCTOPHI C BBHICOKOW IMOABMKHOCTBIO 3JIEKTPOHOB
(T'TIT, B anrnos3erunoit murepatrype — HEMT — High Electron Mobility Transistor) na ocHoBe
HUTpPUJA TN 0071a1al0T XOPOIIMMH XapaKTePUCTUKAMH, KOTOpbIe 00eCeYrBaOTCsl CBOM-
cTtBamu Marepuana. [llupokas 3anpemienHas 30Ha 3,4 5B no3BossieT ycTpoicTBaM Ha OCHOBE
GaN paboTtarh npu BBICOKHX TeMriepatypax. [TomynpoBogaruk GaN nMeeT BBICOKOE 3HAUCHHE
HaNpsHKEHHOCTH 110J1s1 Tpo6os 3,3 MB/cM, uTo SBIISETCS OCHOBOI BBICOKOBOJIBTHBIX TPUOOPOB
Ha OCHOBE yka3zaHHoro coeauHeHus [1; 2]. I'ereponepexon Ha rpanune AlGaN/GaN co3maer
JBYMEPHBIN 371€KTpOHHBIN ra3 (nanee — JI3I") BbICOKON MIIOTHOCTH MOPSJIKA 10" em 2. Takoke
BEChMa BBICOKA MOJBUKHOCTH 3JIEKTPOHOB, oOpazyromux JOI. bnarogaps stum kauectBam
['TIT na ocuoBe AlGaN/GaN 00;1agaroT HU3KUM COTIPOTHBIICHUEM KaHalla, BRICOKOW IUIOTHO-
CTBIO TOKAa B HEM U BBICOKHM OBICTPOJICHCTBUEM.

3amena kpemHus (Si) Ha GaN B CHIIOBBIX IPUOOPAX yMEHBIIAET OTEPU TPOBOIUMOCTH
U nepexitoueHust B 2—6 pas. CinoxHble CBOICTBA CUCTEMbl MaT€pPHAIOB HA OCHOBE HUTpUIA
raJuTHs TOJDKHBI OBITh XOPOIIO MOHSTHI, YTOOBI B TIOJHOM Mepe UCIIONIb30BaTh B YCTPOMCTBAX
MPEUMYIIECTBA 3TOrO MOJIYMPOBOAHMKA. MoaenupoBaHue Ha OCHOBE (PM3UKH MOIYNPOBOI-
HUKOB IIOMOTaeT B 3TOM, IOKa3blBas KOJMYECTBEHHYIO B3aUMOCBSI3b MEXAY OCHOBHBIMHU
CBOICTBaMM MaTepuaja U IOBeJIeHUEM ycTpoiicTBa. OnTUMU3aLus yCTPOHCTBA B dKCIEPU-
MEHTAJILHON WJIM MPOU3BOJCTBEHHON Cpefie Ype3BhIYAiiHO J0pora U 3aTpaTHa MO BPEMEHH,
MI03TOMY JOJKHA OBITh J0MOJIHEHA KOMIIBIOTEPHBIM MOJEINPOBAHUEM.

B Hacrosmeit pabore ommcana coszmanHas mozaenb [TIT na ocHoBe AlGaN/GaN
C IIPOCTHIM IJIOCKMM 3aTBOPOM M pa3Mepamu, Haubosiee MOAXOASIIMMU Ui MEPBbIX pealu-
3anuit. Kpome Toro, BeIOpaHHBIE pa3Mepbl TPaH3UCTOPA MO3BOJIIOT UCHOJIB30BATH XOPOILIO
OCBOCHHBII MUKPOHHBIA TEXHOJOTHYECKU MPOLIECC.

MeTtoauka 3KcniepuMeHTa

CrpykTypa MOIENMpyeMOro TpPaH3MCTOpa IOKa3aHa Ha pucyHke 1. OHa cocTtouT
u3 6apreproro cios AlGaN rtommmuo# hy, kananeHOTO citost GaN TosmuHON hy, KOTOpBIA
uepe3 npoMexxyTouHblit cioit AIN onupaercs Ha moamoxky. TommmHa cinost hy 1omKHA OBITH
CPaBHUTEIBHO OOJILIION JIl YMEHbILIEHUSI HAUpPsKEHUN B BEpXHEH €ro 4acTH, 00yCJIOBIEH-
HBIX PaccorlacCOBaHUEM B HMKHEN YaCTH €0 PELIETKU C PEHIETKOW MOUI0KKHU. M3-3a pa3Ho-
CTH IIMPUHBI 3allpelieHHON 30HBbI 0apbepHOT0 M KaHAJIBHOTO CJIOEB Ha I'PAaHUIE UX CONpH-
KOCHOBEHHsI 00pa3yeTcsi IByMEpHBII €0 3JEKTPOHHOTO ra3a, BHIMOIHSAIOUINN polb KaHaia
Tpan3uctopa. Ha pucynke 1 3ToT ciioii 0003HaueH TeMHO-KpacHo# ymHHer. Han kanamom
pacrioniokeH Metayuimueckuid 3atBop LLIOTTKM (TMIpennonoXUTeabHO, HUKENEBbI) ¢ J0cTa-
TOYHOU pabOTOM BHIXOJA.

Tommuua kananeHOTO cosi HenerupoBaHHoro GaN, o6o3HaueHHas kak hi, Bapbupo-
Bajach TOJbKO Ha MEpBOM 3Tame padoTsl ¢ Mozenbto. IIpu 3TOM BBIICHHIOCH, YTO, €CIU
hi1 > 200 HM, ee BIUSHUME HAa MapaMeTpPhl TPAH3UCTOPA CTAHOBSITCS NMPEHEOPEKUMO MaTBIMHU.
[TosToMy B manmbHEWIIMX pacyeTax HMCHOJb30Baiock 3HadeHue h; =400 M. Tommmba noj-
710XkH h3 B pacuerax He mcrnonb3oBasack.Hamo 3aMeTHTh, 4TO Ha mpakTHKEe OT h; 3aBHUCHT
CTENeHb MPOpPacTaHus B BEPIIMHY KaHAJIBHOTO €04 Ae(PEeKTOB, 00YCIOBIEHHBIX pPaccoriaco-
BaHMEM €ro KPUCTAJUIMYECKON PEIIeTKH C PEeIIeTKOM MOJUIOKKH, B pacueTax 3TH Je(eKThI
He paccmaTpuBainuchk. Ha pucynke 1 0603HaueHbl mapaMeTpsl, pa3Mepbl KOTOPBIX UCIOIB30-
BaJIMCh NpU pacyeTax. ToluHa CTPYKTYpbl B HAIIPABJIEHUU OCU Z MPUHATA paBHOU 1 MKM.

Mopyns «IlomynpoBomuuku» mporpammaoro obecrneuenus COMSOL Multiphysics
Oasupyetcs Ha nudPy3HOHHO-IPEPOBON MOJEIN TPOIECCOB B MOIYMPOBOAHUKAX, KOTOPAst
cIpaBeuiMBa JUIsi MUKPOHHBIX pPa3MepOB OIHUCHIBaeMbIX 00BeMOB. Kpome Toro, mmeercs
METOJIMKa y4eTa KBaHTOBOPa3MEPHbIX 3(P(PEKTOB — METO/ I'PaJHEHTa 3JEKTPOHHOH IIIOTHO-
CTH, KOTOpas IMO3BOJISIET Y4eCTh KBAaHTOBBIC 3(P(HEKThI B CYOMHUKPOHHBIX 0OyacTax. B coBo-
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kynHoctu COMSOL Multiphysics sBisieTcs yqoOHBIM HHCTPYMEHTOM MOJICIHPOBAHUS
HOJYIPOBOJIHUKOBBIX PUOOPOB MUKPOHHBIX M CYOMHUKPOHHBIX pa3MepoB. PaccMaTpuBaemas
Mozieb c(OPMUPOBaHA HA OCHOBE OIPE/ICIIEHHBIX YPABHEHUH, IPEICTaBICHHBIX Jajee.

I 285 "9 |

Id .__]

(nodnoxka) +——

Pucynok 1 — JIsymepHas (X,Y) cTpyKTypa TpaH3ucTOpa

VpaBHenue IlyaccoHa naeT CBSI3p MEXKAY IJIEKTPHYECKHM ToieM E, mioTHocThro
HPOCTPAHCTBEHHOTO 3apsijia p U 3JICKTPOCTATHUSCKUM TOTESHIAIoM ¢ [3].

V% @ =-VE=ple, 1)

rae € — a6COJIIOTHaH AUDJICKTpHUYICCKAA MPOHUITACMOCTD.

[InoTHOCTE 3apsna p onpenenseTcss BKIAJ0M KOHIEHTPALMMI JBIPOK [, SJIEKTPOHOB N,
HOHU3UPOBAHHBIX ATOMOB JOHOPA Nd U WOHU3UPOBAHHBIX ATOMOB aKICHITOPA Na COOTBET-
CTBCHHO:

??7=q(p+n+Ng—Np). (2)

Ilepenoc HocuTened 3apsiia ONMMUCHIBAETCS COOTHOILEHUSMM, 33aJaHHBIMM B BHJE
YPaBHEHUI HENPEPBIBHOCTH TOKA:

_—

dn —-V-j,
—=—-R G
dt _q ‘H,+ n
— : ©)
d —V-}
o _ jp—Rp-l—Gp
dt +q

~—

rae t — Bpems, jy U jp — ITIOTHOCTH TOKA JIEKTPOHOB U JABIPOK COOTBETCTBEHHO, Rn, Gy, Ry 11 Gy —
CKOPOCTH PEKOMOHMHAIIMY W TEHEPAIMH JICKTPOHOB U JBIPOK COOTBETCTBEHHO.

[T10THOCTH TOKA 3IEKTPOHOB Jn U ABIPOK |, BBIPAXKAIOTCSA B KOMIIAKTHOIH hopme uepes
KBa3nypoBHH DepMHU dIEKTPOHOB U IbIPOK Ef 1 Efp:
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—

. VT
n= qnﬂRVEfn +gqn ((Ec - Efn)ﬁ'n + Q'n)?

— 4)
Jjop = —apipVEsp —ap ((Ev —Epp )iy + Qp)?

—

TJI€ in ¥ [ip — TIOABHXKHOCTH JIEKTPOHOB U JBIPOK, E¢, E, — THO 30HBI IPOBOIMMOCTH H IIOTOJIOK
BAJICHTHOM 30HBI COOTBETCTBEHHO, Qn, Qp SABIAIOTCS HEPAaBHOBECHBIM BKJIAJOM 3JIEKTPOHOB U
IBIPOK B KO3 dunneHT tepmonuddysuu, T — abcoaroTHas TeMIiepaTypa.

JIHO 30HBI MPOBOIUMOCTHU E¢ M IOTOJIOK BaJIGHTHOM 30HBI E,, B CBOIO O4Yepe/b, CBSI3aHbI
C 9JICKTPUYECKUM TIOTCHIIUAIIOM ¢, CPOJICTBOM K DJIEKTPOHY y M IIMPHHOM 3arperieHHON 30HbI
Eg cienyromumu COOTHOLIEHUSIMU:

E.=—V—y E,=E.—E,. (5)

HeobOxomuMo 3amMeTuTh, 4T0 B moiynpoBogaukoBoM Moayiie COMSOL Multiphysics
Bce nepeMeHHble ypoBHei anepruu (Em, E, Ec, E,, y, Eg) Macmrabupyrorcs no aneMeHTap-
HOMY 3apsiTy ¥ BBIPOKAIOTCS B UHUIAX AIEKTPUICCKOTO MOTCHITHANIA.

Kak crnenyer u3 cucremsl ypaBHEHUH (4), IUTsl BBIYUCICHHS TUIOTHOCTEH TOKOB HE00-
XOJMMO HMETh 3HAYCHHS KOHIIEHTpAIMi CBOOOJHBIX HOCHUTENICH 3apsiga. B Teopuu
nperda-muddy3ur KOHIICHTPAIMU CBOOOTHBIX HOCHTENIEH N, P CBSI3aHbBI ¢ KBAa3HYypPOBHIMU Depmu
Efn, Efp cienyromymMu cooTHOIIEHUSIMU:

J—

n = NFy, (22=)
(6)

p = NyFip (45f+:a,)

~—

rae Ne, N, — 29 dexTuBHas MIOTHOCTH COCTOSTHUM 30HBI TPOBOJAUMOCTH U BaJIGHTHOM 30HBI, F1/7 —

. kpT
unrerpan ®epmu — [{upaka, Ut — remneparypsbiii notenuman (Up = %), 31ech Kg — mocro-

sHHasg bonbiMana. Takum oOpasom, cucteMa ypaBHeHHH (1-5) 3aMbIKaeTcs U TMO3BOJISIET
BBIYUCIIUTH IIJIOTHOCTHU TOKOB M TOKH BCEX JJICKTPOJAOB TPAH3UCTOpPA IMMPU 3a[[aHH01>i €ro reo-
METPHUU U MOTEHIMAJIaX 3JIEKTPOIOB.

Ha cremednb TOYHOCTH TaKOTO pacucTa BJIUACT TO O6CTO$ITCJ'II)CTBO, 4TO B HUTPUAHOM
['TIT obmacte BOMM3U mepexofa, cojeprkalias cBOOOJHBIE ANEKTPOHBI, O4eHb y3Kasi. CoBO-
KYITHOCTb HaXOIAAIIHUXCA B Takol 00jacTu CBO60,Z[HI)IX OJICKTPOHOB, Ha3bIBa€Mas JIBYMEPHBIM
AIIEKTPOHHBIM Ta30M, TMPU BBIYMCICHUU KOHIIEHTPAIMU DJIEKTPOHOB B HEM TpeOyeT yuera
KBAaHTOBBIX siBJIeHWH. Hambosiee SKOHOMHOW BBIUMCIUTEIHHOM MPOIEAYpPOH 3TOTO ydeTa
B COMSOL Multiphysics siBasieTcst METO TpafueHTa dJIEKTPOHHOM MIOTHOCTH, IPU KOTOPOM
B PAaCCMOTPCHHUE BBOJATCA TaK HA3BIBACMBIC KBAHTOBBIC ITOTCHIHAJBI JJIS 3JICKTPOHOB Vn
U JbIpOK Vp, M3MEHsIIoIMe cucTeMy ypaBHeHui (6). C yueToM BBECHHBIX 1apaMETPOB CUCTEMA
IMPpUMCET BUA:

’ Erfp —E. +V,
n = NCF1/2 (—fn U < n)
T
- (7)

p = NyFy ), (_E%?*-Vp)-
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Pacuer kBaHTOBBIX noTeHIMaN0B BhinonHsercss COMSOL Multiphysics B Buzie auHeii-
HOH Ipoueaypsl, He TpeOyrolel HUKINYECKUX UTepalui, YTo U 00ecreunBaeT 3KOHOMUIO
BBIYUCIICHHH, B CPAaBHEHUH C ITOMCKOM CaMOCOTJIACOBAHHOTO pelieHus: ypaBHeHuil [Tyaccona
u lIpeaunrepa.

B npouecce MoaenupoBanusi ObUIM YYTEHBI MPOIECCHl MOIIpU3aun. M3BecTHO, YTO
HUTPHU/IbI AIFIOMUHMS U TaUIUSA SBISIIOTCS MOJSIPU30BaHHBIMU Marepuanamu. IIpu stom nei-
CTBYIOT []Ba ME€XaHHM3Ma MOJSPH3ALMU: CHOHTAHHAs, XapaKTepuszyemas BEKTOpoM Pgp, U Ibe-
302J71€KTPUYECKas, BbIpakacMasi BEKTOpOM Pp,.

Ha pucynke 2 nmoka3aHsl HalIpaBJICHUS 3TUX BEKTOPOB. D(H(HEKThI NOIAPU3ALUN UTPAIOT
Ba)XHYIO poJib B 00pazoBanuu 191, 1 Mephl 110 UX y4eTy B MOAEIH ABJISAIOTCS KIIIOUEBBIMU.

Jist aToro ucnonn3osan umeromuiics B COMSOL Multiphysics HHCTpyMEHT 3a1aHuUs
HOBEPXHOCTHOTO 3apsijia.

B o0oux ciosix, 00pa3ymoImux reTepornepexo], ASUCTBYIOT 00a MeXaHW3Ma TOJSPH-
3anui. HO MOCKOJIBKY TONIIUHBI CI0€B OTiIM4YaroTcst 6ojee yeM B 20 pa3, MOXKHO NMPHHATH
ToJicThIi cioi GaN «HeHanpsKeHHbIMY, a ciioid AlGaN — «HanpsKeHHBIMY.

OTO HamnpsKEHUE SIBJIAETCS PacTATMBAIOIIUM, P KOTOPOM HAIlpaBlieHHE BEKTOPOB
CIIOHTAHHOM M IbE303JIEKTPUYECKON MOJIIPU3aLMil COBIIAJAIOT, KaK MOKa3aHO HA PUCYHKE 2.
Moyns CyMMapHOTO BEKTOpa IMOJSAPU3AIMH, YACICHHO PAaBHBIN MOBEPXHOCTHOMY 3apsy,
OIIPENIeIUTCS PABEHCTBOM

P = R‘lsl%aN + PGpaZN - PGSCIZN' ©))

JlJ11 BEKTOPOB MOJIIpU3aLUi, coryiacHo [4,] UMEIOTCs yIpolleHHble (OpMYJIbl, BbIpa-
KaroIlue UX KaK (YHKIUIO OTHOCUTENILHON JI0JIN aJlFOMUHUS B MaTepHale.

[ToncranoBka naHHBIX (opMyl B (8) AaeT KUCIOJIIB3yEMOE B MOJEIU BbIpayKEHUE IS
BEJIMYMHBI IOBEPXHOCTHOTO 3apsiia, KOTOPAasi YUCIECHHO paBHA MOAYIIIO BEKTOpA MOJIIPU3ALUH:

g =[0.06095-x —0.019-x - (1 —x)]. 9)

>

AIGaN ll_a Pz +lI_DSP

bapbepHblit cnoit

looo oo
0000

GaN lfasp

(HeHanpsAXeHHbIA)

Pucynok 2 — CyMmmMupoBaHue BeKTOPOB MOJISIpPU3alUii HA reTepomnepexoe

JlerupoBaHHe CJIOEB YUITCHO CIIeAYOmUM o0pa3oM. bapeepusriii cioit AlxGay xN Tou-
IWHOM Ny SBISETCS NCTOYHUKOM CBOOOIHBIX AJICKTPOHOB JUIS KaHalla TPAH3HCTOPA, TIOATOMY
OH JIETUPYETCS TOHOPHOM MPUMECHIO KPEMHHMS 1O KOHUEHTpALMK N + = 10Y - 108 en 3,

KananbHbli cltoid, UMErONIMHA TONMIMHY N1, JOMKEH OBITh MAKCUMAIBHO YHCTHIM, YTO
JTUKTyeTCs TpeOOBAaHUEM COXpPaHEHUS MOJIBUKHOCTHU AJIEKTPOHOB.

OTOT ci0¥ monaraeTcs HenerupoBaHHbIM. OnHako uyncTeii GaN umeeT HEOOJBIIYIO
UCXOJHYIO JIEKTPOHHYIO MPOBOJIUMOCTD, TIO3TOMY B pacueTax OH I0JIaraeTcs JerupOBaHHBIM

. . — 1015 .. -3
JIOHOPHOHU TPUMECHIO, JAIONIECH KOHIICHTPALKIO CBOOOIHBIX 3IeKTpoHOB N = 10 cm ~.
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Monyns «IlomynpoBonnuku» nporpammuoro odecneuerns COMSOL Multiphysics
COJICP’)KUT MHHHM-MOJIESTM KOHTAaKTOB METajla ¢ MOJYNPOBOJHUKOM, YTO M30aBIISET OT CIie-
AAJTBHOTO UX MOJICITHUPOBAHUS.

Wcnonb30BaHbl [iBa TUIIA KOHTAKTOB: HEBBIIPAMIISIONINE KOHTAKTHI 1711 UCTOKA U CTOKA
u KoHTakT [loTTKM — 117151 3aTBODA.

Onnako BeicoTa Oapweepa LlloTTku mis rerepoctpykTypsl AlGaN/GaN ¢ «HanpsbkeH-
HBIM» cioeM AlGaN otnugaercs OT 3HAYCHUN, U3MEPEHHBIX ISl UX COOTBETCTBYIOMIUX 00b-
E€MHBIX «HEHANPSHKEHHBIX)» aHaJIOrOB.

B rerepoctpykrypax AlGaN/GaN npoucxoauT cHmKeHue BbICOTHI O6aprepa IlloTTku
3a CYeT MOJIAPU3ALUOHHBIX d(D(PEKTOB.

Bonee Toro, o0pI4Has TEOPHS TEPMOIIEKTPOHHON IMUCCUU HE MOKET OBITh IPUMEHEHA
U3-3a CUJILHOU MbE303JIEKTPUUECKON MOJspU3aliy B HanpshkeHHOM ciioe AlGaN.

Beicora 6apwepa IloTtku mis konTakra Ni-AlyGa; «N, Beparkaemast B 3JICKTPOH-BOJIbTAX,
BIUKCIIsieTCs [Uisi rerepocTpykTypsl AlGaN/GaN no cienyroiet popmyre:

0s(Ni-AlLGa;N) = 0,917 + 1,784 - x. (10)

Jlis MopenupoBaHUs paccMaTpUBAEMOro TreTeporenepexona AoHKHA ObITh 3a/1aHa
BEJIMYMHA SJICKTPOHHOTO CPOJICTBA )y — PA3HOCTh PHEPTUU HYJIEBOTO YPOBHS (BaKkyyMa) W JHA
30HBI IPOBOJUMOCTH MOJTYIPOBOJIHHKA.

Ero 3nauenue mist AlGaN 3aBUCHUT OT JOJM IFOMHHHS U B MOJEIU OINPENCTsIeTCs B
3JIEKTPOH-BOJIBTAX MO SMIUPHUUECKON popMyIe, MPUBEICHHOM B [5]:

X =(41-x). (11)

Tonumna cnos I3 Ha rereponepexone AlGaN/GaN cpaBHMMa MM Aa)Ke MEHbILE
JUIMHBI BOJIHBI A bpoiing anexktpoHos, popmupyromux JI9T'. Kak yxe ormedanock, 3T0 00-
CTOSITENILCTBO TPeOYeT yueTa KBaHTOBBIX 3(h()EeKTOB B pacueTax.

COMSOL Multiphysics umeer [uist 3TOro 1Ba BCTpOEHHBIX cpezcTBa. [lepBoe U3 HUX —
noaMonens cuctemsl ypaBHeHui Ilyaccona u Illpenunrepa, BTOpoe — METOH IpaaueHTa
ANEKTPOHHOMU IIOTHOCTH.

B HameMm ciydae ABM)KEHME DJIEKTPOHOB B KaHAJIE TPAH3UCTOPA MOXKET IMPOUCXOIUTH
Tosibko BAOJNB cios DI [losTomy pe3ynbratoM pabOThl 3TUX MOAMOAENEH TOJDKHA OBITH
TOJIbKO BEJIMYMHA KOHIIEHTpaIuu 351eKTpoHoB B [IOT, Bxosiias B ypaBaenus (3) — (5).

CornacHo nepBo# MOAMOJENN, KBAaHTOBaHHE YHEPIHH JABM)KCHUS B HAIPaBJICHUHU, T1O-
NIEPEYHOM KaHajly, NMPUBOAMUT K €€ JUCKPETU3ALMM U PA3JEICHHUIO 30Hbl KBAHTOBOM MBI
Ha CUETHOE MHO>KECTBO MOJ30H.

OOBIYHO YYUTHIBAETCS TOJIBKO BKJIAJ 2—3 HUKHHX ITO/30H.

MexaHu3M MepBOid MOAMOJENN MOKHO NMPUMEHUTH OTAENIbHO, ONpEAETUB KOHIICH-
Tpauuro 3JeKTpoHoB B [IOI, Hanpumep, A HYJEBBIX HANPSDKEHUM Ha JIEKTPOJAX TPaH3H-
cTopa. 3aTeM IMOJIYy4eHHOE OCPEHEHHOE 3HAU€HHE KOHIEHTPALlUU MOJCTABIIAETCS B ypaBHE-
Hud 111 BAX.

BTopoit ”HCTpYMEHT — METO/ I'paIueHTa dJIEKTPOHHON KOHIIEHTPALMH — 3HAYUTEIBHO
0ojiee HPKOHOMHBI MO TpeOyeMbIM BBIYHCIUTEIbHBIM pecypcaM U JIETKO BCTpaUBAaETCs
B €IMHYIO IPOrPaMMy BBIYUCIICHUS XapaKTEPUCTHK TPAH3UCTOPA.

Ha pucynke 3 nmoka3aH rpapuk 3aBUCUMOCTH KOHIEHTPAIIMK CBOOOIHBIX 3JIEKTPOHOB
OT KOOPAUHATHI IO OCH Y B MOJIEU LEHTPAJIbHOM YacTH 3aTBOPA.

Bosiee BbIcOKast KpuBasi OTHOCHUTCS K ClTydyaro MpeHeOpexeHus dppexTaMmu KBaHTOBa-
HUs, OoJiee HU3Kas — MOJy4YeHa 110 METOAY IPaIUeHTa INIOTHOCTH.
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Line Graph: Electron concentration (1/m?)
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Pucynoxk 3 — 3aBucMMOCTH KOHIEHTPALUMHU CBOOOIHBIX 3JIEKTPOHOB
OT KOOPAMHATHI 0 0cH Y B HEHTPAJTbHOI 4acTH 3aTBOpa

Bunno, 4To yuet KkBaHTOBBIX 3()()eKTOB IPUBOAAT K YMEHBILIEHUIO [TUKA KOHLIEHTPALUU
U paciupenuto 3061 [IOI" Ha GapbepHblii ciioil. OgHako Ha BEIMYMHY KAHAJIBHOI'O TOKA 3TO
HE OKa)XXET BIMSIHMS, MOCKOJIbKY HOJBM)KHOCTb 3JIEKTPOHOB B OaphepHOM ciioe Ooiiee ueM
Ha MOPSAAOK XYK€, YeM B KaHAJbHOM. B TO ke Bpems pa3HOCTb KOHIIEHTpAlMM 3JIEKTPOHOB
JOI', nomyyaeMbIx 0€3 U ¢ y4eTOM KBAaHTOBBIX 3((EKTOB OKa3bIBaeTCs HEOOJBIION U UMEIO-
1Iel TEeHJEHIUIO K YMEHBUICHHUIO C YIy4lIeHHEM TOYHOCTH pacueToB KBaHTOBaHUs. M3 aToro
MOYKHO CZIeIaTh BBIBOJ, uTO pacyer napamerpoB I'TIT moxer mpoBoauThes Jaxke 6e3 ydera
KBaHTOBBIX 3¢ (dekToB B cioe 10T

Mogens TOJABM)KHOCTH HMMEET OOJIbIIOe 3Hau€HHe IMpH pacyeTax XapaKTepHUCTUK
TpPaH3UCTOpa, OKa3blBas BIMSHUE HE TOJbKO HAa JIMHAMUYECKHE, HO U Ha CTaTUYECKUe mapa-
MmeTpbl. Hamu ucnonb3oBana mozens noaswkHocTw Korm — Tomaca, koTopas oTpakaer
HACBIIICHHE CKOPOCTH HOCHUTENEW 3apsaa NOJa ACHUCTBUEM JJIEKTPHUYECKOrO IOJISI NMPOCTOU
bopmyIoit s oABMKHOCTH HocuTenel. JlanHas ¢popMmysa coepKuUT BCEero JBa mapamerpa:
HU3KOII0JIEBAsI OJIBUYKHOCTD — {|f U CKOPOCTb HACBIIIEHUS — Usat. POpMyIIa 1151 TMHAMUYECKON
MOJBUKHOCTH UMEET CIEAYIOLINI BU:

— Hif

Ug = T7——
()

Vsat

v . (12)

CumBonom E., o06o3HaueHa KOMIIOHEHTa BEKTOpa HAIPSKEHHOCTH 3JIEKTPUYECKOTO
oJIsl, mapajuiesibHast ckopoctu Hocurened. Mozaens Korun — Tomaca Takke ydnThIBaeT pac-
CestHMe HOCHUTENEl MOBEpXHOCThIO KaHaja. Ecin 0603HauuTh 0OBEMHYIO MOJBUKHOCTH Ma-
TepHaa Kak Uss, TO IPUTIOBEPXHOCTHAS MOABUKHOCTH OIPeeaUTCs (POpMyIIOii:

_
)

Ess

(13)

rae Ey — nepneHauKynspHas KaHaly KOMIIOHEHTa HanpsDKEHHOCTH mois, Eg — obmas
HaINpsHKEHHOCTB IT0JIs B 00J1acTH KaHasa. Takum o0pa3oM, B 3HaMeHartese popmyisl (13) crout
KOCUHYC HaKJIOHA BEKTOPA HANIPSHKCHHOCTH K HOPMAJIU TIOBEPXHOCTH B YETBEPTOM CTCIICHH.
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[TosHast TOIBHIKHOCTD, KaK OOBIYHO, OMPEACTUTCS CISAYIONIEH (OopMyIIOii:

_ Hdls
= paips (14)

Ilosepxnocmmuvie cocmoanusa. BnusiHue NOBEPXHOCTHBIX COCTOSIHUM Ha pacrpene-
JIEHUE 3aps/ia B CTPYKTYpE YCTPOICTBA MOJKET ObITh YYTEHO C HCIOJIb30BAHUEM COOTBET-
CTBYIOLLEH CTATUCTUKH pACIpEAesICHUs PU pacyeTe IJIOTHOCTHU 3apsna B ypaBHeHuu [lyac-
COHa (IIyTeM BKJIIOYEHHS IOBEPXHOCTHBIX COCTOSIHMM uepe3 JIerupoBaHHbIN cioif). IToBepx-
HOCTHBIE COCTOSIHUSI OOBIYHO MOJETHPYIOTCS (DEHOMEHOJIOTMYECKHMM OOpa3oM Ha OCHOBE
IIPEIII0JIOKEHNS O CYLIECTBOBAHUM UX B BUJE aKLIENITOPA U JOHOPA C OIIPEIEICHHOMN dHEpruei
MoHU3alMK. BO3MOXKHO, UX MOHHM3aIMsl HA CaMOM Jielie He cieayeT npeanojaraemon Pep-
MH-CTaTHCTUKE. B paccmarpuBaeMoil Mojenn Mbl peHeOperin 0COOBIMH COCTOSTHHSIMU T10-
BEPXHOCTH.

uckpemu3ayua no Koneunvim 0o0vemam. Ha MOBEpXHOCTH pas3zeiia MaTEpPUAIIOB Ie-
TepOoIepexo/ia UMEETCsl CKa4OK MX mapaMeTpoB. Pa3pbIB MOKeT BbI3BaTh YMCIOBBIE MPOOIEMBI,
0COOEHHO ISl IPOCTPaHCTBEHHOM POM3BOAHOM Mosisipu3anuu Py. B Hamem cirydae 3To MOXeT
OBITh MCIPABJICHO BBEJCHHEM IUIaBHOTO M3MeHeHus noiu Al(y). BMecTo 3TOro MOXHO HC-
MOJIb30BATh JUIS JUCKPETU3AIMH U PEIICHHs] YPaBHEHUH METOJ] KOHEYHBIX 00HEMOB, HMEIO-
nmiics B COMSOL Multiphysics, 1 BeIOpaTh NpsiMOYTOJIbHYIO ()OPMY CETOYHBIX AJIEMEHTOB
CO CTOPOHOM, MApAJJIEIBbHOM IPaHULIE pa3/eiia MaTEPUaoOB.

PesyabTaThl U HX 00cy:KIeHHe

B xozne pacuera COMSOL Multiphysics coaepHUT OrpoMHbIE MAaCCHBBI pe3yJIbTaTOB
MOJIETMPOBAHUS, U3 KOTOPBIX 3aT€M MOXHO C()OPMHUPOBATH HArJIsAHbIE IPaUKH 3aBUCUMOCTH
OJIHUX BEIW4YNH OT Apyrux. [lokazannas Ha pucynke | asymepnas mozens I'TIT npennonaraer,
YTO 3aBHCHUMOCTBb BCEX XapaKTEpUCTHK OT TPETbEH KoopauHarsl Z orcyTrcTByeT. lllnpuHa
TPaH3UCTOpa IO TPEThEN KOOpAMHATE MPUHUMaach paBHOUW 1 MkM. Pacnpenenenue niaotHo-
CTH CBOOOJHBIX DJIEKTPOHOB MO OCH Y B LIEHTPE MCCIEAYEMOU CTPYKTYpPHI (X =2 MKM) WII-
JIOCTpUpPYET 00pa30BaHUE JIBYMEPHOI'O 3JIEKTPOHHOrO rasza. I'paduk maHHOW 3aBUCUMOCTH
NOKa3aH Ha pucyHke 4. BugHo, 4To B oueHb y3KOH 00J1acTH, BOJIM3H reTepornepexona, KOH-
LEHTpalus cBOOOIHBIX 3JIEKTPOHOB Bo3pacraer 10 3,9 - 10% M3, D10 ABIAETCH CBHICTEND-
CTBOM IPaBUJILHOT'O OTPAXKEHUS MOJIEIIBIO (DU3MUECKUX MPOIIECCOB B FETEPOCTPYKTYPE.

o
Line Graph: Electron concentration (1/m?%)

%1025 [T T T T T =

dol=0.23
35 h5=20 um 1
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L
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PucyHok 4 — 3aBMCHMOCTB IJIOTHOCTH 3JICKTPOHHOI'O Ta3a
OT BEPTHKAJIbHON KOOPIMHATHI
npu h; = 0,4 mxm, h, = 0,02 Mmxm, 1ou Al B 6apbeprom ciaoe dol = 0,23
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JIByMepHasi KapTUHA PACIPEACICHUS ICKTPOHHON IMJIOTHOCTH MPHU HYJIEBBIX HArpsi-
JKEHUSX CTOKa W 3aTBOpA NMpHUBEJEHA Ha pUcyHKe 5. 13 maHHOTO pacnpesieeHus BUAHO, YTO
63}1)BepHBII7I CJIOH JIETUPOBAH JOHOPOM JI0 MOJTYYCHHSI KOHIICHTPAIIMH CBOOOIHBIX JIEKTPOHOB
10" em 3. o Beeit wnne CTPYKTYpPHI (OcH X) UMeeTCsl 00JIaCTh MOBBIIIICHHON KOHIIEHTPAIH
CBOOOIHBIX JJICKTPOHOB — y3Kasi TEMHO-KpacHasi 00JacTh, B KOTOPOW KOHIICHTpAIUS DJIEK-
TPOHOB IMPEBBIIIACT BEITUYUHY 10° cm 3. Umenno sta o6macts COJICPKUT JBYMEPHBIN JJICK-
TPOHHBI Ta3. B 001acTH pacmooKeHus 3aTBOpa IMEETCs y3Kasi 001acTh, TOMEUCHHAS] CHHUM
IIBETOM, COOTBETCTBYIOIIAsI KOHIIEHTPAIIMK CBOOOJHBIX JJICKTPOHOB 10%? cm 3. TakoBo eii-
ctBue kKoHTakTa [llorTkm. CymiecTBeHHAsI 4aCcTh CBOOOJHBIX 3JEKTPOHOB TEpeluia U3 Moiy-
MIPOBOJIHUKA B HUKEJIEBBIA 3aTBOP, UMEIOIINI OOJIBIITYI0 pabOTy BBIXO/AA M3 HEr0 JIEKTPOHOB.
brmvxHss mon3aTBopHast 00JIACTh OKpallleHa KEITBIM I[BETOM, COOTBETCTBYIOIINM KOHIICH-
TpaIyy CBOOOIHBIX JIEKTPOHOB 10 cm 2. OmHako poBOIAIINN KaHa, 0Opa3oBaHHbIH J[O1,
MOJIHOCTBIO HE MEPEKPHIT: MO CIOEM KEJITOr0 I[BETA COXPAHMICS KPACHBIN CJI0M, B KOTOPOM

18 -3
KOHIOCHTpanus 3JICKTPOHOB UMECT 3HAYCHUC OKOJIO 10 cm °.

Vid=0 V. Vg=0 V Surface: Log of electron concentration (1)
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Pucynok 5 — IIBeToBasi kKapTHHA pacnpee/ieHUs KOHIEHTPAUMH CBOOOIHBIX 3JIEKTPOHOB
no crpykrype I'llT npu Hy/1eBbIX HANPSAKEHUSIX CMeIeHUS

Kaptuna pacnpeneneHusi 3JIEKTPOHHOM TJIOTHOCTH W3MEHHUTCS TOCIE MPHIIOKEHHUS
K 2JIEKTPOAAaM TPaH3UCTOpa HANPSKEHUH CTOKA M 3aTBOpa. PUCYHOK 6 MoOKa3bIBaeT pe3yabTaT
nojiayu cTokoBoro Hanpsbkenust 10 B. Bo6nusu npaBoro kpast 3aTBopa, 00palieHHOro K CTOKY,
MPOM30IILIO pacuIMpeHre 00eHEHHOM! /10 JKeITOro I[BeTa 001aCTH, KOTOpas NepeKphlIa KaHall
TPaH3UCTOpA.

Vé=0V. Vg0V Surface: Log of electron concentration (1)
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PucyHnok 6 — Pacnipeesienne 3J1eKTPOHHOI IJIOTHOCTH
NP HYJIeBOM HANPSKeHNH 3aTBOPA H HaNpsKeHnu cToka 10 B
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OJIHAKO KOHLEHTPALWS YICKTPOHOB B 9Toil 06mactu cocrapiser 10™° — 10 em 3, uro
COOTBETCTBYET 3aMETHOM MPOBOAMMOCTH KaHaia. [Ipu yBenmuyeHHH CTOKOBOTO HANpsHKEHUS
9Ta 00JacTh PACIIUPSETCS, BCIEACTBHE YETO CTOKOBBIA TOK MOYTH HE YBEIMYUBACTCH. DTO
00BsicHsIeTCS 9P PEKTOM HACBIIIEHUSI CTOKOBOT'O TOKA.

Ha pucynke 7 noka3aHa 1IB€TOBasi KapTUHA PacHpeleleHUs] 3JIEKTPOHHON MIIOTHOCTH
MpU CTOKOBOM HampspkeHud 15 B u momaue Ha 3arBop Hampsikenuss —2 B. BugHo moutu
MOJTHOE MEPEKPHITHE KaHalla B MPABOW YacTH MOA3aTBOpHON oOmactu. [Ipu 3TOM TOK KaHana
U TOK CTOKOBOTO 3JIEKTpoAa OyIyT MOYTH HYJIEBBIM.

Vd=0 V, Vg=0 V Surface: Log of electron concentration (1)
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Pucynok 7 — PacnipeaesieHue 3J1eKTPOHHOI IJIOTHOCTH
NP Hanpsi>keHUH 3aTBopa —2 B m HanpsixxeHuM cToka 15 B

ITpuBeneHHbIE pe3yNbTaThl pACUETOB CBHJIETENILCTBYIOT O pa00TOCIIOCOOHOCTH MOJIENN
I'TIT 1 BO3MOXHOCTH TMOJYYEHHUS] W3 HEE KOJMYECTBEHHBIX XAPAKTEPUCTHUK TPAH3UCTOpA
IIPU BapbUPOBAHUH €70 MATEPUAIIOB U PA3MEPOB.

Bo3znukaet Bompoc o pacrpeneneHuH MI0THOCTU TOKA IO BBICOTE CTPYKTYPHI (110 ocH Y).
Ha pucynke 8 mokaszaH coOTBETCTBYIOIIUH Ipad K pacrpeieeHus INIOTHOCTH TOKa 10 BBICOTE
CTPYKTYpbI TPaH3UCTOPA, U3 KOTOPOTO BHUJHO, YTO BECh TOK COCPEAOTOUEH B y3KOU 00JacTH
cymectBoBanusg J[OI'. Takum oOpasom, moctpoeHHass mojens I'TIT mpaBuiabHO oTpaxaer
(Gbu3KKy MpPOIIECCOB B HEM U MOKET OBbITh HMCIIOJIb30BAaHA JJIS MOJYYEHHUS] TEXHUUECKHUX Mapa-
METPOB TPAH3UCTOPA UM OOHAPYKEHUS 3aBUCUMOCTEN MEXIY IapaMeTpaMHu.

OnHUMHE M3 TaKMX 3aBUCHUMOCTEH SIBISIOTCS CTaTMYECKUE BOJIBT-aMIIEPHBIE XapaKTe-
puctuku (BAX), KoTOpble IPUMEHSIOTCS B MIPAKTUKE NPOESKTUPOBAHUS YCTPOMCTB, MCIIONb-
3yromux TpaH3ucTopel. Bce BAX noapa3nensroTcss Ha BBIXOJIHBIE, B KOTOPBIX BBIPAXKAETCS
3aBUCHMOCTb TOKA BBIXOJHOI'O 3JIEKTPOJA OT HAIPSIKEHUsS HA HEM, BXOJHBIE U IIPOXOJIHBIE.
[Tocneanue BrIpaXkaroT 3aBUCUMOCTb TOKA BBIXOJIHOTO JIEKTPOJia OT HAMpsKEHUs (MM TOKA)
npyroro snektpona. Ha pucynke 9 mpuBeneHo cemeilcTBO TpadukoB BbIXoIHBIX BAX
(BBIXOJIHBIM 3JIEKTPOJOM MPUHSAT cTOK). Boixogusie BAX nMeroT TunuyHyto i TpaH3HCTO-
poB ¢GopMy, KOTOpasi XapaKTepu3yeTcs: ObICTPBIM YBEJIMYCHUEM TOKA Ha HAaYaJlbHOM y4acTKe
(pu MaJIbIX HANPSKEHUSX BBIXOAHOTO AJIEKTPOJa) U C1aboi 3aBUCUMOCTBIO TOKa OT HaIps-
KEHUS TpU OOJNBIINX HANpPSHKEHUSAX Ha BBIXOJHOM 3JIEKTpojie (B 0OJACTH HACHIIIEHHS BbI-
XOJHOro Toka). IloyTn ropu3oHTaNbHBIA XOJ KPHUBBIX 3aBUCHUMOCTH TOKAa OT HampsKEHU
B 00JIACTH HACBHIIICHUS JIOTIOJIHUTENFHO OOYCIIOBJIEH BBIOPAHHOW MOJENbIO MOABHXKHOCTH,
IIPY KOTOPOH YBEIUYEHHUE CTOKOBOT'O HAIPSDKCHUS IPUBOAMT K YBEIMUYCHHIO HANPSHKEHHOCTH
AJIEKTPUYECKOTO I0JI B KAHAJIE U YMEHBILIEHUIO B HEM II0ABUKHOCTHU 3JIEKTPOHOB.



38 Becnix Bpacykaza ynisepcimama. Cepwisi 4. @izika. Mamsmamoixa M 2[2024

[Toctpoennas moaens Hutpuanoro ['TIT naer BAX Tpan3uctopa 6€3 JONOTHUTEIBHBIX
UCKYCCTBEHHBIX MPHUEMOB U CIIUBOK, UCIOJB3YEMbIX B JIPYIHX CHCTEMaX MOJCIUPOBAHHMS,
nanpumep Silvaco [6]. Buaumo, 370 IpUBOIUT HE TOJNBKO K OOJBIIUM 3aTpaTaM BBIYHCIIH-
TEJIHBIX PECYPCOB IPHU pabOTe MOJIENIN, HO M K 00JIee JOCTOBEPHBIM Pe3yIbTaTaMm.

Line Graph: Electron current density norm (Am?)
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Pucynok 8 — I'pauk pacnpenesieHnst NJIOTHOCTH TOKA
1o riyoune (ocu Y) CTPYKTYpPHI TPaH3HCTOPA

Global: Terminal current (mA)

Terminal current (ma)
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Pucynok 9 — CemeiicTBo BbIxogHbIX BAX MoaempyemMoro
rereponepexoaHoro Tpansucropa npu h, = 0,02 MmxMm, xosie aawovunus dol = 0,22

Hanmuuue rpaduko mnm tabauim BAX TpaH3ucTOopa MO3BOJSET JIETKO BBIYUCIUTH
KaKoW-1100 MaJOCHTHAJIBHBINA MapamMeTp B 3aJaHHON paboueil Touke. Hanmpumep, BenuunHa
NPSAMOM MPOXOAHON MPOBOAMMOCTH (21, Ha3bIBAaEMOM KpyTHU3HOHM mpoxoaHord BAX, onpene-
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JeHHas 1o pUCyHKy 9 B Touke Vg =—1 B — Hanpskenue 3arBopa, Vy = 10 B — Hanpsikenue
cToKa cocTaBisieT Jz1 = 0,55 MA/B. Ctonb cKkpoMmHas BeIMYMHA (p1 HE JIOJDKHA MPUBOIAUTH
K CKENTUYECKUM BbIBOJIaM. J[€710 B TOM, UTO pacCMaTPUBAETCS TPAH3UCTOP C TOJIIMHOM MO OCH
Z paBHoil 1 MkMm. [Ipu yBenMueHUHU TONIIMHBI, HATpUMEpP 10 | MM, CTOKOBBII TOK M KpyTHU3HA
npoxogHoii BAX ysennuatcs B 1 000 pas.

Ha pucynke 10 mokaszano cemeiicTBO rpadukoB mpoxoaHbix BAX monenupyeMoro
I'TIT. YipaBistomum 3JIEKTPOIOM CUATAETCS 3aTBOP.

[Tonyuyennas monens HutpuaHoro I'TIT mo3Bosisier oleHUBATh €ro XapaKTEPUCTUKU
MIPU PA3IMYHBIX TE€OMETPUUECKHUX MapaMeTpax CTPYKTYpbl. B 4acTHOCTH, MPEACTABIISIIOT UH-
Tepec BIMSHME TOJIIMHBI OapbepHOro ciosi Np, AumMHBI 3aTBOpa lg M mojokeHus 3aTBOpa
B IIPOCTPAHCTBE MEXKTY CTOKOM M HCTOKOM — Zgs, IPYTUX (DAKTOPOB.

Global: Terminal current (ma) (=]
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Pucynok 10 — CemeiicTBo npoxoansix BAX moaenupyemoro
rereponepexoaHoro Tpansucropa npu h2 = 0,02 mxm, gosae axomunus dol = 0,22

3akiiroueHue

Coznannas 8 COMSOL Multiphysics mogens nurpuanoro I'TIT mgaer mpaBaonono0-
HBIE PEe3yJIbTATHI M TIO3BOJISIET ONITUMHU3NPOBATh U3TOTOBIICHUE TAaKUX MPUOOPOB IO TapameT-
paM pa3MepoB M CTENEHHU JeTupoBaHMs oOnacteil. MynpTudusnunocts cpensl COMSOL
Multiphysics gomkHa MO3BOJNMTH MOJTy4aTh HA OCHOBE CO3/IAaHHOW MOJIENH DJIEKTPHUYECKUE,
teruoBsle U npyrue xapaktepuctuku ['TIT. B Hacrosimeit paboTe He 3aTparuBaeTcsi BOIPOC
YaCTOTHBIX TTapaMeTPOB TPAH3UCTOPA, MIOCKOIBKY HE 3aIal0TCSl HEOOXOAUMBIE JIJISl 3TOTO Be-
JUYUHBL: CKOPOCTH JABWXEHMS DJIEKTPOHOB IO/ 3aTBOPOM, CONPOTHUBIIEHUS KOHTAKTOB, CTa-
TUCTHKA JIe(DEKTOB PEIIeTKH KaHAIBHOTO cJios. [lo Mepe HaKOoIUIeHUs! JaHHBIX 00 ITHUX Tapa-
MeTpax OHM MOTYT BBOJHUTCS B MOJIEJNIb M JaBaTh COOTBETCTBYIOIINE PE3yJIbTaThI.
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RELATIVISTIC WAVE EQUATIONS
WITH EXTENDED SET OF THE LORENTZ GROUP PRESENTATIONS

It is shown that the use of extended sets of irreducible representations of the Lorentz group opens new
possibilities for the theory of relativistic wave equations from the point of view of the space-time description
of both the internal structure and the isospin degrees of freedom of elementary particles. The approach developed
in this work also makes it possible to apply the methods of the theory of relativistic wave equations in superstring
and gauge models of fundamental interactions.

Key words: relativistic wave equations, quantization, spin, statistics.

Pensamueucmckue 601106ble ypaHeHUA
¢ pacuiupeHHbIM Habopom npedcmaenenuii zpynnot JIopenuya

Tokazano, 4mo uUcnoib308anue PACUUPEHHBIX HAOOPOS HENPUBOOUMbBIX NPeOCMAGIeHHUL 2PYNnbl
Jlopenya omxpvieaem HO8ble 803MONCHOCU MEOPUU PENSIMUGUCICKUX BOJIHOGbIX YPAGHEHUI ¢ MOYKU 3PEHUs
NPOCMPAHCMBEHHO-6DEMEHHO20 ONUCAHUS KAK SHYMPEHHel CIMPYKMYPbl, MAK U U30CHUHOBLIX CIeneHel c60000bl
anemenmapuolx yacmuy. Pazeueaemviii 6 pabome nooxo0 nozgoisiem maxdice NPUMEHsImMb Memoobl meopuu
PENSMUBUCTNCKUX BOJHOBLIX YPAGHEHUU 8 CYNEPCIMPYHHLIX U KANUOPOBOUHBIX MOOESIX (PYHOAMEHMANbHBIX 634~
uMooelcmauil.

Knrouesvie cnosa: pensimusucmcexue 80JIHO6ble YPAGHEHUsL, KE6AHMOBAHUE, CHUH, CIMAMUCMUKA.

Introduction

The Dirac equation served as the starting model for the creation of the general theory of
relativistic wave equations (RWE) — first-order relativistic quantum-mechanical equations
written in matrix-differential form.

The fundamental idea of this theory is the governing of any RWE with a corresponding
set of irreducible representations of the group of geometric (Space-time) symmetries of the
Minkowski space.

We can formulate the following postulate basis for this theory [1; 2]:

1) any RWE must satisfy the invariance requirements with respect to the transfor-
mations of the proper Lorentz group and operation of the spatial reflection, also possibility of
the Lagrangian formulation of the theory is assumed,;

2) RWE describing a single physical micro-object should not be decayed in the sense of
the full Lorentz group;

3) among the states of the micro-object, there cannot be those which correspond to zero
energy;

4) the correct RWE must lead to a positive definite density of energy (charge) in the
case of a whole (half-integer) spin;
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5) fields with integral (and half-integral) spins are described on the basis of tensor
(spinor) representations of the Lorentz group;

6) usually when constructing for a particle with spin a corresponding RWE we restrict
ourselves to the minimally necessary set of irreducible representations of the Lorentz group.

The listed provisions of the theory of RWE were formulated in the 20s — 50s of the last
century. They were based on the idea that elementary particles are nonstructural point-like
micro objects with a single internal degree of freedom (spin), the latter has a spatio-temporal
interpretation.

However, with the establishment of new experimental facts (the existence of internal
structure for some particles, the presence of additional internal degrees of freedom besides spin,
etc.), the above ideas have undergone significant changes. The very concept of «elementary
particle» has also changed.

There arose the idea of existence of fundamentally new physical objects that unify the
qualities of micro-particles (fields) with nonzero and zero mass (for example, the electroweak
fields) and the properties of massless micro-objects with different helicity values (fields in-
teracting with non-closed strings).

The Dirac — Kéhler [3] and Petrash [4] equations were the first successful attempts to go
beyond the postulates 1) — 6) and thereby greatly expanded the capabilities of the theory of
RWE. They showed that if the postulate 6) is abandoned, the possibility of a spatio-temporal
description of both the internal structure and the isospin degrees of freedom of particles ap-
pears. Since the middle of the 1960s, this direction began to develop actively in a number of
scientific centers of the Republic of Belarus on the initiative and under the leadership of
Academician of the Academy of Sciences of Belarus F. |. Fedorov.

Over the past decade, a wealth of results in the theory of RWE with an extended set of
representations of the Lorentz group had been accumulated. In this paper, we present some
significant results that can be adapted to modern experimental achievements and theoretical
trends in high-energy physics.

1. RWEs with an extended set of the Lorentz group representations and internal
structure of microobjects

A characteristic feature of all RWE considered above consists in the fact that they are
based on the sets of the Lorentz group irreducible representations which are minimally necesary
for constructing theory for a given spin. Along with that, in accordance with the ideology of the
relativistic quantum mechanics, which interprets elementary particles as point-like structureless
objects, such RWEs take into account only spin properties of particles. A possibility of de-
scribing other internal properties of particles in the orthodox version of the RWE theory is not
provided.

Relaxing the requirement of minimality in usage of sets of the Lorentz group irreducible
representations opens new possibilities of the RWE theory approach for a spatio-temporal
(geometrized) description of internal properties of particles. To obtain equations which do not
disintegrate with respect to the Lorentz group and which are capable of reflecting an internal
structure of a particle with spin s, one can use the following possibilities: Either to include into
a linking scheme representations with higher weights or to employ multiple representations of
the Lorentz group. In the present chapter we show how to describe an internal electromagnetic
structure of particles with lowest spins in the framework of the RWE theory with extended sets
of the Lorentz group representations.

For the first time, the RWE for a particle with spin s = 1/2, which arises after involving
additional — with respect to the bispinor — irreducible components in the representation space of
a wavefunction, was proposed by Petras and Ulegla [5].
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Here we give a brief description of the theory of the Petras equation in the Gel’fand —
Yaglom approach. To this end, we consider the following linking scheme

09" - G0
| |
;D - @y (L.1)
| |

(0'%) - (%'0)

Let us enumerate the irreducible representations contained in (1.1):

(01>1 012 (11)3

IE ) ( ’E) ) PE )
1 1 1

Then, we for the spin blocks €/, €3/? of the matrix

L= (CY? @ L)®(CY? ® L) (1.3)
we obtain the following expressions

1/2
0 0 0 cllf 0 ¢
1/2 1/2
0 0 0 0 i oyl
0 0 1/2 1/2 1/2 3/2
c1/2 = 2 ?/2 C3a  at°  Cak c3 =< ;)/2 C36 > (1.4)
¢y O Cys 0 0 0 Cos 0
1/2 1/2
0 Csé 654 0 0 0
1/2 1/2 1/2
Ce1  Co2 Ce3 0 00
To exclude spin s = 3/2, we impose constraints
=¥ =00rc32 =0, (1.5)
from whence it follows
1/2 1/2
c3é = Ceé = 0. (1.6)
The condition of the P-invariance leads to the relations
1/2 _ 1/2 1/2 _ 1/2 1/2 _ 1)2
Cia = €4 ,C5 = Cs3 1016 = Cy3
1/2 _ 1/2 1/2 _ 1/2 1/2 _ 1/2
Cr6 = C53 ,C34 = Cg1 1035 = Cgp - (1.7)
A possibility of the Lagrangian formulation implies
1/2 1/2 1/2 n 1/2 1/2 n 1/2
e’ 6l ER; ¢ /—iiz ! ,gé—iiz 2y, (1.8)

With account of the constraints (1.5) — (1.8) the spin block C'/? acquires the form

0 C cq 0 «c3
c1/2 = (C 0) C=| 0 c ) (1.9)
ficz faca O
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where the notations

_ 1/2 _1/2 _1/2 _1/2
1 = C14 ) Cy, = CZS ) C3 = C16 , Cyp = C26 )
ngl’ ngh”
f= 1/2 7 f2= 1/2 (1.10)
MN1a P

are introduced for brevity.
A characteristic equation for the block C reads

2 = (1 + ) + (c102 — filesl? = falealDA + ficzles|? + focilea]? =(1.10)
To obtain a single mass value, it is necessary to impose

C1C2 _f1|C3|2 _f2|C4|2 =0,

ficzlesl® + facileal® = 0. (1.12)
Without loss of generality, we choose the only nonzero eigenvalue of the block C to be
/1 = Cl + C2 = 1 (113)

Such a choice yields the following minimal polynomials for the /2 and the matrix T}:
(€?|(c?-1] =0, 2@ -1) = 0. (1.14)

It remains to impose the condition of the charge definiteness, which in the present case
(C3/2, n = 2) acquires the form

Sp ((CY*)*n'/?) # 0, (1.15)
where
1/2
0 oo N4 0 0
n'/? = <n 0 ) "= 0o n o | (1.16)
N A
It follows with account of (1.15) that
el +myetcd + el + miiDalel? + @ng + miDelal? =0 (117)

A simultaneous fulfillment of the conditions (1.12), (1.13), (1.17) is ensured, e. g.,
by the choice

1 2 V2 2
Clzg, Cy :g, C3:?, C4:§, (118)
my=-1mE =10 =1, (1.19)
giving the following matrices C and n®
1/3 0 +2/3 -1 0 0
C = 0 2/3 2/3 |, n%= < 0 1 o). (1.20)
—/2/3 2/3 0 0 01

Thus, we obtained the 20-component RWE with the linking scheme (1.1) featuring the
nondiagonalizable matrix T}.
This equation describes a spin-1/2 particle and obeys all physical requirements.
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Let us now show that on the basis of the linking scheme (3.1) it is also possible to
construct a RWE for a particle with spin s = 3/2 [6].

Sticking with the previous labelling of the irreducible representations contained in (1.1),
we again arrive at the general form (1.4) of the spin blocks C/2, €3/ of the matrix T, in the
Gel’fand — Yaglom basis.

The condition of the relativistic invariance leads to the following constraints

3/2 /2 3/2 1/2
c3é = 2C3é ) C6é = Zcéé : (1.21)

The RWE invariance with respect to spatial reflections gives besides (1.7) the relations

1/2 1/2  3/2 3/2
C3é = Csé ) C3é = Ceé . (1.22)

A possibility of the Lagrangian formulation of the theory completes the relations (1.7)
by the condition

a2 eR. (1.23)
Since in the present case we are interested in spin 3/2, we can set without loss of generality
c§é2 = cg’éz =1. (1.24)

Under this choice the conditions (1.21) — (1.23) yield the following spin blocks C/2
and C3/2:

0 C C1 0 «c3

c1/?2 = (C 0), c=|( 0 o  C4, (1.25)
ficz faca O

c3/2 = (2 (1)) (1.26)

where the notations (1.10) are used.
A characteristic equation for the spin block C has the form

C1C2

A — (C1 tC +%)AZ +( S T 016 — filesl? —f2|C4|2)/1

C1C2

_T+ ]C1C2|C3|2 +f251|C4|2 = 0. (1.27)

To exclude states with spin 1/2 we must claim that all eigenvalues of the block €/? are
equal to zero. This requirement leads to the conditions

c1+c+ % =0,
Cl%"“—lcz_f1|(33|2_fz|c4|2 =0, (1.28)
_Clzﬁ + f1(32|C3|2 + f2C1|C4|2 =0,
where the numbers f; and f, may independently of each other take values either +1 or —1.
(CY®3 =0, (C¥**-1=0, (1.29)
rP(rz—-1)=0. (1.30)

For example, let us choose
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fi=-1, f,=-1, (1.31)

1 1 2
¢1 =7, 0= =1, 3= 23 |cal = \/;' (1.32)

realizing one of the admissible possibilities.
This choice leads to the matrix of the bilinear form having blocks

00 01 0 0
(0000 10

y2_[000 00 0 -1 32 _ (0 1

n 10 00 o0 o 7 (1 o)' (1.33)
\010000/
00 -1 0 0 0

00 ot 05
2

0 0 0 0 1 |2
3
0 0 0 _Zig _ 21

cyz = 1, . 3 2 (1.34)

0 -1 2
BV % 0 0 0
By virtue of (1.30) the charge definiteness condition for n = 3 acquires the form

2

(Sp (Tim)? — (Sp (TFm)” < 0. (1.35)

Using the explicit form of the matrices I, and n, we obtain the relations

Sp (T#n) =0, Sp(IPn) =8, (1.36)

which ensure a fulfillment of the inequality (1.35).

To construct RWEs describing microobjects with spins s = 0 and s = 1 and differing
from the well-known Duffin — Kemmer equations, we consider the following set of the Lorentz
group irreducible representations [7; 8]:

0,082 (3,3) B0, DS(1,0), (137)
which constitute the linking scheme
(0,0)
|
0,1) — 2 G%) —(1,0). (1.38)

Here the vector representation ( % ; % ) has the multiplicity two. In the following, we

label one of them with the prime to distinguish the two vector representations from each other.
The block structure of the matrix T, corresponding to the RWE based on the scheme (1.37)
has the form
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r, = (COO o gb 13) (1.39)

in the Gel’fand — Yaglom basis. Labeling the irreducible components contained in (1.37) by
11, 11

0,0~ G2 (3.5)~3 OD~4 (1,0)-~5

we obtained after applying the conditions of the relativistic and P-invariance conditions

the following spin blocks

1 1
0 ¢ c34

1 1 C34 €34 . (1.40)
iz C3 o
1

1
Ciz Ci3 0

The matrix of the bilinear form in the Gel’fand — Yaglom basis reads

0 ¢y cf3 8
0o_| .0 1 _
C°=|c;; 0 0], C =

&y, 0 0

0
0
7= (no 0 ’
n°QIs
77?1 0 0
=0 73, 0| (1.41)
0 0 77§)3
n, 00 0
0 0
1 = 0 T]31’3
1 0 0 ? Tlis
0 0Ma O

Choosing its nonzero elements to be
M1 =N =N33 =M ="N33=Nis = N5s =1, (142)
we reduce the condition (1.48) of a possibility of the Lagrangian formulation to the relations
21 = —(c2)", 31 = (c13)") cip = —(c24)," caz = (c34)" (1.43)
The remaining arbitrariness in choice of values for the matrix I, elements we can use

for obtaining RWE with a desired value of spin.
Thus, setting

), =0, ch=ch,=cl, =1, (1.44)
we obtain the spin blocks
0 0 1 0 01 1
c°=(0 0 0o}, ct= 110 ol (1.45)
100 1 10 0

It is easy to check the spin blocks C! and C° and the matrix I, obey the following
minimal equations

(CH3 =0, CO[(C®)%—1] =0, (1.46)

r}(r?—-1)=0. (1.47)
From (1.46) it follows that to the state with spin s = 0 corresponds the only mass value,
while all eigenvalues of the block C! are zero, i.e. states with s = 1 are absent.
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Thus, we obtain the RWE for a microobject with spin s = 0 and a single mass value.

Using the relations (1.41), (1.42), and (1.45) for matrices T, and n it is easy to check
the identities

Sp (T3n) = 0, Sp (T#n) = 2. (1.48)

They ensure the fulfillment of the energy definiteness condition which for the present
case (n = 3) is expressed by the inequality

(=1)*[(Sp (T&¢m)* — (Sp (Tim))?] > 0. (1.49)
In the tensor formulation the constructed RWE reads
O, + myy =0,
Oy + 0y + my, =0,
— 0,y + My =0, (1.50)
=0,y + O, — Ay + 0, + My, =0,

where 1), isascalar, 1, and y; are 4-vectors, i,y is an antisymmetric tensor of the second
rank. From (1.50) it is easy to derive the second-order equation

(O —m*)p, =0, (1.51)

which means that the system (1.50) indeed describes a particle with nonzero mass and spin s = 0.
To construct a RWE for a microparticle with spin s = 1 on the basis of the linking
scheme (1.38), we choose the following values for the matrix elements of the matrix (1.41):

M1 =N22 = —M33 = —M3p =T33 = Nis = Ns5a = L. (1.52)
Then, according to the condition (1.48) we obtain
21 = (c12)") €31 = —(c13)") ca2 = —(€24)," ci3 = (c34)" (1.53)

Within the remaining freedom in choice of the matrix elements of the spin blocks C°
and C! (1.40) we make a particular selection of values

ct, = 583 =c3 = —c3 =1, (1.54)
1 1 1 1 1
C24 = C42 =0, C34 = C43 = E
Thus, we arrive at the final form of the matrices n°, n, €°, and C?
-1 0 0 O
o (2O 0N [0 10 0
=01 o)nt=y o0 1} (1.55)
00 -1 0 01 0
0 0 0 O
0 1 1
o L_1f0 0 1 #1
c_<1 oo),c_ﬁo 10 o (1.56)
100 0 £1 0 0

It is easy to check that the minimal equations for the spin blocks (3.56) of the matrix T,
have the form

(C%3 =0, C[(CH2—-1] = 0. (1.57)
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This means that the corresponding RWE indeed describes a microparticle with spins = 1.

From (1.57) it follows that the minimal equation for the matrix T, coincides with its
analog (1.47) for a scalar particle. Therefore the condition of the energy definiteness in the
present case should coincide with (1.49). Using the definitions (1.55) and (1.56), one can verify
that the condition (1.49) is valid for a vector particle as well.

A tensor formulation of the obtained RWE with the extended set of representations for a
particle with spin s = 1 reads

0y + 0,9 + my, =0,
avl/)[uv] + 6#1/)0 + ml/)# = O,
GMI/JO + ml/) =0, (1.58)

- ud}v + avl/) + ml,b[,w] = 0.
From this system one can derive the equations

@-m)(Y, +yL) =0, 0,(Y, +y¥Z) =0, (1.59)

which unambiguously indicate that the system (1.58) does describe a vector particle with
nonzero mass.

Other versions of the extended RWEs for particles with lowest spins are proposed in the
papers [9] (spin 1/2), [10] (spin 0), and [11] (spin 1).

A question of the physical inequivalence of RWEs with minimal and extended sets
of representations of the Lorentz group has been discussed for the first time for specific equa-
tions in the papers [7; 8] (spins 0 and 1), [12; 13] (spin 1/2), and [14] (spin 3/2). The essence and
the main results of the latter study are the following.

First, one introduces minimal and extended equations for free particles

(599, +m)¥(x) =0, (1.60)

(rlf”a,l + m)w1 (x) = 0, (1.61)

which are defined in the representation spaces corresponding to the irreducible Lorentz group
representations T, and T, = T, + T2, respectively.

Second, one finds an explicit form of operators R and K transforming ¥, into ¥; and
vice versa:

R=(4,0), K = (g) (1.62)
RY; = (4,0) <$€> = AYQ = ¥, (1.63)
1
KW, = (g) Y, = <g$2) = (iﬁ) =y, (1.64)
Here A and F are rectangular number-valued matrices, satisfying the condition
AF =1, (1.65)

while the matrix G in general contains differentiation operators. Moreover, the operators R
and K should obey the relation

Wy — p©
RUVK =T” + B, (1.66)
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where the matrices B, satisfy the equation

B, 8,%,(x) = 0. (1.67)

Next, one considers the equations
(5D, +m) o (x) =0, (1.68)
(59D, +m), () = 0, (1.69)

describing particles which interact with the electromagnetic field added by means of the
minimal coupling

d, » D, =0, — ieA,. (1.70)

The operator R, transforming @ (x) into ®,(x) has the same form as for free parti-
cles. For the operator K* which realizes the inverse transformation we obtain

K" = (G fa) (L.71)

where the addition G is caused by the derivative extension (1.70). In light of this, the equation
(1.69) can be cast to the form

(RLVD, K™ +m)@o(x) = 0, (1.72)
or
(5”p, + @ + m)cbo(x) =0, (1.73)
where
Q~RTD,G" + B,D,. (1.74)

Thus, after bringing the equation (1.69) into shape of the equation (1.68) for a wave-
function with a minimally necessary number of components, we observe in the latter an
occurrence of the additional term Q which is given by (1.74). For particles with spins s = 1/2
and s = 3/2 described by the RWESs with the extended sets of representations, which have been
discussed above, this term acquires the form

Q~=(0,A, — 0,4, )] = = F ), (1.75)
where JI#1 are the generators of the Lorentz group representations in the respective spaces.

In the nonrelativistic approximation, this term describes an additional — anomalous —
magnetic moment, and it leads to an interaction of the Pauli type in the Lagrangian.

In the cases of the extended RWEs for particles with lowest spins, which have been
discussed above, this additional term has the form

2
Q~ %F[HV]F[#V]QOO, (176)
Q~$F[MV]F[pU]€[HV]'[p0], (177)
where e“4E are the generalized Kronecker symbols defined by the formulas\
(eAB)CD = 6AC6BD' (178)

In the case of a particle with spin s = 0 the term Q given by (1.76) describes in the
nonrelativistic approximation dipole electric and magnetic polarizablities of this particle which
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are induced by an external electromagnetic field. In the case of a particle with spin s = 1 the
analogous term (1.77) describes a particle’s static tensor electric polarizability.

It is obvious that an additional interaction with an external electromagnetic field should
influence a form of matrix elements for specific scattering processes. Detailed calculations of
some of these processes have been performed in the papers [7—14]. It has been shown that in the
first order perturbation theory the mentioned interaction does not show up. For examples,
scattering on the Coulomb centre happens in the same way for both types of RWESs based on the
minimal and the extended sets of the Lorentz group representations. In turn, a calculation of
cross-sections of the typical second order process — the Compton light scattering on particles
described by the RWEs with extended sets of representations — leads in all cases to matrix
elements having the form

M; = M, + M?, (1.79)

where M, is a matrix element corresponding to a particle described by an RWE with a minimal
set of representations, and M? is a correction caused by the presence of an internal electro-
magnetic structure in this particle. Explicit expressions for these corrections can be found in the
above mentioned publications.

Thus, a simple extension of a set of used representations, which can also be realized by
an inclusion of replicated irreducible components, allows us to reflect internal particles’
structure by means of the conventional spatiotemporal description in terms of the RWE theory.
Apparently, in the conceptual respect this approach is more advantageous as compared to the
popular phenomenological approach, in which additional terms describing specific structural
effects are introduced into the Lagrangian by hand.

2. Tensor RWEs of the Dirac type and geometrized description of internal degrees
of freedom of fundamental particles

Since an existence of additional internal quantum numbers for fundamental particles is
by now a firmly established fact, there arises a question whether it is possible to apply the RWE
theory for describing degrees of freedom associated with internal and, in particular, gauge
symmetries. The traditional gauge theories of fundamental particles and their interactions are
based as a rule on the Dirac equation whose wavefunction is equipped by a free non-Lorentzian
index playing the role of an internal variable. From the RWE theory point of view, such an
approach actually means a usage of equations which are falling apart under the Lorentz group
transformations. On this basis are constructed the renowned models of electroweak and strong
interactions, and the Standard SU(3) x SU(2) x U(1) SU(3) Model.

However, this approach is not capable of solving a number of problems. In particular,
it is not very effective in including the gravitational interaction into a general scheme. It is
presently hoped that a solution of this problem lies in employing symmetry groups whose
transformations would affect both spatiotemporal and internal variables on equal basis. In other
words, it is a matter of an eventual geometrized introduction of internal degrees of freedom.

Let us briefly review the most known approaches in this direction:

« theories of the Kaluza — Klein type, which operate with the space-time of a dimension
greater than four, additional dimensions being treated on equal footing with the four standard —
observable — ones. A compactification of extra dimensions leads to a release of internal degrees
of freedom retaining their geometrical character;

* supersymmetry-supergravitation, uniting particles with different spins and statistics
into entire supermultiplets. One of the premises in this approach consists in the existence of a
new mathematical structure — the supersymmetry transformations, which mix up together
bosonic and fermionic fields.
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In analogy with the Lorentz transformations which reveal the connection between the
space and the time, the supersymmetry transformations unite the space-time and internal de-
grees of freedom of particles into the entire entity;

« string and superstring theories, which include the ideas of Kaluza and Klein, the su-
persymmetries, the gauge approach, and the general relativity.

It seems however feasible to formulate yet another approach of a geometrized descrip-
tion of internal degrees of freedom, which is based on the usage of an extended set of the
Lorentz group representations (including multiple ones) in the framework of the RWE theory.

A natural possibility in this respect consists in using nondisintegrating — with respect to
the full Lorentz group — equations whose wavefunction possesses transformation properties of a
direct product of the Dirac bispinors, and whose matrices I}, satisfy commutation relations of
the Dirac matrices’ algebra. In the following, we will call such RWEs Dirac-like RWEs, or
RWEs of the Dirac type.

The most widely known RWE of the discussed type is the Dirac — Kéhler (DK) equa-
tion, which represents itself the most general differential equation (or the system of equations)
of the first order over the field of complex numbers for the full set of antisymmetric tensor
fields in the Minkowski space.

On the other hand, in the appropriate basis (let us call it fermionic) a wavefunction of the
DK equation possesses the Lorentz transformation properties of a direct product of the Dirac
bispinor times the charge-conjugated bispinor. In the tensor formulation the DK equation can
be represented by the system

O, + mpy =0,
Oy + 0y + my, =0,
— 0,y + 0y + i€4yap0aPp + MY =0,
Outpy, +mipg = 0, (2.1)

(')vlﬁ[m,] + 6#17;6 + m% =0,
1 — —
Eé'm,aﬁavl/)[aﬁ] + 6“1/)0 + ml/J'u = 0.
Here 1, is a scalar, i, is a vector, iy, is a second-rank antisymmetric tensor,
{,E; = gswaﬂw[mm is a pseudovector, which is dual conjugated to the third-rank antisym-

metric tensor 4, and Yo = %swaﬁzp[wam is a pseudoscalar which is dual conjugated

to the fourth-rank antisymmetric tensor ¥y, qp-

The system (2.1) is nondisintegrating in the sense of the full Lorentz group.
It can be written in the matrix-differential form, which is standard for the RWE theory,
where the wavefunction W is represented by the column vector with tensor-valued components

V= (IIJO' 17;(;' l/);u %' lp[uv])T' (22)

and the 16x16 matrices I, are expressed by

—r ™ =)
L,=0,"+T0,"",

[, = 0 4 o0 4 Al 4 o (1A, (2.3)
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i ~ ~
l"”(_) — eoﬂ + eﬂo + Egﬂvaﬁ (elﬂ[aﬁ] + e [aﬁ],A)

Using the known rules of the generalized Kronecker symbols’ multiplication, it is easy
to check that the matrices I, (2.3) satisfy the Dirac matrices’ algebra

[T, + T, = 28, (2.4)

For establishing the group of internal symmetry of the DK field one can conveniently
pass from the tensor basis (2.2) to the fermionic one, in which the matrices I}, and the matrix n
of the Lorentz-invariant bilinear form read

=1, Qv (2.5)

_ _ 1=V ® Va _ (2.6)
We remind that by an internal symmetry transformation of the RWE we understand
a linear transformation of the wavefunction

PE(x) = Q¥ (), (2.7)

which does not touch spatiotemporal coordinates and which leaves invariant the equation and
its Lagrangian. For this to happen, a matrix Q must satisfy the conditions

[r.Q] =0 (2.8)
Q™nQ = 1. (2.9)

Applying the conditions (2.8), (2.9) to the matirces I}, and n leads us to a noncompact
15-parametric group SU(2,2), whose generators may serve the Hermitian matrices

19, I8, infre, inf2rd = (Ler? - rene). (2.10)
Here
rf = rPrerery (211)
and
7 + -
1" — 1“#( ) FH( ) (212)

is the second set of 1616 matrices, satisfying — like I}, — the algebra of Dirac matrices and
commuting with the matrices I,. In the fermionic basis these matrices have the form

P =7, @ . (2.13)

A characteristic feature of the internal symmetry group of the DK equation is that its
generators (2.10) do not commute with the Lorentz generators

1 7] 1?)
Jiy = 3 Uil + I (2.14)

from the representation of the wavefunction ¥. Along with this, the group G corresponding to
the full invariance algebra of the DK equation appears to be a semidirect product of the Lorentz
group A and the group of the internal symmetry Q: ¢ = A @ Q. On the other hand, the group
can be represented as a direct product G = A? ® Q, where A? is an overdefined Lorentz group
with respect to which the wavefunction W is no longer a collection of the tensor-valued
components, but rather a collection of four Dirac fields with a usual internal symmetry
(i. e. commuting with the Lorentz group transformations).
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The above statements remain valid for all interactions, including gauge ones, which do
not violate an internal symmetry of the free Lagrangian.

They assert that it is generally possible to apply the DK equation for a description of
particles with spin s = 1/2 and internal degrees of freedom, which thus have a geometric origin
(for details see, e. g., [15]).

The idea that the DK equation can be exploited as a geometric model for the generations
of quarks (or leptons) was first put forward in the works [16; 17].

Let us now give a matrix formulation of the DK equation in the Gel’fand — Yaglom
basis, which will be useful in the following.

We begin with the next set of irreducible representations of the proper Lorentz group

2(0,0)
|
11
0.1 -2(53) - (1,0, (2.15)
containing twofold components (0,0) and G%) The matrix T, of the corresponding RWE
0
in the Gel’fand — Yaglom basis has the form I, = (C 1 0 ) where
0 C'®I;
0 0 ¢ ¢ 0 0 ci ci
0 0 0 0 1 1
CO=|co ¢ C83 0(2)4 =\l el CSS C86 : (2.16)
Cs1 Cia 0 0 Co3  Céa 0 0

and the following labelling of the irreducible representations contained in (2.15) is adopted:

(0,0)~1, (0,0)2~2, (§§)~3 (1,1) ~4, (0,1)~5, (1,0)~6. (2.17)

2°2

Here, like it was also the case earlier, the prime is used to distinguish between the
multiple representations.

Let us first consider the spin block C?.

The conditions of the relativistic and P-invariance of the theory impose on elements cilj
in general case the constraints

€35 = TC3s, C4s = TCig, C53 = TCh3, C5q = TCoy. (2.18)

Here the choice of signs «+» or «—» depends on the definition of the spatial inversion

operator. In the present context this means that the sign «+» («—») in (2.18) occurs for the true
vectorial (pseudovectorial) character of the multiple representations G%)

It turns out that one can construct a RWE satisfying all necessary physical requirements,

if one chooses one of the representations G%) as true vectorial and the other as pseudovec-

torial (which is denoted in the following as G%) ). Then the relations (2.18) acquire the forms

1 _ 1 1 _ 1 1 _ 1 1 _ 1
C35 = C36) C45 = —Cug, C53 = Cg3, C54 = —Coyg, (2.19)

and for the block C! one gets an expression
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0 0 ¢35 ¢35

0 1 1

_ c —C
Ct = kol 85 045 . (2.20)

C%3 _Céél- 0 0

Analogously, one of the representations (0, 0) in (2.15) we choose as scalar and the
other as pseudoscalar (also labelling it in the following with the prime).

And since in a P-invariant RWE a vector (pseudovector) representation cannot link with
a pseudscalar (scalar) one, the following equalities should take place

cly = €33 =y = ¢33 = 0. (2.21)

With this in view, the block C° (2.18) is transformed to the form

0 0 ¢k 0
0 0 0
o= C2a |, 2.22
€31 (3 0 0 ( )
0 ¢c2 0 o
and the representations (2.15) build the linking scheme
(0,1)
A\
7 1 1\ p 11
©oF-(53)°  (G3)-00, (2:23)
1%
(1,0)

The blocks 1°, n'of the matrix of the bilinear invariant form n have in this case the form
n=n1"®0' ® I),

77(1)1 0 0 8 TI%3 0 8 0
o_| O 22 0 1| 0 Nia 0 224
7 0 0 733 0 ) 7 0 o O ms (224)
0 0 0 7 0 0 Mes O
M3 = —N33, Naa = —M3a Nés = TNse. (2.25)
7733 0 7724 0 7156 7756
C31 ( 13) Cyp = n_gz(cu) C53 (035) Cs4 ( 45) (2.26)

Choosing now for the remaining free elements Cn and n” the values equal, e. g., to

1

Cfs = 084 =1, C%s = Cis =7 (2.27)
7711 = 7722 = 7]33 = 7]44 = 7756 = _7]65 =1, (2.28)
we obtain the RWE with the spin blocks of the matrices I, and 7, being equal
0 01 O 0O 0 1 1
0 00 1 10 0 1 -1
0 1 _ -

=11 00 0)“=%Bl1 10 o) (2.29)

0 10 O 1 -1 0 O
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1 00 0 1.0 0 0
0 -10 0 0 1.0 0
0 1
“lo o1 o) TTlo 0 0 -1Ff (2.30)
0 00 -1 0 0 -1 0

The RWE constructed in this way with using the Gel’fand — Yaglom basis satisfies the
conditions of invariance with respect to the full Lorentz group and of a possibility of its deri-
vation from the invariant Lagrangian function. From the formal point of view, this RWE de-
scribes a microobject with nonzero mass and the spins 0, 1. The minimal equations for the spin
blocks €°, ¢! and the whole matrix T, have the equal form

(€H*=1=0, (CH?*-1=0,I}-1=0, (2.31)

from where it follows that the present RWE belongs to the Dirac type with the algebra (2.4).
The presence of the multiple roots +1 in the blocks €°, ! implies the presence of an addi-
tional (besides spin) internal degree of freedom.

We note that the choice of elements (2.27) of the matrix I, is not unique as long as the
derivation of a Dirac-like equation is concerned. In general, to satisfy the characteristic equa-
tions (2.31) it is sufficient to demand the condition

[0, + LT, = 26,,. (2.32)

It is obvious that only by changing the signs of the numbers c?;, ¢2,, cis, cis one can
define the spin €°, ¢! in 16 different ways. However, all these (and other possible) variants
are related to each other by similarity transformations, and therefore all of them are physically
equivalent.

Thus, on the basis of the linking scheme (2.23) one can construct the only (up to
a similarity transformation) Dirac-like RWE, which is nondisintegrating in the sense of the full
Lorentz group and admitting the Lagrangian formulation.

The above formulated algebraic and group-theoretical substantiation of the dynamical
equivalence of the classical Dirac equation and the SU(2, 2)-invariant Dirac theory is not yet
sufficient for a geometrized description of internal degrees of freedom of the Dirac particles in
terms of tensor fields. To consistently realize a possibility of such a description one has to
demonstrate that this correspondence persists on the quantum level, which is equivalent to
proving a possibility of quantization of the DK field in the Fermi — Dirac statistics.

It might seem that such an assumption contradicts to the famous Pauli’s theorem about
the relation between spin and statistics [17]. However, this is not quite true. Already in the
papers [18; 19] it was shown on examples of the simplest equations for particles with integer
and half-integer spins that by using an indefinite metric in the Hilbert space of states it is in
principle possible to quantize fields by the anomalous statistics (half-integer spins by the Bose —
Einstein statistics and integer spins by the Fermi — Dirac statistics). However, in doing so one
obtains unremovable negative probabilities.

An essentially different situation arises in the case of field systems with additional de-
grees of freedom corresponding to noncompact internal symmetry groups. In such theories,
there exist additional conservation laws (ban rules), forbidding transitions which are described
by negative probabilities emerging in the quantization with an indefinite metric. Let us consider
this question in more detail with regard to the DK equation [20; 21].

With the help of substitution.

Y(x) = W(p)etPr*u (2.33)

we proceed from the matrix form of the DK equation in the position representation to the
momentum representation



DI3IKA 57
p+m)¥(p) =0, (2.34)

where
p=ip,T, (2.35)
is an operator of the 4-momentum.

As it follows from (2.31), the spin blocks €°, C* contain the only — up to a sign —
nonzero root +1. A presence of the internal degree of freedom is expressed in this case in the
twofold multiplicity of this nonzero root in the characteristic equations of these blocks. Thus,
along with the usual 4-momentum operators (2.35), the spin square operator

§2 = —[(12 + (=2 + (12 (2.36)
and the spin projection operator
SAn = —iSijkni][jk], (237)

where jl#l = i(l“[ul“v] + F[l“), we can assign to this degree of freedom (let us call it /7-parity

for concreteness) an operator T, which commutes with the above quoted operators and forms
together with them the full set of variables for the DK field. Additionally, we complement this
assignment by the natural requirements of the diagonalizability of this operator and the re-
al-valuedness of its eigenvalues, and — in analogy with the operators $2, S,, — by the property

I =nll*. (2.38)

It is not difficult to see that the relativistically invariant definition of the I7-parity
operator, obeying the formulated conditions, has the form

g = Pulh,
="k (2.39)

and, in particular, in the rest frame

The eigenvalues of IT we will denote by A;,i = 1, 2. (Inthe rest frameitholds 1, = 1,1, = —1).

In the second quantization, the sign factors of the energy and the charge densities of a
classical field system acquire an important role. The presence of the spin spectrum and the
IT-parity infers that the signs of these quantities can depend not only on the mass sign (which is
meant to be the sign of the matrix I, eigenvalues distinguishing between the positive and
negative frequency solutions of the equation (2.34)), but also on the quantum numbers i and s.

In other words, both the energy and the charge in such theories appear to be, generally

speaking, indefinite. This circumstance is conveniently reflected in the variable gl.(si), whose
values, evaluated in the rest frame, specify the sign of the energy density in the state ll)i(si)-
Computing gl.(si) for the DK equation yields [22]:

9 =9 =1 90 =) =1 (241)

Now we can directly implement the quantization. Representing the operator wave-
fuctions W, ¥ by the series

W) = o B B s @Y @)e + b (s (p)e™#*|dlp, (242)

P) = G i o s I @e ™7 + by (B (e |d’p, (2.43)

we postulate the commutation relations for the annihilation and creation operators
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[ais(P), @t a(PP)]y = 95 8,08,506(p — pP), (2.44)

[bis(), b o @M)]y = =95 6,86,:86(p — p™), (2.45)

(no summation over the indices i and s here; all the other anticommutators identically vanish),
which correspond to the quantization of the DK field in the Fermi — Dirac statistics.

The particle and antiparticle number operators leading to the correct eigenvalues are
defined in the following way:

N = gPata,, NS = —gObb. (2.46)

Inserting the series (2.42), (2.43) into the expressions for the energy and the charge
operators yields

E = f{(@}q’)nw - @F404W}d3x, (247)
Q=e[Pr,¥d3x. (2.48)
Taking into account the relations (2.44) — (2.46) and the normalization by charge
Yr,¥ = +1, (2.49)
we obtain the final expressions for the operators E and Q

E=35(NPel + NOe), (2.50)
Q=eXin (NP - N) (2.51)

where Sz(s,i) = |pol, and the indices of ei(;—r) indicate the relation to the corresponding state.

The expressions (2.50), (2.51) mean that the anticommutation relations (2.44), (2.45)
ensure a correct corpuscular picture of the field. Moreover, it is easy to check that they lead to
causal commutation relations for the field operators [22].

Since the right-hand sides of some quantization conditions (2.44), (2.45) contain the
«wrong» minus sign, the corresponding state vectors must have a negative valued norm. In
other words, a quantum description of the DK field in the Fermi — Dirac statistics implies using
the space of states H with the indefinite metrics

H=H,®H., (2.52)

where H, and H_ are the subspaces with positive and negative state vector norms, respec-
tively. In the considered case the subspaces H, and H_ are spanned by the states

H+: (HN1 ai'-s)(l_[Nz b;s)(HN3 a;s)(HML bi‘_s)l())r (253)
H_: (HNS afs)(HNé b;s)(HN7 a-Z'-S)(HNg bfs)l())- (2-54)
Here N;, N,, Ng, and N, are arbitrary nonnegative integers, (N3+N,) is an even

number, and (N,+Ng) is an odd number. For single particle states the partitions (2.53), (2.54)
acquire the form

Ho W wl, Howl® wl), (2.55)
Ho: WP wl pow® g, (2.56)

Additionally, for a correct probabilistic interpretation of the theory it is necessary to
ensure the absence of transitions between the states of H, and H_ by including interactions.
Let us show that such transitions are indeed forbidden.
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Consider the Lagrangian
L=-Px)(T,0, +m)¥)+ Lin, (2.57)

where L;,; 1s an interaction Lagrangian which does not violate an internal symmetry inherent
to a free field. For instance, in the case of electromagnetic interaction it reads

Line = ePT,A,Y + PE, T[,I,¥. (2.58)

It is evident that the operator [T (2.39) belongs to the transformations of the internal
symmetry group of the (2.57), (2.58) (compare (2.39) with the generators (2.10) of this group).
The invariance of the quoted Lagrangian under the transformations

Y elllfy (2.59)
leads to the conserved «charge»

G~ [POTLIY(x) d3x. (2.60)
The charge G can be transformed to the form

G~TiZe (NS = NS) = BV = NP = N + VD), (2.61)

where it is accounted thatd; = 1, A, = —1. For the sake of convenience we also rewrite the
formula (2.51) in the expanded form

Q~Te(NSY + Ny = N = Ny, (2.62)

Comparing the partitions (2.55), (2.56) with the expressions (2.61), (2.62), we draw the
conclusion that to the single-particle states belonging to the subspaces H, and H_ correspond
the following signs of the charges Q and G:

H,:(1,1),(-1,1), H_:(1,-1),(-1,-1) (2.63)

(the first number in the parenthesis corresponds to the electric charge Q, while the second
number corresponds to the additional charge G).

From it follows (2.63) that a simultaneous fulfillment of the conservation laws for the
charges Q and G leads to a prohibition of physically inappropriate transitions between states
from the subspaces with the positive and the negative norms of state vectors.

We remark that if instead of the continuous transformations (2.59) we consider the
discrete transformations

Y, -9, ¥_->-Y_ (2.64)
they will be reduced to these:
Ay Qs = Ay, A, byg, bis = by, bf, (2.65)
Azs, Afs = —Qzg, —a3s, bys b3s = —bas, —b3s.

In mathematical literature this operation bears the name of a canonical, or J-symmetry.
It underpins the theory of linear operators in spaces with indefinite metrics, which are also
called Hilbert spaces with J-metrics, or the Krein spaces. The J-symmetry corresponds to the
superselection operator forbidding transitions from H, to H_, which is in agreement with our
result established above. Upon localizing the internal symmetry group, which has a spatio-
temporal origin, and considering the corresponding gauge theory the discrete J-symmetry also
helps to exclude transitions featuring negative probabilities.

Thus, the considered quantization procedure of the DK equation by the Fermi — Dirac
statistics appears to be correct also from the point of view of a probabilistic interpretation of the
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theory. This fact in combination with other algebraic and group-theoretical properties discussed
above substantiates a possibility in principle to describe internal degrees of freedom of the
Dirac particles in the geometrized approach.

Conclusion

Let us list once again in a concise form the presented results. On the basis of the use
of extended sets of irreducible representations of the Lorentz group, it is given:

 semiphenomenological description of the internal structure of microobjects with
lower spins;

« a description of the isospin degrees of freedom, in particular the chirality of massive
microobjects, by means of the RWE that does not decay in the Lorentz group and which has
internal symmetry of geometric origin;

» a joint description of massless fields with helicities as a single physical object, on this
basis the possibility of a semiphenomenological description of the interaction of strings and
membranes in Minkowski space is shown;

* matrix interpretation of the mechanism of mass generation of vector fields, which
differs from the well-known Higgs mechanism and does not lead to the appearance of addi-
tional scalar or any other massive particles;

« matrix interpretation of massive gauge-invariant fields in the approach of the RWE theory;

« finally, a non-disintegrating RWE is described that describes a massively massless
vector field with three types of massive and one massless quanta. This field may well
be interpreted as an electroweak field. The need for the appearance of a scalar massive field
is justified in a completely new way. It turns out that in the approach of the theory of RWE,
the indicated vector field can exist only in a «bundle» with a massive scalar field, forming to-
gether with it a single unified physical object. Otherwise, the free massive and massless vector
fields appear as independent ones, i. e. are unconnected in a relativistically invariant sense
by equations.

The novelty and the possibility of applying the results obtained are as follows. Global
unitary symmetries, which are used in modern gauge models of fundamental particles and their
interactions, are based on non-geometric origin. In other words, in these models the simplest
Dirac equation is taken as the initial one, the free function of which is «hung» by the free
non-Lorentz index. Thus, the relationship between the properties of space-time and the material
world is manifested only after the localization of these symmetries. Our proposal is to rely on
internal symmetries in local-calibration models, which already in the original global version
have a geometric origin, i.e. are inherent in equations that do not decay over the full Lorentz
group. The Dirac — Kédhler equation and its algebraic generalizations considered in our paper
can serve as a possible candidate for the role of such RWE.

This approach, in our opinion, provides a closer relationship between space-time and the
material world. In addition, the expansion of the class of basic RWE should lead to new
physical effects and, possibly, eliminate some of the difficulties that occur in the Standard
Model and the theory of superstrings.
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DIRAC — KAHLER PARTICLE IN THE EXTERNAL MAGNETIC FIELD,
CYLINDRICAL TETRAD AND FEDOROV - GRONSKIY METHOD

16-component system of equations for the Dirac — Kdhler particle in the presence of the external uniform
magnetic field has been studied. This equation describes a multi-spin boson field equivalent to the scalar,
pseudoscalar, vector, pseudovecto, and antisymmetric tensor. On the searched solutions, we diagonalize
operators of the energy, the third projection of the total angular momentum, and the third projection of the linear
momentum. After separating the variables, we derive the system of sixteen first order differential equations in
polar coordinate. To resolve this system, we apply the method by Fedorov — Gronskiy based on projective
operators constructed from generator j** for the 2-rank bispinor. According to this approach, we decompose the
complete wave function into three 16-dimensional projective constituents, each expressed trough only one
corresponding function of the polar coordinate. There are imposed additional differential constraints which
permit us to transform all equations to algebraic form. Three basic variables are constructed in terms of the
confluent hypergeometric functions, at this a quantization rule arises due to the presence of the external magnetic
field. The 16-dimensional structure of solutions is determined by the linear algebraic system of equations. We have
found five lineraly independent solutions.

Key words: Dirac — Kdhler particle, external magnetic field, cylindrical symmetry, tetrad formalism,
projective operators, exact solutions.

Yacmuuya /{upaka — Kanepa 60 enewtnem maznummnom noie,
yununopuueckas mempaoa u memoo ®eooposa — I'ponckozo

Hccnedyemes 16-komnonenmuas cucmema ypaguernutl 01s ywacmuysl /fupaxa — Kanepa 6 npucymemeuu
BHEUIHE20 OOHOPOOHO20 MACHUMHO20 NOA. DMu YPAGHEHUs. ONUCLIBAOM MYIbMUCNUHOB0e OO30HHOE NOoJe,
9KBUBANIEHIMHOE CKAAPY, NCEB0OCKANAPHOMY BEKMOpY, NCe8008EKMOpPY U AHMUCUMMEMPUUHOMY MeH30pY.
Ha cmpoawuxcs peuwieHUAX OUa2OHATUSUPYIOMCA ONepamopsl dHep2uU, mpembvell NpoeKkyul NOJIHO20 Yel08020
MomeHma u mpemveud npoekyuu umnyavca. Ilocie pasdenenus nepemeHHbIX 8bl8eOeHd  cucmemd
uz 16 oughghepenyuanvuvix ypasHenuii nepeoco ROpsAOKA NO ROJAPHOU Koopouname. Umobvl pewiumsv 3my
cucmemy, ucnoavzyem memoo ®Pedoposa — IpoHckozo, KOMOpwI OCHOBAH HA NPUMEHEHUU  NPOEKMUBHBIX
onepamopos, cmposuuxca us eemepamopa | ons Bucnunopa 2-20 panea. Co2nacno smomy memoody, nojiHas
60IH08AST PYHKYUsL PAKNAObIBAemcst 8 CymMmy mpex 16-KOMNOHEeHMHbIX NPOEeKMUBHBIX COCMABIAIWUX, KadlcOds
U3 KOMOPBIX GbIPANCAEHICL MOIbKO Yepe3 00HY COOMBEMCMEYIOUYI0 (QYHKYUIO Om HOJISAPHOU KOOPOUHAMbL.
Haxknaowviearomess oononnumenvuvie ougghepenyuanvhvie 0epanuyeHus, Komopule No380JA10M NPeodpaz0eams
6ce ypasHeHus K aneebpauyeckomy 6uody. Tpu ocHogHvie nepemenHvie HAUOEHbl 8 MEPMUHAX GbIPOICOCHHBIX
2UnepeeoMempudecKux QYHKYutl, npu 5mom 603HUKAen NPASUN0 K8AHMOBAHUs Ol OCHOBHO20 CHEeKMPAIbHO20
napamempa, 06ycio8ieHHOe RPUCYMCMEUEM MASHUMHO20 NoJA. 16-MepHas cmpykmypa peweHuti Onpeoensiemcs
U3 aHanu3a 8O3HUKAIOWeEU cucmemvl aneedpaudeckux ypaswenutl. Haiioenvt 5 aunetino He3a8UCUMBIX peuleHUll
€ COOMBEMCMBYIOWUM CREKMPOM IHEP2UU YACTUY,.

Knwueevie cnosa: Yacmuya [upaxa — Konepa, enewnee mazHumuoe none, YuiuHOpuyeckas
cuMMempus, mempaonslii hopmanusm, NPoeKmusHvle ONepPamopbsl, MOYHbIE PeUleHUs.
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Introduction

As the Dirac equation was proposed [1], there appeared papers in which they tried to
reproduce Dirac’s results within the tensor representations of the Lorentz group [2; 3]. Later,
an equivalent approach within the other mathematical techniques was proposed by Kéhler [4].

Scientific literature concerned with this field is enormous — see the review and
references in [5-7]; also see [8-23].

Three most interesting points for this field are: in flat Minkowski space there exist
tensor and spinor formulations of the theory; in the initial tensor form there are presented
tensors with different intrinsic parities; there exist different views about physical interpretation
of the object: whether it is a composite boson or a set of four fermions.

In this paper we will examine the problem of this particle in external uniform magnetic
field. In Section 1, we specify the main equation in cylindrical coordinates and corresponding
diaogonal tetrad, and then separate the variables. As a result, we derive the system of 16 first
order differential equations in the polar coordinate. To resolve this system we apply the method
by Fedorov — Groskiy [24], the last is based on the use of projective operators constructed with
the use of generator J* for the wave function with the properties of 2nd rank bispinor under
the Lorentz group. Correspondingly. we present the complete wave function as the sum of three
projective constituents, each of dimension 16.

According the general method [24], each projective constituent is determined trough
one coresponding function of the polar coordinate, F(r),F,(r), F(r) . Besides, special
differential constraints consistent with the all 16 equations are introduced, they permit to
transform these equations to algebraic form. In section 2, we study the introduced differential
constraints for basic functions F,(r), F,(r), F;(r) . They lead to 2nd order equations for all three
functions, solutions for them may be found in terms of the confluent hypergeometric functions.
In usual way, we derive the quantization rule for some spectral parameter, which later will be
related with the possible energy values of the particle. In section 3, we study the 16-dimensional
matrix structure of possible solutions, which are determined by the linear homogeneous
algebraic system of equations. In this way, we find five linearly independent solutions for the
Dirac— Kéhler particle in the magnetic field.

1. Separating the variables
In Minkowski space and Cartesian coordinates, the Dirac — Kéahler equation may
be presented as spinor equation for a 2-rank bispinor [7]:

[iy*0,-m]JU(x) =0, 1)

or alternatively as the set of tensor equations for scalar, pseudoscalar, vector, pseudovector,
and antisymmetric tensor [7]:

o¥+m¥ =0, o¥+m¥, =0,
0¥ +0,¥,-m¥, =0,

al\if—% g§™o,¥, —m¥, =0,

)
o,¥, -0, +e,*0,%,-m¥, =0.

These two descriptions are related in the following way: let 2-nd rank bispinor be
parameterized as [7]

U(X)=[—i‘I’+y' Y, +ic™ ‘Pmn+}/5‘i’+i7/')/5 ‘i’, ]E’l. 3
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The quantity E is a bispinor metrical matrix with the following properties

& 0 8aﬂ O iO'2 O
E = .1 = . A = - 2 1
0 ¢ 0 &% 0 -lo (4)
E’=-1, E=-E, SpE=0, 6™ E=-Ec®;
the inverse transformation to (3) reads
1 - 1
Y(x) = “u Sp[EU(X)],  W(x)= 2 Sp [Er°U ()],
1 ~ 1
Y (x) = 7 5P [ExU], ¥ ()= 7P [Er*rU (X)], (%)
W1 (9 = - 59 [Eo, U (W],
i
In cylindrical coordinates and tetrad
X“=(t,r,¢z), dS®=dt>—dr’®-r’d¢*—dz?,
the Dirac — Kéhler equation [7]

[iy*(x)(D,+T, ®1+1®T, (x)-MU(x)=0, D, =0, +ieA,, (6)
in presence of the external uniform magnetic field A, =-—— (Iet Ux)=V(x)/r
and Be — B) takes the form

- 0 i1 1, A Bré, . 5 _

[iy 8t+|78r+F;/ Qo +T(|8¢+T)+|y 0,-MN(x)=0. (7)

We will search for solutions in the form
fll f12 f13 f14
— At qimg 4ikz — f21 f22 f23 f24
V(tr,¢g,z)=e“e™e™F(r), F(r)= , (8)
f3l f32 f33 f34
f41 f42 f43 f44
then the equation reads
[ +i : +17/ ®c +7 (—m+ﬂ) ky® ~MIF(r) =0. ©)
Recall expressions for Dirac matrices in spinor basis
0 010 0 0 0 -1 0O 0O O i
, 0001 , o0 -1 0 , 00 -0
hLooo "lo1r o of 7o o o
01 00 1 0 0 O i 0 0 O
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0 -1 0 1/2 0 0 0
0 0 -1/2 0 0
7/3 = ’ 0_12 - O~_12 -
1 0 O 0 0 1/2 O
0 -1 0 O 0 0 0 -1/2

Below we will apply the method by Fedorov — Gronskiy [24].
To this end, we present the complete wave function as the 16-dimensional column

Fl f11 1:12 f13 f14
F f f f f
F = Fz Fl — f21 , Fz — f22 , F3 — f23 F4 — f24
3 31 32 33 34
F4 f41 f42 f43 f44

Correspondingly we should present the third projection of the spin Y =S,
in 16-dimensional form

O O O O o

|
[REY
o O O O O o o

(10)

O O O OO OO O o o o o o

|
[
O O O O OO O O O o o o o o o

O O O O O O OO O O o o o o o o

O O O OO OOk, OO0 O o o o o o

O O O OO OO O O o o o o o o o
o

O O O OO FrPr OO O O O o o o o o

O O O OO OO OO o o o o o o o

O OO OO0 OO0 OO0 OO0 O oo o o
oooooooo||_\
O O O OO OO0 OO0 OO0 O o o o o

O O O O O O OO O O O o o o o -
O O O OO OO O O o o oo o o o
O O O OO OO O O o o oo o o o
O O O O O O O O O o o o o prr o o
O O O OO OO O O O o o o o o o

O O O O O O o o o o

0

|
=

Let us note the eigenvalues of the matrix Y :

det(Y —Al,,) = A°(27-1) =0 =
A=-1 multiplicity 4, A=+1 multiplicity4; A=0 multiplicity 8.

(11)

We readily verify that the minimal equation for this matrix has the form Y®-Y =0;
correspondingly, we may introduce three projective operators

a:%Yw+n 2:%Yw—n P =1-Y?,

R+R+R=1, R'=R, P =R, R'=Py
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explicit form of them is

0
0
0
0
0
0
0

0
0
0
0
0
0

0
-1/2 0 0

0 00O
0 000

0

0
1/2 0 0 0 O

0
0
0
0
0
0
0

0 00O
0 00O

0
0

0
0

1
0

0 012 0 0 0O

0
0
0
0
0

0 00O
0 00O
0 000
0 000
0 000

0
0
0
0

0
1/2 0 0 0 O
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0 00O
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0
0
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0 012 0 0 0 O

0
0
0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0
0
0

0
-1/2

0 000
0100
0 00O
0 000

0
0
0
0
0
0
0

0 000
0 000
0 000
0 000
0 000
0 00O
0 000

0
0
0
0
0
0
0

0
0
0
0
0
0
0
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0
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0 00O
0 00O
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0 00O0OOOOOOOOOOOOQODO

01000O0OO0OOO0OO0OOOOOCDO

0 00O0OOOOOOOOOOOOQODP

00010O0O0OO0OO0OOOOO0OOOCODPO
0 00O01O0O0O0OO0OOO0OOO0OOOCODPO

0 00O0OOOOOOOOOOOQODO

0 000O0O0OO1O0O0OO0OO0OOOOSOTQO0CODP

0 00O0OOOOOOOOOOOOQODP

0000O0OOOOOOOOGO OGO 0O

0 00O0OOOOOO110O0OO0OO0OO0COD®

0 00O0OOOOOOOOOOODO

0 00O0OOOOOOOO11IO0O0OOQO0ODO

0 00O0OO0OOOOOOOOI1IO0OQO0OP®

0 00O0OOOOOOOOOOOOQODP

0 00O0OOOOOOOOOOTIIO

0 00O0OOOOOOOOOOSOOQODO

Therefore, three projective constituents are defined by the formulas (according

to Fedorov — Gronskiy method [24], each projective constituent should be determined through

one function):

(12)

o [0

0

f21

0

fa
f,
0
f3

0

f23

0

f43
f14

0

fas

0

(fls - f31)/2

1 [FO. w0

/2

o O o o

(fo+fu)/2

f44

_ (f42+ f24)
(flS_ fsl)

fll

0

(fa+f5)/2

o O O o

PRIACIRAG

( f13 + fSl)

f33

(f,— )12

| (f—Tfu)/2
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It is convenient to introduce the following notations

1

1 1 1
E(f13+f31):A’ E(f13—f31):B, E(f42_f24):Cv E(f42+fz4:Dv

13
f,=A+B, f,=A-B, f,=D+C, f,=D-C, (13)
f, 0 0
0 0 f,
A B 0
0 0 f41
0 0 f,
0 ) 0
0 0 f,
C D 0
lPl(r) = A Fl(r)v \Pz(r) = B h Fz(r)a lPs(r) = 0 Fs(r)-
0 0 fy
fy 0 0
O O f43
O 0 f14
_C D 0
0 0 f34
0 f,, 0
2
Now we turn to the system of equations after separating the variables (let z=m _BTr ):
(%+ﬂ_llz)f41—iMfll—igf3l+ikf31 = o,(%+ “+1/2)f42 —iMf,, —igf,, +ikf, =0,
(%+ p- 2) o —iMf,, —ie fyy +ikfy, =0, (%+L1/2) f,, —iMf, —ief,, +ikf, =0,
d u-1/2 . . . d u+1/2 . . .
(E_ ad ) f,, —iMf,, —icf,, —ikf,, =0, (E_ i ) f,, —iMf,, —ief,, —ikf,, =0,
d -1/2 . . . d +1/2 . . .
(E_ﬂ ) fpy —iMf, —ie f,, —ikf,, =0’(E_ﬂ ) fy —iMf,, —igf,, —ikf, =0,
d u-1/2 . . . d u+1/2 . . .
_(E+ﬂ ) f,, —iMf,, —igf,, —ikf, :0’_(E+ﬂ )f,, —IMf,, —ief, —ikf, =0,
—(%+ p- 2) f, —iMfy, —icf, —ikf, = o,—(%+ ptl 2) f,, —iMf,, —icf, —ikf, =0,
d -1/2 . ) . d +1/2 ) . .
_(E_ﬂ ) £, —IMF,, —ie f,, +ikf, =o,—(§—“ ), —iMf,, —ief,, +ikf,, =0,
d u-1/2 . . . d u+1/2 . . _
(- A oy f, —iMf, —ie Ty +ikfy, = 0,4~ ATl 2y 8, —iMf,, —ief,, +ikf, = 0.
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With the shortening notations

d u+1/ 2 _ d u-1/2 _

dl’ -t r u+1/21 d r - “u-12 (14)
d ,u+1/2 d wp-1/2 —b

dr ¢ Tmv2 4o r 120

the above equations read

8, 1, fy —iMfy + (s +iK) f,, =0, @y, f,, —iMfy, + (—ig +ik) f,, =

)

8, 1, fio —iMfy, + (s +iK) T, =0, @,y —IMF, + (s +ik) f,, =

0
0’
b, yo fa —IMf,, + (—is —iK)f,, =0, b, f, —IMf,, +(—is —ik) f,, =0,
b 0

u=12

—a, 4, Ty —iIMfy + (e —ik) f,, =0, —a, ., f,, —iMf, +(-ie—ik) f, =0,

foy —iMf,,+(—ie—ik)f,; =0, b, f,, —iMF,, +(=is—ik) f,, =0,

—a, ), fpy —iMfy +(-ie —iK) f, =0, —a,,, f,, —iMf,, + (g —ik) f,, =0,
b,y fi —IMf, + (s +iK) f,, =0, =D, 1, —IMF,, +(—ig+ik) f,, =0,
b, 1, Fig —IMfg + (-l +iK) foy =0, —b,,, f,, —IMF,, +(-ig+ik) f,, = 0.

Let us transform these equations to other variables

=(A+B), f,=(A-B), f,=(D+C), f,,=(D-C); (15)

then we get

1 a,,f, —iMf11+(—ig+ik)(A—B)=0

2 a#+1,2(D+C) IMf, + (—ie +ik) f,, =0,

3 a,,f-IM(A+B)+(- |g+|k)1‘33 0,

4 a,y, f44 IMf,, + (—ie +ik) f,, =0,

5 b,,(A-B)-iMf, +(-ie-ik)f, =0,

6 b, f,—iMf, +(-ie-ik)(D+C) =0,

7 b, Ty —iMf, +(-ie—ik) f,; =0,

8 b,y,f, —IM(D-C)+(-ie-ik)f, =0,

9  -a,,f,,-IM(A-B)+(-ie-ik)f, =0,

10 -a,, f22 —iMf,, + (-ie —ik) f,, =0,

11 —a,y, Ty —iMf; +(-ie-ik)(A+B) =0,

12 -a,.,(D-C)-iMf, +(-ie-ik)f, =0,

13 -b,, T, —iMf, +(-ie+ik)f, =0,

14 =b,.y, f, —"IM(D +C) + (-ie +1k) f,, =0,
15 -b, ,(A+B)—iMf,, +(-ie +1k) f; =0,

16 —b,.,,f, —iMf, +(-iz+ik)(D-C) = 0. (16)
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It is convenient to apply (temporally) the shortening notations
a"_llz =a, a/l+1/2 =ay, b,u—l/Z = bu b,u+1/2 = bza

further we derive

2)+12)
a,(D+C)—iMf, +i(—e+k) f,, —a,(D—-C)—iMf,, +i(-e—k) f, =0,
2)-12)
a,(D+C)—iMf, +i(—e+k) f,, +a,(D—-C)+iMf,, —i(-e—k)f, =0;
3)+9)
af,+i(-e+k)f,—af,+i(—s—k)f,-iIM(A+B)-iM(A-B) =0,
3)-9)
af,+i(-e+k)fy+af, —i(—e—k)f,—iIM(A+B)+iM(A-B)=0;
5)+15)
b (A-B)—iMf,, +i(—e—k) f,, —b (A+B)—iMf, +i(—e+k) f,, =0,
5)—15)
b (A-B)—iMf,, +i(—e—k) f,; +b, (A+B)+iMf, —i(-e+k) f, =0;
8)+14)
b, f,, +i(—e—k)f, —b,f, +i(-s+k)f,, —iIM(D-C)-iM(D+C) =0,
8) —14)

b, f,, +i(-e—k)f,, +b,f,—i(-¢+k)f,,—-iIM(D-C)+iM(D+C) =0;
equations 1) and 11)
1)  af,+i(-e+k)(A-B)—iMf, =0,
11)  -af,, +i(—e—k)(A+B)—iMf,, =0,
give
ia (fak+e)+ f(k-8))+ fuM(k—g)— f M (k+¢)

A= Z(kz—gz) ’

. ia, (fu(k+8)+ fu(e—K))+ fuM (s —k) - fuM (K +¢)
- 2(k —&)(K +€) ’

equations 6) and 16)
6) b, f,+i(—e—k)(D+C)-iMf,, =0,
16)  —b,f,+i(-e+k)(D-C)—iMf,, =0,
give
M (f,(k+&)+ f(k—&))+ib, (f,(k—&)—f,(k+¢))
Z(k2 —52) ’

C=
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b, (s (k—&)+ fip(k+8))+ M (K+2)+ F,,M (6 — Q.
2(k —)(k+)

p=_]

the remaining equations preserve their form
4)  a,f,+i(-e+k)f, —iMf, =0,
7)  bf,+i(—e—k)f,—iMf, =0,
10 —a,f, +i(—e—k)f,—iMf,, =0,
13)  —bf,+i(-e+k)f, —iMf, =0.
Recall dependence of 16variables on the three basic functions

¥, f,f., AC=>F; W, f, f,BD=>F,;

(17)
lII3’ f12’ f21’ fl4’ f41’ f23’ f32’ f34’ f43 = FS'

convenient to collect equations in three groups (follow the variables at the mass parameter M ):
|

18, FFy (K +8) =18, 1, F Py (k—8) + 2AF, (K2 &%)+ f,FM (s -K) + ,EM (k +2) = 0,3, ,,,F, =C/F,,
—iaﬂfﬂ2 fF(k+e) +|a# o fuFk—€)+2BF,(k-¢)(k+&)+ f,FEM(k-¢g)+ f,FEM(k+£)=0; B=0,
—a, 4, TR+, ), fF —2IAFM —if , F (k — &) +if R (k+£) =0,

b,y FoFs 0,0, T3y F —if,, F (K + &) +if,F (e —k) +2IFCM =0, C=0, b, ,,F, =C,F,

I
a4, R +a, , f,F—2IBEM +if | F (k—¢) +if;F(k+£) =0, B=0,

b, fuF(k=g)+ib,,, TR (k+&) + f,,F,M(k+&) + f,FM(k-g)+2FC(k*~£*)=0,C =0,

b, T B +0,,,0, T3 R +if,, F (K + £) +if, F, (6 —k) — 2IF,MD =0,

=ib, ., R (k=&)—ib ., fpF(k+&) - f,,EM (k+¢&) + f,,FM (k- £)+2F,D(k*-£*) =0;

o
1l
—Zb}HIZBF2 +if R (k + &) +if,,F (e — k) —if ,FM —if ;,F;M =0, B =0,
_b,u7112 f,F+if,F(k+¢)-if ,FEM =0,
2ay+1/2 FC—if ,F(k—¢&)+if,F(k+¢)—if ,FEM —if,FEFM =0, C=0,
—Q,2 f,,F, +if ,F (e —k)—if,,F;M =0,
bﬂfl,2 f.F +if ;R (e —k)—-if ,FM =0,

2Ab, . F —ifxF(k+&) —if, F(k— &) —if,,F,M +if ;F;M =0,
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a1, fuF, +ify, R (k+&) —if ,F;M =0,

2a,,,,F,D+if F,(k—&) +if,F(k + &) —if ,F;M +if ,F;M = 0.
In accordance with the general method by Fedorov — Gronskiy [24], we should impose the
relevant differential constraints which will permit us to transform all equations to algebraic form

B=0,C=0, a,,RR=CH,b, ,,F=CF,b, ,,F=CF,a,,,F =CF; (18)
in this way we obtain
I
—if,,C,F, (k +&) —if ,C,F. (k —&) + 2AF, (k* —£*) + f,FEM (e k) + f,FM (k + &) =0,
—if,CF(k+¢&)+if, CF(k—&)+ f,FEM(k—¢&)+ f,,FM(k+¢) =0;
—f,C,F + f,,CF —2IAFM —if ,F (k— &) +if,F (k + &) =0,
f,C,F, + f,,C,F, —if ,F,(k+ &) +if ,F,(¢ —k) =0,

f,,CF + f.CF +if ;R (k—¢&)+if ;R (k+&) =0,
—if ,C,F,(k—&)+if,,C,F,(k+&)+ f,,FM(k+ &)+ f,,FM (k—¢) =0,
—f,C,F, + f,,C,F, +if,,F, (k + &) +if ,F, (6 —k) — 2iIF,MD = 0,
—if ,C,F, (k — &) —if ,C,F,(k + &) — ,F,M (k + &) + f,,F,M (k —&) + 2F,D(k? — £?) = 0;
1l
if ;5 (K + &) +if  F, (e —k) —if ,F;,M —if ,F,M =0,
—f,CF, +if R (k+¢)—if ,FEM =0,
—if R (k—¢&) +if, R (k + &) —if ,F;M —if,,F;M =0,
—C,k f,, +if ,F, (e —k) —if,,F;M =0,
f,,CsF; +if R (e —K) —if ,F;M =0,
2AC,F, —if,,F,(k + &) —if ,F,(k — &) —if ,,F;M +if ,F;M =0,
f.C,F +if,R((k+¢&)—if ,F;M =0,
2C,F,D+if ,F(k—¢&)+if,F(k+¢&)—if ,FM +if,,F;M =0;
reducing the total multipliers in each equation we arrive at the algebraic system

|
—if,,C (K + &) —if,,.C,(k — &) + 2AK® — £%) + .M (e —K) + T ;M (k + &) = 0,

—if,,C, (K + &) +if,,C,(k— &) + M (K —&) + T .M (K +£) =0
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—1,,C,+ ,,C, — 2IAM —if, (K — &) +if 5 (k +&) =0,

£,C, + £,C, —if,, (K +&)+if, (¢ —k) =0,

£,C, + ,,C, +if, (k—&) +ifyy (k+&) =0,
—if,C, (k — &) +if,C,(k +&) + f,,M (K+&)+ f,M(k—&) =0,
—£,C, + £,C, +if, (K + &) +if , (6 —K) — 2IMD =0,
—if,C, (k — &) —if,C, (k + &) — T,,M (k + &)+ f,,M (k — &) + 2D(k? — £?) = 0;

1l
if, (k + &) +if, (¢ —K) —if ;M —if,;M =0,

—1,C, +if,, (k+&)—if,M =0,
—if, (K — &) +if, (K + &) —if ,M —if,M =0,
—C, f,, +if, (e —k) —if,M =0,
£,,C,+if 5 (6 —K) —if,sM =0,
2AC, —if 5 (k +&) i, (K— &) —if ;M +if,;M =0,
f,,C, +ify, (k+&)—if ,M =0,
2C,D +if,, (k — &) +if, (k + &) —if ,M +if,M =0,

2. Differential constraints
Let us study the above differential relations

a,,,R=CR, b,,R=CF,letC,=C,

§%
- _ _ (19)
b,u+l/2F3 - C2F21 a,u+l/2F2 - C4F3, let C4 - CZ'
We readily derive the 2nd order equations
(@, 12D, 22 -C/)R =0, (b, 128, 4 -C/)FR, =0, (20)

(by+112ay+l/2 _sz) Fz = O’ (aﬂmzbﬂu/z _sz) Fa =0.

Bearing in mind the definitions

d u+l/2 _ d u-1/2 _
E r = Gusy20 a r = G20
d wu+1/2 _ d ,u—1/2_b
E_ r T Nus20 a_ r = Mu-120
we can find the needed products of operators
_ A (4u-2)u+3) _d (14
a,u—l/Zb,u—I/Z - F_ 4r2 ) b,u—l/Za,u—1/2 - drz + 4I’2 ’
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_d? (Bu(u+2)+3) d>  (1-44°)
b/Hl/za/Hl/z - drz - 4r2 ’ ay+1/2b,u+1/2 dr 1.2 -2t 4r2 '

So we arrive at four differential equations for 3 functions:

d2  (4(u-2)u+3) L (1—4ﬂ)
(drz_ ar? —Cf)Fl—O, (dr2+ C)F 0,

) 2 (1-4
(%_(4;1(;14—!;22)4-3)_(:22)':2:01 (%+w C2)F, =0.

The second and fourth equations agree only if C2 =C? =C?.
Thus, we have only three different equations:

(d_z_(4ﬂ(ﬂ—2)+3) _CYF, =0,

dr? 4r?

d?> (Gu(u+2)+3

a2 (1-44°
(52 +%—CZ)F3 =0.

Allowing for that z=m+Br?/2, we arrive at

m?> 2m 3
(——ZB Bm+B——2+r—2—P—C2)F1=O,
d? 1 m?> 2m 3
— _ZB-Bm-B-— -2 > _C?F, =0, 22
dr? 4 r2 r?  4r? )Fs 22)
2
(——%BZZ Bm—%+4—i2—C2)F3: .

In a new variable x =r?, the above equations read

2 2
xS 29 g ppep M 2M 3 copag
d “dx 4 X X 4x
2 2
(4Xd—2+21—18 X — Bm B_m__z_m_i_(:z)lz2 =0, (23)
dx dx 4 X X 4Xx
d? d 1 m* 1
(e T2 g BX Bty mCOR =0

We use the needed substitutions for three functions:
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2 2
(4x—2+21—1 B?x—Bm+ B—m—+2—m—i—C2)xAleDX f.(x) =0,
dx dx 4 X X 4x
2 2
xS 129 Ll gy op M _2M_ 3 coymeong ()=,
dx dx 4 X X 4x
2 2
(4x—2+21—1 B?X — Bm—m—+i—C2)xA3eDX f,(x)=0.
dx dx 4 X 4x

this results in

3

2

8AD-Bm+B-C?+2D A "2A-(M-2)m-— g2
+

——+4D%)f, +
( X X 4 )
+BA*2 gDyt vat” =0,
X
_ —C? —4 2m+3)(4 2m+1 2
(BAD-Bm+1)-C +2D (—4A+2m+ )5 A, +2m+ )_B_+4D2)f2 N
X 4x 4
+RF2 gDyt vaf) =0,
X
2 4A§—2A3—m2+£ 2
(BAD-BmM-C"+2D 4 By BBT2 eyt 44t =0,
X X 4 X
Let us impose the evident constraints
) 3
B2 AN -2A -(M-2)m——
~ 2 4+4D% =0, i 4-0,
4 X
—B—2+4D2:O, (—4A2+2m+3)2(4A2+2m+1): |
4 4x
——+4D% =0, - =0,
4 X
their solutions have the form
B >0, D:—E,
4
1 1
Alzz(—2m+3)>0, m=0,-1,-2,...; A:Z(Zm—1)>0, m=1,2,3,...;
A2=%(—2m—1)>0, m=-1,-2,-3,...; AZ:%(2m+3>O), m=-1,0,+1.,...; (24)
AS:%(—2m+1)>O, m=0,-1,-2,..; AB:%(Zm+1)>0, m=0,+1,42,...

Taking into account these conditions, we get more simple equations
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4xf,, +(8A +2-2Bx) f, + (~2BA —B(m-1)-C? —g) f,=0,
4xf,, +(8A, +2—2BX) f, +(—2BA, —B(m+1)—C? —g) f,=0,

4xf, +(8A,+2—-2Bx) f, +(-2B —Bm—CZ—E)f =0,
3 3 2 3

In the variable y=ax,a= g , they take the form

d? 1 d m-— 1 c?

— L +QRA+=-y)—f — —+—+)f, =
ydy2 1+ ( At+s y)dy —(A+ > 355 4)

d? m+l, C2

f,+|2 +—— —+)f, =

v [ A, yj (At )
y— d f +(2A3+——y] d (A3+m C—2+—)f =0.

dy? ° dy ° 2 2B 4

Here we have three confluent hypergeometric equations,
d? d
— f.+(c—y)—f, —af =0,
ydy2 i ( y) dy 1 il
the quantization condition is a =-n,n €{0,1,2,..}; whence we derive (recalling
Xx=r%y=Br?/2)

f,, C?=-2B(n + A1+mT—1+E), F = xAle‘BX’4F(2A&+%,—n1, y);

f,, C?=-2B(n, Az+m—+1 E) F2=XA2eBX’4F(2Az+%:—”z'Y)? (25)

f,, C?=-2B(n,+A +E+Z)’ F, = x5 ™ F(2A, +%,—n3, y);

evidently, the parameter C is imaginary. Besides, the values for A, A,, A, should be positive;

depending on the sign of the quantum number m, we have two different possibilities in each case.
Depending on the values of the quantum number m , we have the following
quantization rules

F, m=0,-1,-2,..; A:M,
2
c?=—2B(n+A+M 1 Ly= op(nM+3/2, m-1 l)_—2B(n+ 2
2 4 2 2
F, m=-1-2-3.: A=_m-1/2
2
m+1 1 —-m- 1/2 m+1 1

C?=-2B(n, + A2+— —)——ZB(2 5 5 _)__23( +)
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F,, m=-1,-2,.. Aaz—m;ll2

.
czz—zs(n3+A3+g+%):—2B(n3 m+l/2, E 1) —ZB(n3+%);

and

F, m=+1,42,43,..; A= 21/2

CZ=—ZB(nl+A1+mT_1+%)=—ZB(n1 m-1/2 m21 L= 28(n, +m——)

F, m=0,41,42.. A= m+23/2,

C?=-2B(n, A2+m—+l 1)_—23(2 m+3/2 m2+1 Ly = oB(n, +m+ )

F,  m=0+1,42,..; Ag_m”/2

CZ:—ZB(n3+A3+%+%):—ZB(n3 m+1/2 % L= opn, +m+—)

3. Solutions of the algebraic equations
Let us turn to solving the algebraic system, where C,=C,=C,=C
It is convenient to apply the matrix presentation.

We can note that the number of equations, 16, does not coincide with the number of the
variables, 14.
First, consider three equations that contain the variable A:
—if,,C(k + &) —if ,C(k —&) + 2AK* —&*) + f,M (e —K) + f,,M(k+£) =0
—f,,C+ f,,C—2IAM —if ,(k—&) +if,(k+£) =0,
2AC —if,,(k+ &) —if,, (k—¢&)—if ;M +if ;M =0,

Expressing from the third equation the A, and substituting it two remaining we obtain

if,,(k+2)(C°—k*+&%) if, (k—g)(C* -k +&°)

C C
. if,MKk-&)k+e) if,MK-s)k+e) F T M (—K)+ f M (k+2) =0,
C C
f..MK+e) f,Mk-¢ M 2 M2, . .
23 C(: )+ 41 ((: )+ 21(C —C)+f43(c—T)—ufll(k—g)+|f33(k+g):o,

so instead of three equations we get two ones.
Now, let us write down three equations that contain the variable D:
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—£,C+ f,C+if,, (K +&)+if, (6 —k)—2iIMD = 0,
—if ,C(k — &) —if,C(k+&) — T,,M (K +&)+ f,,M(k — &)+ 2D(k> — &) = 0;

2CD +if,, (k — &) +if, (K + &) —if,,M +if,M = 0.

Expressing the D from the third equations and substituting in two remaining, we get

f M(E-k) f32|\/|(k+8)+ le('\g —C)+ f34(C—M?)+if22(k+e)+if44(8—k):0,

C C
if, (k—e)(C?+k* —&?) if,(k+e)(C?+k*—¢?)
_ _ +
C C
N |f12M (k E:g)(k +€) _ |f34M (k ;8)(k +€) _ f22M (k+8)+ f44M (k_g) =0,

again instead of three equations we get two ones.
Therefore we have derive a new system, let us present it in the matrix form

Ap1o X120 =0, X =the column{f,,, f,,, Ty, 50 T, Top, T fag fuas T faa T}

A rank of the matrix A equals 12. If one removes the rows 1 and 2, the rink does not
change. Determinant of the resulting matrix A, ., is

16iM (k2 —£2) (C? +Kk? ~M? —£2)(C? ~K* ~M? +£2)
o2 :

Equating this determinant to zero, we find possible values for C:

C=+ive?—k*~M?2, multiplicity 5,

C= im, multiplicity 2.

According to eq. (25), we have restriction C*<0.
Therefore, the roots from the first line are appropriate.
For definiteness, we take

C=+ive?—k2-M?2 = g -k®*-M2=_C2 27)

Remembering on the quantization rules for C?, we will use the formula

dEt A.leZ =

(26)

£ —kP—M? = 2B(n, + A + M+ D), (28)
24
where

ASZ%(—2m+1)>O, m=0,-1,-2,... A3:%(2m+1)>0, m=0,+1,42,...

Now we are to study the above system at C = +ive? —k*—M? =iE : its rank equals 7.
One may eliminate the row 1, 2, 4, 6, and 9.
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Then remove on the right side the columns 1, 2, 4, 7, 10.
As a result, we obtain the nonhomogeneous system

A7><7X7><l = I:z7><l’

where

A, =|-ME=2)

0

o O o

i(k—¢)

0 0 0
0 ik +¢) 0
0 0 iE
0 0 0
0 0 ik +¢)
itk +¢) iM(';”) 0
K+6)(2k? + M? - 252
Mkrs) ( +) (2K + &)
E
iM 0
0 iM
0 0
0
+ 0 f+ 0
i(k=¢)k+eg) )
— Lik=e)(k+2)
0 E
.  M(k=g)(k+e)
E

M(k-¢)

E

(k—¢)(2k* +M? -2¢7)

E

=~
=

N
N

)
bS]

~
[

o«
r

Let us write down independent solutions; we write down their 16-dimensional form

1,

f
f
f

f,=1,1,=01,=01,=01,=0 |5
f
f
f

—h o h h o h P h h
&

=
=
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kK+e&
|
f22 o
b2 (k-¢)E
2, f,=0,f,=11f,=0,f,=0f,=0, |fg|= VE
e k?+M?-¢g*
ful |- YE
fas 0
0
0
fu E
f22 K+¢
fa, M
3, f,=0,f,=0f,=1f,=0,f,=0, |f,|=|k+s[;
fis 0
fy 0
fa 0
0
0
fur 0
fr 0
f32 E
4, f,=0,1,=0,1,=0, 1, =1 f,=0, |fo|=| M|
ful |kK+e
fa M
faq 0
0
0
far 0
f22 0
fa 0
S5 f,=0,1,=01,=0f,=0f,=1 |f =] o
fis e—k
fa M
fi E
Y

Recall that
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e i(fruk + fuk+ f,M — f,,M + fe— f,6)
2C
(= fuk = fok+ F,M = f, M+ fe— fe)
- 2C

so we can find expressions A and B for each of five solutions

Aizgl\;k’ AZ:_&’ %:O’AA:O'A\S:O;

D,=0, D,=0, D,=0, D,=0, D,=0.

(29)

Finally, we obtain 16-dimensional presentations for five solutions (let

Je?-M2-Kk® =E):

Fi(r) 0
0 Fy(r)
G I R =
21 21
fa 7£F3(I’) fa k+gF3(r)
fu M fu M
f 0 f 0
f1z 0 f1z 0
f22 0 fzz 0
faz 0 f32 0
43 43
(0 = = &— k ¢ = = E s
Yol v FE 7 |, _ﬁFl(r)
fl f
0 23 0
f33 (k _5)2 f33 (k — E)E
fo| | gz D fol [z (0
ful |(k-e)E fia E?
fo M2 Fa(1) fo WFS(r)
fa 0 fa 0
f44 O f44 0
0 0
0 0
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0 0 0
f11 0 f11 0 f11 0
le 0 f21 0 f21 0
f31 0 f31 0 f31 0
fu F,(r) fay 0 fu 0

f f f
12 E K1) 12 0 12 0
fzz k+e fzz 0 fzz 0
faz M F3 (r) f32 0 faz 0
_ f43_ k+e _ f43_ 0 _ f43_ 0

P = il 0P = £ 17 195 = £ :

13 13 F3(r) 13 0
fzs 0 f23 E fzs 0

f 0 f __Fl(r) f
3 3 M 3 0
fus 0 o [k+ep oy fus F(r)
f14 0 f14 M f14 0
f24 0 f24 0 f24 c—k E (r)

fa 0 fa 0 fa M
faa 0 fia 0 faa —EF (r)
0 0 M 2
Conclusions

16-component system of equations describing the Dirac — Kahler particle in the
presence of the external magnetic field has been solved. On the searched solutions we
diagonalize operators of the energy, third projection of the total angular momentum, and the
third projection of the linear momentum.

After separating the variables, we derive the system of sixteen first order differential
equations in polar coordinate. To resolve this system, we apply the method by Fedorov —

Gronskiy based on projective operator constructed from generator J** for the field under
consideration. According to this approach, we decompose the complete wave function into
three 16-dimensional projective constituents, each expressed through only one functions of the
polar coordinate. In the present system, these three basic functions are constructed in terms of
the confluent hypergeometric functions, at this a quantization rule arises from the polynomial
requirement. The 16-dimensional structure of solutions is determined by the arising linear
algebraic system of equations. In this way, we find five independent solutions for the Dirac—
Kahler particle in the magnetic field.
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IMPOCTASA MOJEJIb ITIOJAPU3YEMOCTH
KATHNOH3AMEIIEHHOI'O ®EPPUTA BUCMYTA

Memooamu Ousnekmpuueckoli CHeKmpOCKOnuU OnpeoeneHvl 8elUdUHbl AHUOHHBIX U MOJEKYAAPHBIX
noasipuzyemocmeti coedunenuil Biy RyFeOs, cunmesuposannvix na ocnose geppuma sucmyma, 8 3a6Ucumocmu
OMm MUNaA 3amewariye2o Kamuond.

Knroueswie cnosa: nonspuzyemocms, OusieKmpuyeckas npoHUYaemMocmy, peppum sucmyma.

A Simple Polarizability Model of Cation Substituted Bismuth Ferrite

The values of anionic and molecular polarizabilities of Bi, \R,FeO; compounds synthesized on the basis of
bismuth ferrite were determined using dielectric spectroscopy methods, depending on the type of substitution cation.
Key words: polarizability, permittivity, bismuth ferrite.

Beenenue

DNeKTpOHHAs TOJIIPU3YEMOCTh HOHOB XapaKTEPU3YeT CIIOCOOHOCTh MOHOB K TMOJISIPH-
3amuu, T. €. K JedopMaIui AJIEKTPOHHBIX 000JI0UEK MpPU MPUIOKEHHH BHEIIHETO JIEKTPO-
MarHuTHOTO ToJis. [lospu3yemMocTh OnpeAenseT TUIJIEKTPUISCKUE U ONTHYSCKHE CBONMCTBA
MaTepuaioB, (GOPMHUPYIOIIUECS B BHJE OTKJIMKA BEHIECTBa Ha Takoe BosueiictBue [1-3].
B cooTBeTCTBMHM C MpaBWIOM aJJIATHUBHOCTH, MOJICKYJISIpPHAS TMOJSPU3YEMOCTH CIIOKHOTO
BEIIIECTBA MOXET OBITh Pa3lioKeHa Ha TMOJIIPU3YEMOCTH 00Jiee MPOCTHIX BEIIECTB. ITO Mpa-
BUJIO MIPUMEHUMO KaK K 3JEKTPOHHOU (0l;), TAK U K MOJEKYJISAPHOH (0) MOJIIPU3YEMOCTH.
OreHka aOCOMOTHON BETUYHMHBI ANIEKTPOHHON MOJSIPU3YEMOCTH HOHOB SIBIISIETCS IPEAMETOM
MOJIX0/Ja MOJIAPU3YEMOCTH B MaTepUajOBEIEHUHU, KOTOPBIM ObUT pa3paboTaH MpU aHaIU3e
OKCIIEPUMEHTAIBHBIX JIAHHBIX 00 ONTUYECKUX CBOMCTBAaX CTEKOJ B UccienoBanusx [4] u [5].
[Toaxon monsipu3yeMocTr ObUT pa3BUT B pabOTax, MOCBSIIEHHBIX WU3YUCHHUIO DJIEKTPOHHOMN
MOJIIPU3YEMOCTH OKCHJOB [6], OKCHAHBIX CTEKON [7], U OBLT UCHONB30BAH NPHU HU3yUCHHH
ONTHUYECKUX CBOMCTB OKCHUIHBIX KPUCTAIJIOB CO CTPYKTYpoil mmuHenu [8; 9] u rpanara [10].

Coemunenus cuctemsl Bij.xRyFeOs, e R — xaTnoHbl peaKo3eMenbHBIX AJIEMEHTOB
(P393), sBusaroTcs Hambosiee W3BECTHBIMH MYJIBTH(EPPOMKAMH, WHTEHCHBHO H3y4aeMbIMU
B TIOCJIeIHKE TO/IbI. V3MeHeHne cocTaBa KaTHOHHBIX mojpenieTok BiFeOs mo3Bonser Bapbu-
poBaTh cocTaB U (PU3NYECKHE CBOMCTBA HOBBIX COCAMHEHHUN B IIMPOKUX JHAla30HaX B 3aBU-
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CUMOCTH OT TUIIOB U KOHIICHTPALMH 3aMeIIal0UX KaTHOHOB. MeHbIIne pagnychl HOHOB R
[0 OTHOIIEHUIO K HOHHOMY PaJnycCy Bi** CHOCOOCTBYIOT YBEIIMYCHHUIO UCKAXXEHUS KPUCTA-
JUYECKON PElIeTKH, YTO MPUBOJUT K U3MEHEHUIO CTPYKTYPHO YYBCTBUTEIBHBIX (PU3MUECKUX
CBOICTB 00pas1oB.

Llenpro HACTOAIIEH pabOTHI SBISICTCS ONMpPEICICHUE BEITUYHH aHUOHHBIX M MOJICKY-
JSIPHBIX TOJIIpU3yeMocTell coenuHenuit BiggoRo10FeO3 B 3aBUCHMOCTH OT THIIA 3aMellaro-
IIETO KaTHOHA.

MeTtoabl uccjie10BaHuil

[Ipy TBepHOTENBHOM CHHTE3€ MOJUKPUCTAIOB (eppuTa BUCMyTa U COCAMHEHUU
Ha €ro OCHOBE, COJIEpPXKAIINX TPEXBAJICHTHBIC KATHOHBI, B KAYECTBE MCXOJIHBIX KOMIIOHEHT
HCIIOJIB30BaHbl BEICOKOUHCTBIE — OT 99,5 % s oxkcunoB BirO3, Fe,03 u LaxOs, 10 99,9 %
JUTSI OKCHUJIOB M30BAJICHTHBIX HEOJMUMA, TAIOJUHUS, JUCIPO3US U IPOUS UCXOIHBIC KOMIIO-
HeHTHI, pousBeneHHble Sigma Aldrich Chemicals. Dtanbl u pexXuMbl CHHTE3a COCIMHEHUN
onucansl B [11]. CooTBETCTBHE XMMUYECKOTO COCTaBa 3aJITaHHOMY TOJITBEPKIACTCS PE3YIib-
TaTaMH AJIEKTPOHHOW MUKPOCKOMHH C HCIHOJB30BAaHUEM CEePTUPHUIIMPOBAHHOTO CKAHUPYIO-
mero 3jekTpoHHoro mukpockona Hitachi S-3000N. ITo pe3yabsraram MOJHONPOQHIBHOTO,
c npumeHenueM [10 Jana2006 [12], aHanu3a peHTreHOrpaMM, 3alMCaHHBIX Ha YCTaHOBKE
JIPOH-3M (CuK,), BoccTaHOBJIEHBI C TOYHOCTHIO 10 A aGconoTHbIC BeINYHHBL napaMeTpoB
KPUCTAJUIMYECKNX pereTok. CHeKkTpel KodpQuuueHTa OoTpakeHUs B obimactu (hyHIaMeH-
TaJbHOTO MoriomeHus: nomyueHsl Ha Dypbe-criekrpodoromerpe Vertex 80V kopropaiuu
Bruker. IlpenBapuTelbHBIN TUCTICPCHOHHBIA aHAIM3 W PacdeT KOMIIOHEHT ONTHYSCKHUX
(GyHKUUH BBIIOTHEH B iporpamMe [13].

Pe3yabTaThl JKCIEPUMEHTOB U UX 00CY K/IeHHe

YactryHas 3aMeHAa KaTHOHOB BUCMYTa KaTHOHAMH PEIKO3EMEIbHBIX 3JIEMEHTOB TIPH-
BOJUT K CTAaOWJIM3AIUU KPUCTAIINYECKOW CTPYKTYphl. [0 MaHHBIM PEHTTE€HOCTPYKTYPHOTO
aHamu3a coenuueHust BiggoRo10Fe0s ¢ 3amemaromumvu katronsl Bucmyta (I11) uzoBaneHT-
HbiMu katronamu La, Nd, Gd, Dy, Er, kpucrannusyrorcest B pom003apudeckoit cTpykType R3c.
B 00pasmax oTcyTCTBYIOT ClIeIbI MCXOHBIX OKCHUIIOB, HO BBISIBIICHBI MaJIble TIPUMECH B (hopMe
CIOXKHBIX OKCHI0B BiFe Og u BiysFeOsg (Tabmmiia 1). Pe3ynbraThl HOTHONMPOGUILHOTO aHa-
JU3a PEHTTEHOTPAMM CBHJICTEIBCTBYIOT 00 CHCTEMATHYECKOM CHI)KCHHH BEITUYHH 00BHEMOB
AIIEMEHTAPHBIX SYEEK MPH 3aMEeleHUH KaTHOHOB BUCMYTa KaTuoHaMu P33 ¢ yMeHbIIarou-
MUCS pa3MepaMu HOHHBIX PAJAYCOB. DTO XOPOIIO COTJIACYETCS C JHHAMHKON HM3MEHEHUS
BEITUYMH 00bEMOB COOTBETCTBYIOIINX COEIUHEHUMN, KOTOPhIE OBUTH PACCUYUTAHBI B IPOrpaMMe
SPuDS [14].

Ta6muna 1 — Coxeprkanne KOMIIOHEHT coenuHenuii Big goRo.10FeO03 (R = La, Nd, Gd, Dy, Er), %

R-xarnon Big.00R0,10FE03 Bi,Fe,Oq BissFeOsg
La** 97,75+ 1,03 1,99 + 0,52 1,26 + 0,25
Nd** 95,22 + 1,55 3,68 + 0,48 1,09 + 0,15
Gd** 97,15 + 1,63 1,60 + 1,09 1,25+ 0,28
Dy*" 97,22+ 1,76 2,34 +0,87 0,45 + 0,39
Er’ 94,81 + 1,29 3,43+0,50 1,75+ 0,38

AOCOTIOTHBIE BEIWYHHBI MOJIIPU3YEMOCTEH KaTHOHOB CJab0 3aBUCAT OT HMOHHOIO
OKPYKCHHsI, IPUHUMAsI OJTM3KHE 3HAYCHHUSI B Pa3HBIX COeUHEHMX. [lomsipu3yeMocTh aHHOHOB
3aBHCHUT OT KOOPAMHALMOHHOTO YHCIIa, MJIOTHOCTH YMAKOBKH M THIIOB OJMKaMIIUX cocenei.
Cornacao mogaenu Jlopentir — Jlopenmna [ 15], B kpuctamiax KyOU4ecKoil CHMMETPUN BETMIMHA
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5JIEKTPOHHON COCTABISIOMIEH AUAIEKTPHYECKON IPOHUIIAEMOCTH B CTATHYECKOM IIpEIENe
MNEPEMEHHOT'O SJICKTPHUYECKOTI'O I10JISI MOXKET OBITH BBEIUMCIIEHA 10 (bOpMyJ'Ie:
e = 1+ (8n/3)%j Njai
Y i )
1- (47‘5/3)Zi Njo;

1)

rae Nj— ¥ oj — KOHUEHTPalMs M IOIAPU3YeMOCTh HOHOB | — TOro Tuma. DJIEKTPOHHBIE

=34+ + - —

MOJISIPU3YEMOCTH MOHOB Bi* u Fe’® paBusbI 1,38°10 24 om® 10,4810 % cm® cooTBeTCTBEHHO [16].
B cootBercTBUM € IIpaBUIIOM aJAUTUBHOCTH, MOJIEKYJISIPHAS MOJISPU3YEMOCTh CIIOXK-

- 3+ 3+ 3+ 2-

Horo BemecTBa o = 0,900g;" + 0,100r™ + o™ + 300° .
v 2— o
BenuuuHbl noaspu3yeMocTel HOHOB KUCIIOpoAa (0o~ ), B 3aBUCUMOCTH OT 3HAUYEHUN
00pemMoB (V) a1eMeHTapHBIX SYeeK U MONSIPU3YEeMOCTe KaTHOHOB BUcMyTa, P30 u xenesa,
MOTYT OBITh BOCCTaHOBJIEHBI U3 BbIpaxkeHUs (1), mpeoOpa3oBaHHOIO AJis KATHOH3AMEIIEHHOTO

dbeppuTa BUCMYTa K BULY:

o, =—J3v L2211 80,000 .
" 24n g, +2 Bi

o0

+0,100 ;. + OLFE3+] . 2

Vcnonb30BaHHbIE IPU pacyeTax MOJAPU3YyeMOCTH KaTHOHOB ar’> B3sTH M3 [17]. Tlo-
Jy4eHHbIE€ pe3yJIbTaThl MPEACTABIECHbl B Tabnuie 2. DKCIEepUMEHTalbHbIE BEIUYUHBI OIpe-
JIeJIeHbl C MCII0JIb30BaHUEM 3HA4eHUN 00BEMOB 3JIEMEHTApHBIX SYEEK COCMHEHUH, orpe/e-
JICHHBIX TIPH aHAIM3e AH(PAKTOrPaMM 110 MeToy PutBenbaa. PacuerHbie sHaUCHHS 0o° (£x)
U 0(Ex) TOJIYYEHBI C UCIOJIb30BAHUEM BEJIMYMH OOBEMOB 3JIE€MEHTApHBIX sU€eK, BOCCTAaHOB-
JIeHHBIX B mporpamme SPuDS.

BenuuuHbl €, onpeneneHbl B HU3KOYACTOTHOM IIPEJENE CHEKTPOB JEHCTBUTEIBHBIX
KOMIIOHEHT KOMILJIEKCHOM AMAJIEKTPUUECKON MPOHUIIAEMOCTH, PACCUUTAHHBIX U3 3KCIEpH-
MEHTaJIbHBIX CIIEKTPOB KO3 duirenTa orpaxxenus no merony Kpamepca — Kponura. Otinuue
DKCIIEPUMEHTAIIBHBIX U PACYETHBIX 3HAYCHUN aoz'(soo) 1 0/(€x) HE MPEBBIIIAET COOTBETCTBEHHO
5,36 % u 4,21 %.

B panHux paboTax, MOCBSIIIEHHBIX Pa3pa0OTKe JAHHOIO HaIpaBJICHHU, NIPU pacueTe
OTHOCHUTEJIBHBIX NOTIPEIIHOCTEN MOJIY4YEHB! JaHHBIE, TOATBEPKAAIOIIUE, YTO IPABUIO aJIJIU-
TUBHOCTH uMeeT TouHocTh 5—10 % [5; 6]. B pabote [10] npuBeaeHbI pe3y/IbTaThl, HOJYICHHBIC
Ha OKCHUJHBIX COEIIMHEHUAX CO CTPYKTYpOM IpaHaTa, AUDJIEKTPUUECKHUE MOIIPU3YEMOCTH KO-
TOPBIX COOTBETCTBYIOT MPaBUITY aJAJUTUBHOCTH C TOYHOCTHIO 110 1,13 %.

Tabmuua 2 — BeauunHbl ONTHYECKOW TUAIEKTPHUUECKONW MPOHHUIIAEMOCTH (€,) M KAaTHOHHBIX

3+ 2— 9 —24 3 o
(0r™"), aHMOHHBIX (00" (€x)) ¥ MOJEKYISPHBIX (0U(€x)) MoOMsipu3yemocteid (10 “* cm”) coequueHuit
Bio90R0,10F€03

R-KkaTHOH Ex 0o’ (€x) 0o’ (€x) () a(es) oR>
pacueTr OKCIEPUMEHT pacueTr 9KCIICPUMCHT [17]

La** 5,09 2,148 2,219 8,298 8,510 1,30
Nd** 5,11 2,138 2,235 8,262 8,551 1,25
Gd** 5,16 2,150 2,244 8,280 8,562 1,08
Dy*" 5,19 2,146 2,256 8,259 8,501 1,00
Ertt 5,26 2,167 2,283 8,311 8,660 0,89

Ha pucynke 1 mpexacraBieHbl pe3yiabTaThl BOCCTAHOBIICHUS 3HAUYEHUM IIUPUHBI 3a-
npeieHHoi 30HbI (Eg) mo merony Tayna [18]. [loaydeHHbIE pe3yabTaThl HAXOAATCS B XOPO-
IIIEM COTJIACHM C U3BECTHBIMU JUTEpPAaTypHBIMU JaHHbIMU [19; 20].
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BennunHa mMpUHBI 3aMpEeNIeHHON 30HBI HEJOMMMPOBAHHOTO ()eppUTa BUCMYyTa paBHA
2,25 5B. TIpy yacTHYHOM 3aMelleHHH B (eppHTe BUCMyTa KaTHOHOB Bi®" m30BaneHTHBIMH
R-katnonamu HaOnrOmaeTcs KpacHOE CMEIIEHUE IOTJIOUICHUS, YTO CBUAETEIBCTBYET 00
YMEHBIICHUH IIUPHUHBI 3aITPEIICHHOM 30HBI.

OTO SBJICHHE CTPYKTYPHO 3aBUCUMO M OOYCIOBJICHO YMEHBIICHHUEM BEIUYHMH Ba-
nentHbIX yriioB «Fe — O — Fex npu 3amemennsx Bi®* karnonamu ¢ MeHbIIMME 3HAYCHHSIME
HMOHHBIX PaJINYCOB.

T (k'E)ll.l()l”

E, »B

Pucynok 1 — OnpenesieHue IIUPUHBI 3alIpellIEeHHONH 30HbI
coctaBoB Biy Ry 10FeO3 (R = La, Nd, Gd, Dy, Er)
no meroay Tayua B Moaean npsiMbIX Nepexoa0B

Jl7is cTekon B MPENNoNIoKeHUH aJUTUBHOCTH BKIJIAJIOB MOJSPU3YEMOCTEH KaTHOHOB
Y aHUOHOB KHCopoAa B padoTe [17] ObUIO MOTYy4eHO SMIIUPUIECKOE BhIPAKEHUE:
2 1/2
1 ne-1_(Eg
nZ+2 |20

, ©)

rac nf — KBaapaT OINTHYCCKOI'O MOKAa3aTCIid MPEJIOMIICHUA, UI3BMCPECHHOT'O B MPCACIax «OKHA

IPO3PAavHOCTH», Pa3AENAIONIEr0 OOTACTH PEIIETOYHBIX M DJIEKTPOHHBIX PE30HAHCOB, Eg —
HIMPUHA 3aIPELIEHHON 30HBI.

Pe3ynbrarhl aHanu3a JaHHBIX ONTHYECKOW CIEKTPOCKOMHH MOATBEPXKIAIOT BO3MOXK-
HOCTh M 3 (EKTUBHOCTh HUCIOJIB30BAHUS BBIPAKEHHSI aHAIOTUYHOTO (3), HO coneprKallero
kod(durment 12 Bmecto 20 B 3HaAMEHaTeJe MPaBOW YacTH, /IS OINUCAHUS ONTHYECKHUX
cBoiicTB coenuuenuit Big 9oRo 10FeO3 (R = La, Nd, Gd, Dy, Er).

C ucnonp30BaHUEM BhIpaXKEHMsI, aHATOTMYHOTO (3), HO ¢ K03 ueHToM 12, a Takxke

C YYETOM CBSI3U nf =€, PACCUNTAHBI 3HAYCHUS JAUIIECKTPUIECKUX MPOHHUIIAEMOCTeN €x(Ey),

Ha OCHOBaHUM KOTOPBIX 1O ¢opMyiie (2) onpeaeneHsl 3HaU€HUsI MOJSPU3yeMOCTel aozf(Eg)
u o(Ey), npencrasnennsie B Tabnuue 3.

PaccuntanHble BETMYMHBI aHUOHHBIX U MOJIEKYJISPHBIX MOJspU3yeMocTel He Oolee
yeMm Ha 10,30 % u Ha 8,11 % oTiMYarOTCS OT COOTBETCTBYIOLIMX 3HAYEHWH, MPUBEICHHBIX
B TaOnuie 2.

Ha pucynke 2 n300pa)keHbl 3KCIIEPUMEHTAIbHBIC U TPOTHO3HBIC BETUYMHBI IIUPHHBI
3aIpelIeHHOM 30Hbl KATHOH3aMEILEHHBIX COCIUHEHNI B 3aBUCUMOCTH OT TUMNa R-KaTuoHa.
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Tabmuua 3. Benuuunasl mmpuHsl 3anpenieHHol 306 (Eg, [3B]) 1 aHnoHHBIX (aoz_(Eg)) u
moutekyisipHbIX (aEg)) nonspusyemocreii (107%* em %) coenunennit BiggoRo.10Fe0s

R-katnon EsB aoz'(Eg) OKCIIEPUMEHT a(Eg) sxcrieprmMent
La 2,16 2,149 8,299
Nd 2,13 2,136 8,256
Gd 2,12 2,107 8,150
Dy 2,10 2,089 8,089
Er 2,08 2,049 7,958

220 Er Dy Gd Nd La
LuYbITm Ho Tb EuSm Pr Ce
2,16 1 [ ]
o)
o)
]
- 2,12 e 0
“ ®©
=ll) O
(83
2,08 1 o0 Ce
2,04 1
2,00 T T T T T T T T 1
1,00 1,05 1,10 1,15 1,20
r, A

Pucynok 2 — IIporuno3upoBaHue BeJJUYHHBI IIMPUHbI 3aNPelleHHOi 30HbI
coeTHHEeHHU BioygoRoJoFeOg (R =lLa- LU)
Toukamu 0003HAYEHBI IKCIIEPUMEHTAIbHbIE 3HAYCHHS,
NMOJILIMU KPY:KKAMH — MPOTHO3HbIE

Hcnonb30BaHre NTWHEHHOW ammpOKCUMAIUN W300paXEHHOW Ha PHUCYHKE 2 JKCHepH-
MEHTAJILHON 3aBHCHMOCTH BEJIMYWHBI IIMPUHBI 3aIPENICHHON 30HBI OT THUIA 3aMEIIAr0IIeTo
R-karuona (R = La, Nd, Gd, Dy, Er ), mo3BosisieT pacCyMTaTh MPOTHO3HBIC 3HAYCHHS ITUPUHBI
3ampenieHHON 30HBI I COSAMHEHUH, CUHTE3UpoBaHHBIX mpu 10 % 3amemeHnn KaTHOHOB
BHCMYTa KaTHOHAMU Bcero psina P3D Bcero psga — oT maHTaHa 10 T0Tenus. BoccraHOBIEHHbBIE
4yepes BeNNYMHBI Eg 3HaueHns &, He 6onee yeM Ha 11 % oTaMyaroTcst OT M3BECTHBIX JTaHHBIX U
MOTYT OBITh MCIIOJIB30BAHBI JIJIsl BOCCTAHOBJICHHS 3HAUYEHUI aHUOHHBIX M MOJIEKYJISIPHBIX IT0O-
JSIpU3yeMocTeli 30HbI coenHeHuit Big goRo 10F€03 (R = La —Lu).

3akiloueHne

DKCIEpUMEHTAILHO HCCIIEIOBAaHbl ONTHYECKHE CIEKTPhl KaTHMOH3aMEIIEHHOTO ¢ep-
puta BucmyTta BiggoRo10FeO3 (R = La, Nd, Gd, Dy, Er). Benuunusl aHHOHHBIX U MOJIEKY-
JSIPHBIX AJIEKTPOHHBIX MOJISIPU3YEMOCTEN COETMHEHUI BOCCTAHOBIIEHBI HA OCHOBAaHUU JAaHHBIX
0 JUAJICKTPUYECKOM TPOHUIIAEMOCTH M IITUPHUHE 3aMpenieHHOH 30Hb1. O0a 1MoX0/1a MO3BOJISIOT
MOJTYYUTh aO0COTFOTHBIE 3HAUYCHUS TIOJIIPU3YEMOCTEH, XOPOIIIO COTTACYIONIUECS C U3BECTHBIMU
JAHHBIMU. 3HAYCHHS TOJIAPU3YEMOCTEH BO3PACTAIOT C YBEJIMYCHUEM TOKAa3aTessl MpeaomMiie-
HUS U YMEHBIICHUEM IIMPUHBI 3aMpPEUICHHON 30HBI, KOTOpas CUCTEMATUYECKH M3MEHSETCS
MIPU KaTHOHHBIX 3aMEIICHHSIX.
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A PRIORI CHOICE OF THE REGULARIZATION PARAMETER
IN AN ITERATIVE PROCEDURE OF AN EXPLICIT TYPE SOLUTION
OF LINEAR ILL-POSED EQUATIONS

The explicit iteration procedure with variable-alternating step for solution of ill-posed operator equa-
tions of the first kind is proposed in Hilbert space. Convergence of a method is proved in case of a priori choice
of the regularization parameter in usual norm of Hilbert space, supposing that not only the right part of the
equation but the operator as well have errors. The estimations of an error and a priori stopping moment are
received. The results given in the article can be used in theoretical research in solving linear operator equa-
tions, as well as in solving applied ill-posed problems.

Key words: explicit iteration procedure, ill-posed problem, Hilbert space, self-adjoint and non-self-
adjoint approximately given operator, operator equation of the first kind, a priori stopping moment.

AnpuopHuulii 6p100p napamempa peynapu3ayuu
6 UMepayuorHoI npoyedype A6HO20 MURA PeuleHUA TUHEHHBIX HEKOPPEKMHbIX YPAGHEH U

B ecunvbepmosom npocmpancmee npeonazaemcs A6HAsS UMEPAYUOHHAS Npoyedypa ¢ NnonepemeHHo
YepeOYIOWUMCA WAOM peleHUss HeKOPPEKMHbIX ONepamopHbIX YPAGHEHUll nepeozo pooda. Jlokazana cxoou-
MOCmb MemoOa 8 caydae anpuopHoz2o 6vlO0pa Napamempa pezyrapusayuu 6 UCXOOHOU HOpMe UnbOepmosa
NPOCMPAHCMEA 6 NPeONnOLONCeHUU, YMO NOSPEWHOCIU UMEIOMCA He MOJbKO 6 NpAGoU uacmu YpagHeHus.,
HO u 6 onepamope. Ilonyuenvl oyenku nocpewHocmuy Memood u anpuopHulli Momenm ocmanosa. Ilpusedennvie
pe3yibmamyl MO2ym Oblmb UCHOIB306AHbL 8 MEeOPEeMUYECKUX UCCIeO08AHUAX NPU PeuleHUU JTUHEHbIX onepa-
MOPHBIX YPAGHEHULL, A MAKdiCce NPU peuleHul RPUKIAOHbIX HEKOPPEKMHbIX 30al.

Kniouegvie cnosa: ssnas umepayuonnas npoyeoypa, HeKOppeKmHas 3a0ava, 2uibbepmoso npocmpam-
CMB0, CAMOCONPAICEHHBII U HECAMOCONDSANCEHHBIU NPUOIUNICEHHO 3A0AHNbIL ONepamop, onepamopHoe ypasHe-
HUe nepeoco pooa, anpuopHslli MOMEHM 0CMAHOEA.

Introduction

There is a large class of problems where solutions are unstable to small changes in the
source data, i. e. arbitrarily small changes in the source data can lead to large changes in solu-
tions. Tasks of this type belong to the class of incorrect tasks.

A significant part of the problems encountered in applied mathematics, physics, engi-
neering and management can be represented in the form of an operator equation of the first kind

Ax=y, xeX, yeY 1)

with the specified operator A: X —Y and an element y, where X and Y — metric spaces, and
in specially specified cases — Banach or even Hilbert spaces.
J. Hadamard [1] introduced the following concept of correctness:
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Definition. The task of finding a solution Xe€ X equation (1) are called correct
(or correctly posed, or Hadamard-correct) if, for any fixed right-hand side of equation (1), its
solution is y =Yg €Y equation (1) its solution:

a) exists in space X;

b) it is uniquely defined in the space X;

c) it is stable in the space X, i.e. it continuously depends on the right side of yeY.
In case of violation of any of these conditions, the task is called incorrect (incorrectly posed);
more specifically, in case of violation of condition c), it is called unstable.

It can be seen from the definition that Hadamard correctness is equivalent to unambig-

uous certainty and continuity of the inverse operator A over the entire space Y.

For many years, it has been believed in mathematics that only correct problems have
the right to exist, that only they correctly reflect the real world.

There is an opinion about incorrect tasks that they do not have a physical reality, so
their solution is meaningless. As a result, incorrect tasks have not been studied for a long
time. However, in practice, the need to solve incorrect tasks has become more and more fre-
quent and persistent.

Such problems include the Cauchy problem for the Laplace equation, the problem of
solving an integral equation of the first kind, the problem of differentiating a function given
approximately, the numerical summation of Fourier series when the coefficients are known
approximately in the metric |, , the inverse problem of gravimetry, the inverse problem of po-

tential theory, the problem of spectroscopy, etc.

Iterative methods occupy a special place among the methods of solving incorrect prob-
lems, since they are easily implemented on a PC. Various iterative schemes for solving incor-
rectly set tasks have been proposed in the works [2-12].

In this article, an explicit iterative procedure with alternating steps for solving
ill-posed problems in Hilbert space is proposed and some of its properties are investigated.

Comparison of the proposed method with the well-known explicit Landweber iteration
method [2] X415 =Xns +{Ys —Axns) Xo,5 =0 shows that the orders of their optimal

estimates are the same.

The advantage of explicit methods is that explicit methods do not require operator in-
version, but only require calculating operator values on successive approximations. In the
Landweber method, the parameter o (anti-gradient step) is constrained from above — the ine-

: 5 . . . o
quality 0 < a <——, which may lead in practice to the need for a large number of iterations.

4Al
However, the proposed method has an advantage over the Landweber method in the follow-
ing: to achieve optimal accuracy, it will require making the number of iterations about 3 times
less than the iteration method [2].

As is known, the error of the method of simple iteration with a constant [2—4] or a var-
iable [8] step depends on the sum of the anti-gradient steps, and moreover, in such a way that
in order to reduce the number of operations, it is desirable that the anti-gradient steps be as
large as possible.

However, these steps are subject to restrictions from above [2—4; 8]. The idea arises to
try to loosen these restrictions.

This was done by choosing two values for the step o and B alternately, where B it is

no longer required to meet the previous requirements.

The explicit iterative method considered in the article will find practical application
in applied mathematics: it can be used to solve problems encountered in optimal control theo-
ry, mathematical economics, geophysics, potential theory, antenna synthesis, acoustics, plas-
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ma diagnostics, in terrestrial or aerial geological exploration, in solving the inverse kinematic
problem of seismics, space research (spectroscopy) and medicine (computed tomography).

1. Setting the task
An equation of the first kind is solved in a real Hilbert space H

Ax =y 2)

with a positive bounded self-adjoint operator A for which zero is not an eigenvalue, but
0 e Sp(A), therefore, the problem under consideration is incorrect. It is assumed that for the

exact right-hand side of y, equation (2) has a single exact solution x". To find it, we use an ex-
plicit iterative procedure with alternating steps:

Xnl = (I _an+1A) Xn+tonays X =0, apng=0, oy =B n=012,.., (3)

where 1 is the identical operator.
In the case of the approximate right-hand side Y, ||y — ys| <8, iterations (3) will take
the form:

%15 =(1 =01 A)Xn 5 +anaaYs: Xos =0, o =ct oo =P, N=012,.... (4)

Below, the convergence of method (4) means the statement that approximations (4)
come arbitrarily close to the exact solution of equation (2) with a suitable choice of n and suf-
ficiently small oness. In other words, the iterative method (4) is convergent if

é!i_r)no(irr]]f Ix— xmuj 0 [9].

Next, we will assume that || 4] =1.

2. A priori choice of the number of iterations with the approximate right-hand side

Methods (3) and (4) were considered in [6], in which the convergence of both methods
in the initial norm of Hilbert space was studied. For their convergence in [6], it is required
that when O0<a <2, B>0:

\(1—&%)(1—6%)\<1 (5)
for anyone A (0,1]. Condition (5) is equivalent to the combination of two conditions:

(oc+B)2 <8af3, (6)
af<a+f. (7)
For method (4), the priori choice of the number of iterations is studied [6]. It is proved

that the iterative process (4) converges under the conditions (6), (7) and O<a <2, if we
choose the number of iterations n depending on & so that n§—0, n— 0, 8 — 0.

Assuming that the exact solution of x* is originally representable, i. e. x* = ASz, s>0
and under the conditions 0 < a < 2, (6),

oc+[3<goc[3, (8)

%-ﬁ-OLBSOL-I-B. ©9)
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The following estimation of the error of the method (4) is obtained:
[x=xn 5] < s°[n(a+B)]"® ||z||+g(oc+[3)6. (10)

To find the optimal error estimate for n, we equate the derivative of n from the right
side of inequality (10) to zero.
Then the optimal error estimate for n has the form

el = @25 B

and it turns out when Nopt = (O“FBJ ~os/(s+1) 5—1/(s+1)”z”]/(s+1)_
2

Thus, the optimal estimate for method (4) with an inaccuracy on the right side of the
equation turns out to be the same as the estimate for the simple iteration method [2].

Therefore, method (4) does not provide an advantage in majority estimates compared
to method [2].

But it gives a win in the following: in the method of simple iteration with a constant
step [2] 0< a s%, and in the method (4) 0 <°°T+B <4 [6]

Therefore, by choosing a.and f alternating accordingly, it is possible to make the nop

in method (4) about three times smaller than in the method of simple iteration with a constant
step [2].

Thus, using method (4), to achieve optimal accuracy, it is enough to make iterations
three times less than using method [2]. We present several suitable values satisfying the re-
quired conditions:

o 0,8 0,9 1,0 11 1,15 1,17 1,3
B 4,4 5,0 5,5 6,1 6,4 6,5 4,1

The largest amount o+ and, therefore, the largest gain in the amount of calculations
are given by the values a=1.17 and B =6.5.

Since in the highlighted case o +p=7.67, the condition o+ <8 shows that almost
the maximum possible gain has been achieved.

Remark 1. Convergence estimates were obtained for the case when I=m=g.

+B)

In the case when | = m+1, in all assessments the n(aT should be replaced by lo.+mp.

Remark 2. We believe that |A|=1. In fact, all the results are easily transferred to the

case when A < .

3. A priori choice of the regularization parameter with an approximate operator
We prove the convergence of method (4) in the case of an a priori choice of the regu-
larization parameter when solving an equation A x = ys with an approximately given opera-

tor A, and an approximate right-hand side y5, we obtain a priori error estimates.
Similar questions were studied in [3; 6-7], but only for other methods.
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3.1. The case of self-adjoint operators
Let A=A 20, A, = A: >0, Sp(A,) <=[0,1], 0<n<ng. The iterative method (4)
IS written as

Xnn,5) = In(Ay) Vs, 4h

where g,(L) :k‘lb—(1—ak)”/2(1—Bk)”/2]. In the work [6] at 0 <o <2, (6) and (7) the
conditions for the functions g, (1) are obtained:

+
sup |9, (W) < yn, yzazﬁ, n>0, (11)
0<a<1
sup 1-2g9, (M) <70, Yo=1 n>0. (12)

01

Assuming that the exact solution of x* equation (2) is source-representable,
i.e. x* =A%z, s>0, where s> 0Qis the degree of source-representability of the exact solution,

|lz| < p and under the conditions 0 < a. < 2, (6), (8) and (9) the estimation was received:

S
sup APL—2rg, (W) <ysn %, vs = (a%ﬁ) ,(n>0), 0<s<oo, (13)
0<A<1

Fair

Lemma 1. Let A=A" >0, A =A; >0, [A —Al<n, sp(A)<[0.1], (0<n<mng)
and the conditions are met 0 <o <2, (6), (7), (12). Then |Gy, v|—>0 by n—w, n—0,
Vv e H, where Gﬂn = - Aqgn(Aq)

Proof.
We have

Sy =11 - Avgn AV =

1
[@-2g, () dEyv
0

<

_ + }(1— )2 (1—Br)"2 dE, v .

€

[(L—on)"2(1—pA)"2 dE, v
0

}(1— od)"2(1—BA)"2 dE, v
0

1
| dE; v

€

F(L- o) 20— P2 dE,v| < q"2(e)

€

since for A e[, 1] |(1—aA)1—BA) < q(e) <1.

— 0, n — o,

[(L—00)"2(1—pr)"2 dE,v
0

< =||E;v| > 0,6 >0

€
[dE,V
0

due to the properties of the spectral function [5-6]. Therefore, HGnnV‘ —>0 byn—>ow, n—0.

Lemma 1 is proved.
The convergence condition for method (4) gives
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Theorem 1. Let A=A >0, A, = Afl >0, HAn - A” <, Sp(A,) =[0.1], (0<n<mny),
y € R(A), |y—Yys||<8 and the conditions are met 0< o <2, (6), (7), (11). Lets choose the
parameter n=n(3,m) in approximation (4) so that (&+n)n(d,n) —>0 by n(d,n) — x,
8 —0,m—0. Then X(s.m) —Xx by §>0,n—0.

Proof.
From (4%) we have x, =g, (A,)ys. Then

Xn =X =0n(A)Ys =X =—CpyX +GpX + 0 (A)Y5 —X =
=—GppX + (1= A Gn(A)X +0n(A)Ys =X ==CppX +8n(A)(Ys — AX).

Therefore, X, — X = —Gnnx* +0n (AD(Ys — Anx*).
p

Because according to the condition (11) Hgn(An)H < sup |gn(k)| <yn, y :%, and
0<a<1

Iys = Apx] = Iy =yl |y = Apc] = Iys =yl [Ax = A
then we have HXn(s,n) - X*H < HG”"X*H + Hgn (An)(y5 - Anx*]‘ < HGnnx*H + yn(s +nHX*H)_

It follows from Lemma 1 that

<5+[A- A,]HHX*H <5+ on*H ,

GnnX*H —0 by n— o, n—0, and by the condition

of theorem 1 n(8+n) -0 by 6 >0, n— 0. Thus, Hxn(&n) — X*H —0, 83>0,1—0.
Theorem 1 has been proved.
Theorem 2. Let A=A" >0, A, = A; >0, HAI1 —A”Sn, Sp(An)g[O, 1], 0<n<ng),
y €R(A), |y—ys|<8 and the conditions are met 0<a <2, (6), (8), (9), (11), (12), (13).
If the exact solution is representable from the source, i.e. X =A%z, s>0, [z] <p, then the
error estimate is fair:

min(1,s)

p+ysn_sp+yn(8+nHX*H), 0<s<oo,

Xn(dm) — X H < YoCsM

Proof.
We have, using the source-like representability of the exact solution,

o= <l o~ e <06 0

p A

min(l,s)

since by lemma 1.1 [3, p. 91] <cn™@S) ¢ =const (¢, <2 for 0<s<1). Then

p+ysn_sp+yn(8+nux*u), 0<s<oo, (14)

Xn@,m) — X H < 7YoCsN

Theorem 2 has been proved.
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If we minimize the right side of the estimate (14) by n, we get the value of an a priori
1(s+1)

*

stopping moment: _ _ SYsP —d pY(sHD [8+n X

opt
ey

1/(s+1) 4
_ S’Ys o+ _ =]\ —
where dg —(Tj . From here Nopt :S(Tﬁj o=s/(s+) p1/(s+1)(8 +T1HX H) Y(s+1)

J—l/(s+1)

)
*

X

Substitute n_ . in the estimate (14), we get

opt

* *

X

s/(s+1)
) N

. —-S
<19en™ @ Ip +ygp(dgp? ) (5+n
1/(s+1)
)jspll(s+l) (8 +1 y _
/(s+1)
)5 (ds—syspll(sﬂ) +,Ydsp1/(s+1)):
/(s+1)

= YOCST] T ’

where ¢, = dZ Sy, +d, = (Sll(s+1) 4 S—s/(s+1))Ys/(s+1)y§/(s+1) — (L+5)27°/*D_ From here

. s/(s+1)
< Csnmln(l,s) (L +S)2—s/(s+1) p1/(s+1)(8 i ) _

Hﬁmm—xom

+y(8+n X X

*

min(1,s) X

=7Y0CsN p+@+n

*

min(d,s) X

p+p1/(5+1)cé (8"'71

*

X

*
Xn(s,m) ~ X

opt

3.2. The case of non-self-adjoint operators
In the case of a non-self-adjoint problem, the iterative method (4) will take the form:

X(n+D(m.8) = %n,8 _an+1(A:A\1Xn(n,6) - A:YS) Xom,5) =0,
Oony =0, N=0,12,.. o,.,=B n=012,... (15)

It can be written like this:
Xngns) = In (AT ADA,Ys. (16)
Lemma 1 implies.

Lemma 2. Let HAq—Ausn, HAnH2 <1 (0<m<ny) and the conditions are met
O<a<2,(6),(7),(12). Then

[Kog¥] =0 by n—>e0, n—0, WeN(A)* =R(A), (17)
Wmﬂaownaw,naoxneMNY=W§, (18)

where Ky, =1 - A A G (AA). Koy =1 - AN (AA):

We use lemma 2 to prove the following theorem.
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Theorem 3. Let [A—A | <n, HM\Z <1, (0<n<mg), YeR(A), |ys—Y|<8 and the
conditions are met 0 <a < 2, (6), (7), (12).). Let's choose the parameter n = n(8,n) so that

(3+m)n(5,m) = 0 by n(E,n) > »,8—>0, n—0. (19)

Then xn(&n)—>x* by 50, n—0.

Proof.
For the approximation error X, ), We have

Koo =X =KX+ Gn(AA) AL {ys — AX) (20)

NN RN N

(see the lemma 3.1 [3, p. 35] and [6]). Because

Here

<y.n"?, oy =sup[n‘]/2 sup x]/2|gn(k)|j <(o+p)?
>0 0<isl

Ivs = Ao <lvs =1+ [y = A =lvs = -+ [ - Apc] <+ nf],
that Hgn(Aq*,%)A; (y5 — Aqx*)‘ <(a+p)2n? (8 + Hx*Hn). There fore

Ko (x*)H + (o + B 2nY? (8 + on*H).

g 5 v - A <

*
Knnx H+

*
Xn(,m) ~ X H <

Let’s show that

KnnX*H — 0 by n— oo, 1 — 0. Really,

Ko = |1 = A A g0 (A A =

1
[@-2g,00)dE; X"
0

}(1— ar)"2(1-pa)"2 dE, x*

€

E(l— o) 2(L—p2)"2 dE, x*

1
g (1—on)"2(1-B1)V2 dE, X"

<

+

1
Then [[(1— ad)V2(L—B1)"2 dE, x*[ < q"?(e)

€

— 0, n— oo, since for & e[e, 1]

1 *
[ dE; x
€

<

Z(l— o) 21— pA)"? dE, x"

(A-ar)@-Br) <qle) <1. A EX|—>0e-0

€ *
[dE, x
0

due to the properties of the spectral function.
From the condition (19) n(8+n)2 —->0byn—»w, 5§50 mn—0.

From here (o + )2 n1/2(8 + on*H)e 0, n>w, 8§50, 0.

Thus, Hxn(&n) - X*H -0, n>o, 8§50, n—0.

Theorem 3 has been proved.
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Fair
Theorem 4. Let [A- Al <n. [A|" <1, ©<n<no). yeR(A), |ys-y]<5. If the

. « W2 y
exact solution is represented as x =|Az, s>0, |Z|<p, |A :(A A)'/ and the conditions
aremet 0<a <2, (6), (8), (9), (12), (13), then the error estimate is fair

Xn(.m) ~ X*H <7Y0Cs (1+||nﬂ|)‘1nin(l’s)P+Ys/2n_s/2p+ ((x+[3)]/2 nY? (8+HX*HT]), 0<s<oo,

Proof.

. . * * )8/2
In the case of a source-like representable exact solution x =|A|Sz = (A A)S/ z from

s/2
(13) we will get sup k3/2|1—xgn(k)| Sys/zn_s/z , where v/ =(;j _

0<h<1 2(a+B)
Then
s s S/2 - * /2
Konl 0 2= [~ Ao (A3 Jo| ()1 Aon A ] <1
From here

< yocs L+ In ™" )p 1y o052,

Kon|Av] 2

since from [3, p. 92] we have ‘Ah‘

= [Kon{ A - a7 j

1+||nn|)nm'n(ls) cs =const (¢g <2 by 0<s<1

). From (20) we have

Xn@,m) ~ X*H <|Kny X [+ Y, nY?2 (8 + Hx*Hn)z K nX*H + (oc + [3)1/2 nY? (6 + Hx*Hn)s

<YoCs (1+ |In n|)r]”in(1’s)p + ys/zn_s/zp + (a + B)]/Z Y2 (8 + HX*Hn), 0<s<oo. (21)

Theorem 4 has been proved.
Minimizing the right-hand side (21) by n, we obtain the value of the a priori stopping
moment:

)—2/(s+1) _

s 2/(s+1)
nopt = ( YYS/Z ] pZ/(S+l) (6 + X*

0-5/(5+1) g(5+2)/(5+D) (o 4 Y Lp2/ (5D (8 N HX* )_2/(s+1)_

I

Substituting Nopt into the estimate (21), we obtain the optimal error estimate for the it-

eration method (15):

) . s/(s+1)
Xa(om) — X*H <Yoce (1+|Inn|)nmm(1 s)p+cﬂp3/(8+1) 5+Hx Hn O<s<oo,
N opt

1 — 1 1 1
where c? z(sv(sw \s s/(s+>jy s/(s+)y5/21/(s+) _ (25) @D 5 1),

*
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Thus,

s/(s+1)

<cg(1+]In n|)nmin(1’s)p + (2S)_S/(2(S+l)) (s +1)pY D) (8 + Hx*Hn) , 0<s<oo,

*
Hxn(s,n) —X Hopt

Remark 3. The optimal error estimate does not depend on o andg, but n,,, depends
on o and B. Therefore, in order to reduce the amount of computational work, it is necessary
to take o and B as much of the conditions as possible0 < a < 2, (6), (8), (9), (11), (12), (13)
and insuchawaythat n,,, Z.

Conclusion

In this article, some properties of the proposed explicit iteration scheme for solving
ill-posed problems are studied: the convergence of approximations with an a priori choice of
the regularization parameter in the initial norm of Hilbert space in the case of a bounded
self-adjoint and non-self-adjoint inaccurately specified operator is proved, error estimates and
estimates for stopping moments are obtained.
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KIIACCUO®UKALIUA PETYJISAPUZYEMBIX KPAEBBIX 3ATAY PUMAHA - THJIBBEPTA
VIS OTHOI'O KJTACCA JVIMIITUYECKUX CUCTEM
B TPEXMEPHOM INTPOCTPAHCTBE

Paccmampusaemest noommnosicecmeo M(4; 1; 3) knacca sanunmuueckux cucmem uemsvipex ougghepen-
YUATBHBIX YPaABHeHUT Nepeo2o NopsaoKka ncesdocummempuyeckozo muna 6 R°. Jlokaswieaemcs, umo paccmampu-
saemoe muoscecmeo M(4; 1; 3) umeem 0se komnonenmor 2omomonuueckot cesiznocmu. /s cucmem uz M(4; 1; 3)
0oKazvleaemcst yciosue, obecneuugaioujee pe2yisapuzyemocms Kpaegoi 3a0auu Pumana — lNunvbepma 6 npous-
BOILHOL 02PAHUYEHHOU 00HOC8A3HOU obnacmu. [lonyuennoe ycrosue no3goisiem OOKA3AMb, YMO MHOICECNEO
peaynapusyempix Kpaesvix 3a0ay Pumana — 'uibbepma 0ns paccmampusaemozo Kiacca CUCmem umeen 4emolpe
KOMNOHEHMbL 20MOMONUYECKOU CE8A3HOCMU, A MAKJICe YMO UHOEKC NPOU3BOIbHOL Pe2YIspu3yemol 3a0a4il pageH
MUHycC eouHuye.

Kniouessle cnosa: snnunmudeckas, cucmema, pe2yiapusyemas Kpaesds 3a0ada, yciosue Jlonamunckozo,
20MOMONUYECKAsl KIACCUPUKaYUsL.

Classification of Regularisable Riemann — Hilbert Boundary Value Problems
for One Class Elliptic Systems in the Three-Dimentional Space

We consider a subset M(4; 1; 3) of the class of elliptic systems of four first-order differential equations
of pseudosymmetric type in R It is proved that the set M(4; 1; 3) has two homotopy classes. A condition that
ensures the regularizability of the Riemann — Hilbert boundary value problem for this systems in an arbitrary
bounded domain with smooth boundary is proved. Using this condition, it is established that the set of regulariz-
able Riemann — Hilbert boundary value problems for systems of the set M(4; 1; 3) has four homotopy classes.
It is also shown that the index of an arbitrary regularizable problem is equal to minus one.

Key words: elliptic system, regularizable boundary value problem, Lopatinski condition, homotopic
classification.

BBenenne

IIycTh B TPeXMepHOM INpocTpaHcTBe R® 3ajaHa sumMnTHYecKas cHCTEMa YeThIpex
muddepeHIMaNbHBIX YpaBHEHUH IEPBOTO MOpPsiAKa BUIA

ouU ouU ouU
Alaxl A26x2 A36x3 @)
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rre A, A, Ay — T[OCTOSHHBIE [JCHCTBUTEIbHBIC  MaTpUIbl  pasmepa  4x4,

U = (Uy(X),...,us(x))" — uckomas BekTOp-QyHKIHSA, X € R*, T o3HauaeT TPaHCIOHUPOBAHUE.

W3BecTHBIM NIPEICTaBUTENIEM JJUIMNTUHYECKUX cucTeM Buaa (1) sBiserca cucrema
Moucuna — Teonopecky, Kotopas siBisseTcsl aHajnorom cucremsl Komm — Pumana B Tpexmep-
HOM IIPOCTPAHCTBE M CBs3aHa CO CTATMYECKMMHU IPOCTPAHCTBEHHBIMM ypaBHeHusMu Jlame
[1; 2]. B. U. llleBueHKO MONIY4na yCIOBHE, 00ECIIEUNBAIOIICE PErYIISIPU3YEMOCTh KPaeBoOi
3anaun Pumana — ['mnsbepra ans cucrtemsl Moncuna — Teogopecky B MpOU3BOJIBHON OHO-
CBSA3HOM 00JacTH, W TPOBET TOMOTOINUYECKYIO KJIAcCU(UKAIMIO PETYJSIpU3YEeMbIX 3aaay
JUJISL 9TOM cHUCTEeMBI [3].

B pa6ote [4] A. T. Yccom BbieneH kinace cucteM Buaa (1), sABISIONTMXCS TpexMmep-
HbIMU aHanioramu cucreMbl Ko — Pumana (cokpamienno TKP-cuctemsl), 1 BbIsICHEHA TOTIO-
Joruyeckast ctpykrypa maoxecrtsa TKP-cuctem.

I'omoTronuyeckas kinaccuukanus peryisipu3yeMbIX KpaeBbix 3amau Pumana — ['mib-
oepra qis TKP-cuctem nposeneHa B [5].

B [6] mpoBeneHsl roMOTONMYECKAss KIACCU(PHUKAIMS DIUTMITHYCCKAX CUCTEM IICEB-
nocumMerpuyeckoro tuma B R® u B kmacce mceBnommdhepeHIHanbHBIX ONepaTopoB Kiac-
cu(uKalus KpaeBbIX 3a/1a4 JUIsl TAKHUX CUCTEM.

Bcrony Huke B 3T0i craThe Mbl OyzeM paccMaTpuBaTh cucTteMsl Buaa (1), muist Koto-
pbix E — equHuYHAs MaTpHIIa 4€TBEPTOrO NOPSIKA, a KOdpGHUIueHTsl A, 1 Aq NMEIOT BUI

0 a b 0

|-a 0 0 —b,
A=) _ b 0 0 g
0 b -a O

(k=23), 2

rae a,, a5, b,, by eR.
MHosecTBO Bcex syumnTuyeckux cucreM (1) ¢ xoadpduunuenramu (2) o603HaAUUM
M(4; 1; 3). DT0 MHOXECTBO 00pa3yeT MOAKIACC B KJAcCe SJUTMNTHYECKUX CHUCTEM IICEBJIO-

CUMMETPHUYECKOTO THIA B R3. Ormerum, uToO Habopom umcen (az, by az bs) cucrema
u3 M(4; 1; 3) onpeaessieTcst 0THO3HAYHO.

B HacTosmeidt crathe MPOBOJUTCS TOMOTONHMYECKASs KIACCH(PHUKAIUSI MHOMXKECTBA
M(4; 1; 3). Takxke mOKa3bIBACTCS KPUTEPUi, 00ECICUMBAIONIMN PETYISIPU3YEMOCTh TPOU3-
BOJIbHO# KpaeBoii 3aiaun Pumana — I'unbOepra i cucrem kinacca M(4; 1; 3), u mpoBoauTcs
TOMOTOIMUYECKAs KJIaCCH(PUKAIUS PETYIIPU3yEMbIX KpaeBbIX 3a/1ad.

I'omoTonuyeckas kiaaccupuranusa MHoxkecTBa M(4; 1; 3)
Jlemma 1. Cucmema (1) sensemcesn snaunmuueckoi mo2oa u mojvbko moz0d, Ko2od

8bINOIHsIEMCs HepageHcmeo b, —agh, #0.

Hokazamenbcmeo. DINIANTHYHOCTL cUCcTeMBI (1) 03HauaeT, 4To XapakTepucTU4ecKas
MaTpHULa ITON CUCTEMBbI

A) = A + A, + A,

SBIIETCS HEBBIPOXKICHHOI PH KaXI0M HeHysIeBoM BekTope & € R,
Herpyano y6eautbcs, 4to

det A($) = (6512 + (a8, + a3(53)2 + (0,5, + b3§3)2)2-
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VYpaBuenue det A(E) =0 paBHOCHIIBHO JTUHEHHON OJTHOPOJHOM CHCTEME YpaBHEHUM

981 =0,
a8, + 8553 =0,
b,&, +b3&3 =0,

KOTOpasi UMEET TOJIBKO HYJIEBOE PEIIEHHE B TOM M TOJBKO TOM Cllydyae, KOrJa ee OINpelest-
TeJb OTJIMYCH OT HYJIA, T. €. Korja a,0; —agh, # 0. Jlemma nokasana.

JIBe /UTMNTHYECKUE CUCTeMbl U3 MHOKecTBa M(4; 1; 3) Ha30BeM rOMOTOITHBIMH, €CJIH
UX MOXKHO COCAMHHTH JIPYT C APYroM HempepblBHOU nedopmariueit kKoah(UIUEeHTOB B yKa-
3aHHOM KJ1acce 0e3 HapyIICHHs yCIOBHSI AJUTUITUYHOCTH. HeTpynHO BHIIETh, YTO BBEIACHHOE
OTHOIICHUE TOMOTONHMK Ha MHOKecTBe M(4; 1; 3) sBJIsSETCS OTHOIIEHUEM 3KBHBAJICHTHOCTH.
Kitacchbl 5KBUBaJIGHTHOCTH HA3bIBAIOTCS KOMIIOHEHTAMU TOMOTONMUYECKOM CBA3HOCTH.

Bomnpoc o romoTonuyeckoil kiaccupuKauy SUTUNTHYECKUX CUCTEM ObLT chopMyIIH-
poBan M. M. I'ensdannom, U. I'. ITerporckum u I'. E. IllunoBeiM [7] 1 COCTOUT B Haxo0X1e-
HUU KOJMYECTBA KOMIIOHEHT TOMOTOMUYECKON CBS3HOCTH, TOMOTONMUYECKUX HHBAPUAHTOB
Y IIPOCTEUIINX MPEACTABUTENEH KOMIOHEHT. OTMETHUM, YTO K HACTOSIIEMY BPEMEHHU 3TOT
BOIIPOC JIAJIEK OT CBOETO OKOHYATEILHOTO OTBETA.

O603unaynM yepe3 M4 (4; 1; 3) coBokymHOCTh Beex cucteM kimacca M(4; 1; 3), ais ko-

TOPBIX BBIMONHSIETCS HEPaBEHCTBO a,0; —ash, >0, a uepes M_(4;1;3) — mis KOTOpBIX
ab; —agh, <0.

Teopema 2. Muoowcecmso M(4; 1; 3) umeem dse komnonenmsi 20MOMONULECKOU CEA3-
nocmu M+(4; 1; 3) u M_(4; 1; 3). Kasxcoas cucmema uz M(4; 1; 3) comomonna cucmeme

%4_%4_%20
O Xy O
_ O OU;  OUy _
X, Ox OX3
ou au ou, ®
Ng X X
8u2_6u3+8u4:0
Xy OX, O%
a uz xknacca M_(4; 1; 3) — cucmeme

0% OX, OXq
ou, N ou, N oy _
OX, OX OXg
OXy 0%  OX,

_au, _6‘u3+6u4 0

OX3 OXy 0%

0,

(4)
0,

Tomomonuyeckum uHBAPUAHMOM ABIAEMCA 3HAK @blpadicerus by —agh, .

Hoxazamenvcmeo. Tlokaxkem, 4TO TpOM3BOJbHAas cucTemMa u3 kiacca M.(4;1; 3)
HE TOMOTOITHA HH OJHOM cucteme u3 M_(4; 1; 3). IIpeamnonoxum MpOTHBHOE: MyCTh CUCTEMA
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A(O)U =0 u3 kmacca M4(4; 1; 3), coorBercrByromas Habopy (ad,by,as,bd), romoronsa
cucreme B(A)U =0 u3 kinacca M_(4; 1; 3), coorercTBytoueii Habopy (a3,bs,al,bl).
D10 o3Hauaetr, uTo cymectByer cemeiictBo cucteM C,(O)U =0 (te[0:1]) xmacca

M(4; 1; 3), ompenensiemoe HabOpOM  HENpEepbIBHBIX Ha oTpeske [0]  dyHKIwmid

(a,(t), b, (t), a5(t), by(t)), Taxoe, uro
(89(0), b, (0), 25(0), 5 (0)) = (a2, b3, 82, b3) 1 (8, (1), b, (1), 5 (1), by (1)) = (a3,b3, &, b
PaccMOTpHM HempephiBHyTo Ha otpeske [0; 1] dyHkimio
F (t) =, ()bs (1) — a5 ()b, 1)

[ockonbky F(0)=agh) —ado >0 u F(1) =azh; —agb; <0, TO Haiigercs TOYKa
t, €[0:1] B koropoii F(ty)=0.
Cornacno nemme 1, cucrema G, (0)U =0 He gBigeTcs sunTudeckon. Ilomydennoe

IPOTHBOPEYHE JIOKA3BIBAET, 4TO MHOKeCTBO M(4; 1; 3) umeer 1o kpaiiHell Mepe B KOMIIO-
HEHTHI FOMOTOIUYECKOM CBA3HOCTH.

[Tokaxxem Tenepb, 4yro MHOXecTBO M.i(4; 1; 3) romoronuyecku cBsizHO. IlycTb
A(O)U =0 — mpousBosbHas cuctema u3 Mi(4; 1; 3), onpenensiemas Habopom (az, by, as bs)
¥ ycloBHeM a,b; —agh, >0.

Tornma BekTopsl a=(a,,83) u b=(b,,b;) 0OpasyroT mpaBblii pernep Ha MIOCKOCTH.

CornacHo pesynsTatam kuuru [8, €. 212], penep Oab mosxno HenpepsiBHOl nedopmaimeit
C COXpaHEHHEM YCIIOBHS OJIHOMMEHHOCTH, TIEPEBECTH B CTaHIAPTHBHIM Oa3HC IUIOCKOCTH
e, =(@0) u e, =(02) . [Tocnennee o3nauaer, yro cuctema A(0)U =0 romoronHa cucreme (3).

Bekropsr a = (@, a3) u b = (by, bs), o6pasyrorme seBoIit pernep Ha MIOCKOCTH, MOYXKHO
HeTpephIBHON Jedopmanueil ¢ cOXpaHEeHHEM YCIIOBHS OJHOMMEHHOCTH IEPEeBECTH B Oa3mc
wiockoctr €1 = (1, 0) m e, =(0,—1) [8, c. 212]. Tem caMbIM J0Ka3aHO, YTO KaXKAasi CHCTEMa
u3 M_(4; 1; 3) romotomHa cucteme (4).

Teopema noka3ana.

VYcinoBue peryasipuzyemoctu 3a1aun Pumana — TnabsGepra Juist cucremM Kiacca
M(4; 1; 3)

Iycts Q c R® — orpanmuennas 0XHOCBA3HAs 0GIACTb, IPAHHIICH KOTOPOI SIBISETCS
IJ1ajikast MoBEpXHOCTH JIsmynosa 0C).

3amavya Pumana — I'mibbepra 1uist cucteMbl (1) COCTOUT B OTHICKAHWH PELICHHUS 3TOM
CHCTEMBI, HenpepblBHO mudepenuupyeMoro B () W HempepsiBHOro mo [enbaepy

B Q=QUAQ, yI0BIETBOPSIONIEr0 Ha O IPAHNYHEIM YCIOBHSM

BOWU(Y) = f(y) (yedQ), ()

rne B — marpuna-¢pyakuus pasmepa 2x4, a f — IByXKOMIOHEHTHasi BEKTOP-(YHKIIHS,

HETpephIBHBIE 110 ['enbaepy Ha moBepxHocTH 0C) .

3amaua (1), (5) Ha3bIBaeTCs pEryasapu3yeMOM, €CIHM JJisi Hee BBHITIOJIHEHO YCIOBHE
S. b. JlonatuHCckoro.

DT0 ycioBHe obecrieunBaeT HETEPOBOCTh 3a/1aun PuMana — ['mib0OepTa Kak B KJIacCH-
YeCKOIl MOCTaHOBKE, TaK W B IIMPOKOH IIKane ruiab0epToBbIX mpocTtpancts [9; 10], u npen-



104 Becuix Bpacyxaea ynieepcimama. Cepuvis 4. Dizika. Mamamamvika Ne2/2024

cTaBisieT co0O0M JOMOTHUTEIHHOE OrpaHMYCHHE Ha MATPUIly TPAHUYHOTO OIEepaTopa, COCTO-
AI1ee B TOM, YTO PaHT MaTPUILIbI

L(y,7)=B(Y)- [ A (v (y) +7(y))dA (6)

PaBEH JIBYM B K&XJI0i TOuKe Y € OQ M IIpU KKIOM HEHYJIEBOM KacareabHoM K O0() B TOuke
y Bektope 7 =17(Y).
3neck yepe3s v =v(y) 00O3HAYEH €IMHUYHBIA BEKTOp BHYTpEHHEH HOpMaiu K O

B TOUKE Y, 1 UHTETpUpOBaHUeE B (6) BEIETCS MO IPOCTOMY 3aMKHYTOMY KOHTYPY J, JIEKaIIEMy
B BEpPXHEH KOMIUIEKCHOM A-NOIYIJIOCKOCTH M OXBaThIBAIOIIEMY KOpeHb A =a +if (> 0)
ypaBHEHUS

det A(Av(y) +7(y))=0.
Yepes A j obosnaunmm mMuHOp Matpuipl B(Y), cocranenusiii u3 ee j-ro u k-ro cron6-
oB (j, k=1, 2, 3, 4), u pacCMOTpHUM BEKTOPHOE TI0JIE

P(Y) = (Ags + Aggi @y (—As3 + Agy) 05 (Agy + Agy)i83(—Ag3 + Agy) +05(Agp +Agy)). (7)
Teopema 3. 3aoaua (1), (5) pecyrsipusyema moeoa u monvko moeoa, K020a 6 Karcoou
mouke Y € 0Q) BbINONHACMCS HEPABECHCIBO

(v(y)iP(y)) =0 (8)

(30eco (-;-) — cmandapmmuoe cransproe npouseeoenue 6 npoCMpancmee R®).

Hokazamenvcmeo. I1onoxum

a(&) = a8, +ayd;, b(E) =&, +1u&;, (&) =& +a%(&) +b*(&).

Breruucinum matpuiry Jlomatuackoro (6) 3amauu (1), (5). Tak kak

5 -a@ -bE) 0

A () L a@) & 0 b
gra@+hi@(PE) 0 & -al)

0 -b©) a@ &

TO, COTJIACHO UHTerpasibHOM Gopmyne Komm, nomyunm

vi+7 —a(v+r) —b(Av+1) 0
_ 2—7zl a(Av+1) A+t 0 b(4v +71)
L(y.7)=B(y) c(V)(A - 2)| b +7) 1O 1 i+t —a(lv+r) |
0 —b(Av+7) a(lv+1) Avi+1

O6o3Haunm 4epe3 Hj munHop Mmarpuust S. b. JlomatuHckoro (6), cocTaBIeHHBIH

u3 ee j-ro u kK-ro cronouos (j, k=1, 2, 3, 4).
Torna

Hy, =Hgy Hig=—Hy, Hy=Hys,

U C TOYHOCTBIO J10 HeHyseBoro MHoxurens 2z /(c(v)(4, —Z)) BBIITOJIHSIIOTCS PABEHCTBA
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Hyp, =—D(E)B(E) (Mg + Agg) +A(E)(—Agz + Agy) + & (Agg + Agg)),
Hiz =a(&)(b(E)(Agp + Agg) +A(E)(—Agz + Agy) + & (Agy + Ayg)),
Hiy = &GO (Agp + Agg) +AE)(—Agg + Agg) + & (Agy + M),

rne E=(a+ifv+r.
VYcnoBue MakcuMaiabHOCTH paHra matpuilel f. b. JlomatuHckoro (6) paBHOCHIIBHO
TOMY, 4TO B KaXI0H Touke Y € 0 U IpHu KaKIOM eIMHHYHOM KacatelbHOM Bektope 7(Y) K

0Q B TOYKEe Y BBIIOIHAETCS HEPABEHCTBO
| Hyp I? +] His ? +] Hi, |2 0. 9)
3aMeTHM, 4TO
2 2 2
|Hpp 7+ Hyg "+ Hy [7=

=(1& P +1a(&) P +1b(E) ) DE)(Ags + Agy) +AE) Az + Agg) + & (Agy + Agg) =
—(1& 1 +1a(@) P +16() ) [{(z;P)+a(v; P)+ip(v; P) .

W3 mocnenHero paBeHCTBA CIEAYET, YTO BBINOJHEHHE YcioBHsS (9) paBHOCHIBLHO
YTBEP)KICHHUIO TEOpeMBI. TeopeMa JoKazaHa.

OTMeTuM, YTO YCIIOBHE PETYJISPU3YEeMOCTH KpaeBoW 3amaun Pumana — ['miabOepra
B BHJie (8) ObUIO paHee ycTaHOBJIEHO it cucteMbl Moucuna — Teomopecky [3], ansa Tpex-
MEpHBIX aHAJIOroB cucTeMbl Komm — Pumana [5], A8 2JIMNTHYECKUX KOCOCUMMETPHYECKUX

cucreM B R® [11], a1s HEKOTOPBIX JIUIMNTHYECKHUX CHCTEM OPTOTrOHANbHOTo THia B R* [12].
OtMerum Takxe, uro Mero B. U. llleBueHko, mpuMEHEHHBIN UM JJIs1 TOMOTOIMYECKOM Kilac-
cu(UKalUY PEryJsIpu3yeMBbIX 3a/1a4 AJs roJoMop@HOro BekTopa [3], ¢ ycnexom Obul mpume-
HEH K TOMOTOMUYECKON KIacCU(PUKALIUN PETYIIPU3YEMbIX 3a/1a4 JJIsl APYTUX KIACCOB CUCTEM
B pabotax [5; 11; 12]. B cnenyromiem paszene HaCcTOAIIEH CTaThH Mbl 9TUM METOJOM IPOBe-
JIeM KJTacCH(DUKAIMIO PEryJIIpU3yeMbIX 3a1a4u s cucteM u3 M(4; 1; 3).

I'omoTonuyeckass kjiaccupukanus peryjasipusyemMbix KpaesbIX 3aaa4 Pumana —
I'man0epra a5 cucrem kiaacca M(4; 1; 3)

JlBe perynspuszyemsie 3anaun Pumana — ['mnpbepra mis cuctem u3 M(4; 1; 3) Hazbl-
BAIOTCSl TOMOTOITHBIMH, €CITH CYIIECTBYET HENpepbIBHAsS jaedopMaIis OJHON 3a1adu B IpY-
I'yI0, HE Hapylaromuias yciaoBus JIOMaTHHCKOro U cOXpaHsoNas HeMpepbIBHOCTH 1o [ enbe-
py K03 punneHToB 3TUX 3a1a4.

Bompoc o romoTtonuueckoil KiacCH(pUKAIIUU PETYISIPU3YEMBIX KPaeBBIX 3a/1ad ObLT
chopmymupoBan M. M. T'enbangom B 1960 1. 1 COCTOUT B ONpPEEICHUH YHUCIa KOMIIOHEHT
CBSI3HOCTH, a TAK)K€ B YKa3aHUH MPEJCTABUTENICH STUX KOMITIOHEHT W B YCTaHOBIIEHUH T'OMO-
TONHWYECKUX MHBAPUAHTOB DJUIMIITHUECKUX NCEeBIOU(DEepeHIINaTbHBIX ONIEpPaTOpPOB, 3a1aBa-
€MBIX peryJsipu3yeMbIMH KpaeBbIMU 3a7auamu [13].

Beenem cienyronme 0603HaueHU:

R — MHOXKECTBO peTyJIsIpU3yeMbIX KpaeBbIX 3a1au Pumana — ['mnnbepra (1), (2), (5);

R — MHOXECTBO PEryispu3yeMbIx 3a1ad Pumana — ['mmsbepra (1), (2), (5), mist koto-
PBIX BBIMOJIHACTCS HEPABEHCTBO <v(y); P(y)> >0 Bcroay Ha 0Q u a,b; —agh, >0;

R, — MHOJKECTBO perynspusyemsix 3ajad (1), (2), (5), wis kotopsix (v(y);P(y))>0
BCIOly Ha 0Q 1 a,b; —agh, <0;
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R_ — MHOKECTBO perynspusyembix 3ajad (1), (2), (5), s kotopsix (v(y);P(y))<0
BCIOTy Ha 0Q u a,b; —agh, <0;
R’ — MHOKECTBO peryispusyembix 3ajau (1), (2), (5), w1 kotopwix (v(y);P(y))<0

BCIOly Ha 0Q u ayb; —agzhb, > 0.

Teopema 4. Muoowcecmeo R pezynsipuzyemuvix Kpaegvlx 3aday Pumana — I'unvbepma
ons aanunmudeckux cucmem xnacca M (41,3) umeem uemvipe KOMNOHEHMbl 20MOMONuye-

CKOU C853HOCMU ‘.Ri, R, R, R-. Tomomonuueckumu uUHEAPUAHMAMU AGNAIOMCA 3HAK

gvipadicenust a0, —ash, u snax cranaprozo npoussedenus <v(y); P(y)> .

Hoxazamenvcmeso. JIocTaTouHO TMOKa3aTh CBA3HOCT MHOXKECTB R, R,, R n N_.

JIeHCTBUTEIBLHO, TIOCKOJIBKY IOBEPXHOCTh OC) SBJISCTCS CBA3HOM W BEKTOpHOE monie P(y)
HEMPEPBIBHO HA MOBEPXHOCTH O, TO CKamspHoe TpousBenenue (v(y);P(y)) coxpaHser
3HaK Ha OQ), M, CIICIOBATENbHO, 3a/1a4H, VISl KOTOPHIX COOTBETCTBYIOIINE CKAISIPHBIC TPOM3-
BCACHUA UMCIOT PAa3HbIC 3HAKW, HC TOMOTOITHEI.

3aMeTHM TaKXke, YTO €CJIM 3HAKH BBIpOKEHHH a,0; —agh, cuctem aByX 3aiad mpoTH-

BOIIOJIOXKHBI, TO 3TH 3a[1a4H TAK)Ke HE TOMOTOIHBI (Teopema 2).
[Tycts matpuna B(y) rpanuuHoro ycinosus (5) uMeeT BUj

B(y):(ml(y) my(y) ms(y) m4(y)j
n(y) n(y) ns(y) nu(y))

JIoKa)keM TOMOTOITMYECKYIO CBSI3HOCTh MHOXeECTBa R, creays padore [3].

[MockonbKy B kKaxaoi Touke Yy e oQ rank B(y) =2 (B mpoTHBHOM cilydae paHr MaT-
puiisl Jlomatunackoro (6) Menblie 2), To nepBas crpoka M(Y) matpuisl B(y) He obOpariaetcs
B HyJb Ha mnoBepxHocTH O . [losTomy cymectByer [14] HempepblBHOE OTOOpakeHHE
M : 6Q x[0; 1] — R* \{0} Taxoe, 4To B Ka10ii TOuKe Yy €O

M(y,0)=m(y) 1 M(y,)=(0,0,0),

u ipu kaxaom te[0; 1] Bekrop-pynkmuss M (-,t) HenpepsiBHA 110 ['enbaepy Ha Q.

[IpoBeneM TOMOTOMUIO MATPUIBl TpaHUyHOro omeparopa 3amauu (1), (2), (5).
J1s1 5TOro paccCMOTpUM JIMHEHHYIO CUCTEMY YPaBHEHHHM OTHOCHTEIBHO HEM3BECTHOW CTPOKH

N(y,t) = (N (y, 1), No(y,t), N3(y,t), Ny(y,1))
E(y, )NT(y, 1) =P(y, 1), (10)
r7ie MaTpuiia JeBoi yactu cuctemsl (10) umeet Bug

M, M, M, M,
-M, -M, M, M,
aM;-b,M, -a,M,+b,M, -a,M;-b,M, a,M,+b,M,
uM;-bM, —-aM, +b;M; —-a;M; -b;M,  a,M, +b,M,

—
- =
—

(s yrporenus 3anuceii Touka (Y,t) € 6Qx[0;1], B KoTOpoil BEIYHCISIOTCS JIEMEHTHI MaT-
pHIIBI, HE YKa3bIBaeTcs), a mpaBas yacTb cucteMsl (10):
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A=) (M (Y)n (y) +my (YIn, (y) + ms (Y)ns (y) + m, (y)n, ()
5( t): (1_t)Pl(y)+tV1(y)
4 A-1)P,(¥) +tv,(y) |
A-t)R;(y) +tvs(y)

rae P(y) = (R.(y), P (y), Ps(y)) — Bextoproe mone (7), v(y)=(v,(y),v,(y),vs(y)) — ean-
HUYHOE I0JI€ BHYTPEHHUX HOPMaJIel Ha MOBEPXHOCTH O .
3ametum, 4to mpu Beex Yy e 0Q u te[0; 1]

det =Z(y, t) =(a2b3—a3b2)(l\/|12 +MZ +MZ +'V'f)2 #0.

CrnenoBarenbHo, cuctema ypaBHenuit (10) mpu Bcex y e oQ u te [0; 1] umeer eaun-
ctBeHHoe pemenue N(y,t).

HeTpyaHo BuzeTh, 4To mojydeHHoe oTobpaxkenue N :dQx[0;1] — R* nenpepsiBHO
u ipu kKaxaoM te[0; 1] aBnsercs HempepbIBHBIM 110 [ enbaepy Ha HOBEpXHOCTH OQ .

Otmerum, uto mipu t =0 BTOpas ctpoka Marpuiiel B(Yy) sBisieTcs pemeHueM cucre-
Mel (10).

Paccmorpum romotonuio 3amauu (1), (2), (5), nmpu xotopoit cucrema (1) ocraercs

HEU3MEHHOM, a MaTpuLla COOTBETCTBYIOLIETO 3TON CUCTEME TPAHUYHOI'O YCIOBUS

B(y,hU(y) = f(y) (yed®), (11)
HUMEECT BU/
a(y, <[V 00 D M) My, ) My(y, 0
PUTINGD N ND Ny

Bekropnoe mone P(y,t) (dopmyna (7)), oreuatomiee 3amaue (1), (2), (11), ymosie-
tBOpsieT cootHoreHnio P(y,t) =(L—-t)P(y) +tv(y).
IToaromy mpu Beex Yy € 0Q u m000M t € [0; 1] BBINOIHAETCS HEPABEHCTBO

(v(y); P(y, £)) = @—t)(v(y); P(y)) +t >0,

YTO B CHJIy Te€OpeMbl 3 o3HadaeT peryispuszyemocts 3agauu (1), (2), (11) npu xaxaom
t €[0;1]. I'panuunoe ycnosue (11) mpu t =1 npuHUMAET BU]

1 0 0 0
V3 (y) —agva(y)  byvs(¥)—byva(y) (y) V=), (12)
ab; —agh, ab; —ash, '

a mosie (7) coBMaaaeT ¢ MoJieM BHYTPEHHUX HopMatiei v(Y) Ha oQ.
Kax Obuto mokazaHo mpu jJoka3areiabcTBe Teopemsl 2, cucrtema (1), (2) romoTomnHa
cucteme (3) (Ipu 3TOM B TPOIIECCE TOMOTOIMHMU COXPAHSIETCs 3HAK BBIPKEHUST a,0; —agh,),

MI0O3TOMY TPOU3BOJIbHAS 3aava 3 R, roMOTOmHa 3amade Pumana — [unbbepTa Amst cuc-
TeMbI (3) ¥ TPaHUYHOTO YCIOBHS

u1|6Q = fl(y)’ .
{wzvs Uy ) = hly) XD (13
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PaccmoTpum Teneps MHOkecTBO R, . B arom ciydae, cucrema (1), (2) romoronHa

cucreme (4), a mpousBoJbHAas 3amada U3 ‘R, romMoTonHa 3ajgade Pumana — I'mnpGepra
JUIsl cucTeMbl (4) M TPaHUYHOTO YCIIOBUS

U1|ag = f.(y),
{(U4V1 —Ugvy — u2v3)|aQ = f,(y) (y € 0Q). (14)

AHAJIOTMYHO J0Ka3bIBACTCS, YTO KaXKAAs 33/1a4a U3 MHOXKECTBAa R’ TOMOTOIIHA 3a/1a4e
JUIst cucTeMsl (3) ¢ rpaHUYHBIM YCIIOBUEM

u1|6Q = fl(y)’ .
{(—U4V1+u3v2 —u2v3)|aQ = f,(y) (y € ), (15)

au3 R_ —3amade A7 CUCTEMBI (4) ¢ TPAaHUYHBIM YCIIOBUEM

ul|aQ = f.(y),
{(—um TRARRTION PRS0 Bkl (16)

OTMeTHM OCHOBHBIE OTIWYMS B paccykneHusix. B cucreme ypaBHenuir (10)
npu (v(y); P(y)) <0 HyKHO MOJOKHTH

A=t)(m (Y)n (y) +m, (y)n, (y) +ms(Y)ng (y) +my (Y)n, (Y))
ﬁ( t): (l_t)Pl(y)_tvl(y)
4 (AL-1)P,(y) ~tw,(y)
A-1)P;(y) —tvs(y)

Torma Bextoproe mone P(y,t) (dbopmyna (7)), orseuaromiee 3amaue (1), (2), (11),
ynosietBopsiet cootHomenuto P(y, t) =(L-t)P(y)—tv(y).
ITosTomy nipu Bcex Yy € 0Q u t €[0; 1] BBINOIHAETCA HEPABEHCTBO

(v(y);P(y, 1)) = @—t){(v(y); P(y)) -t <0,

4TO B CHJY TEOpeMbl 3 O3Ha4aeT peryispusyemocts 3amauu (1), (2), (11) mpu kaxmaom
t €[0; 1]. I'panuunoe ycnosue (11) mpu t =1 npuHUMAET BU]

1 0 0 0
agvo (V) —a,vs(y) byva(y)—bovs(y) vi( U (y)=f(y),
1(Y)

a mosie (7) Ha moBepxHOCTH OQ coBmajaet ¢ mojiem —v(Y).

Teopema noka3ana.

CueacrBue. Mnoexc npouszgonvrou pecynsipusyemoui sadauu Pumana — I'unbbepma
(1), (2), (5) pasen mumnyc eounuye.

Hoxazamenvcmeo. 110CKOABKY MHAEKCHl TOMOTOIHBIX PErYJIPU3YEMBIX 3a]au paBHBI,
TO JUISl BBIYMCIICHUSI MHJAEKCA MPOU3BOJILHOM 3a/1aud U3 MHOXKECTBA R JIOCTaTOYHO BBIYHUC-
JUTh UHJIEKC MPOCTEUIINX 3a/1a4.

Paccmotpum 3amauy Pumana — ['mnpOepra 1iist cucrteMsl (3) ¢ rpaHUYHBIM YCIOBH-
em (13). Bamenoii V = (U,,—U3,U,) u W =—U, 3Ta 3a71a4a MPUBOJUTCS K BUIY
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divV(x)=0, rotV(x)=grad W(x) (xeQ), a7
W], ==fi(y) (Viv), = f(y) (yeoQ). (18)

WNunekc 3agaun (17), (18) BeruncieH B padote [14] 1 paBeH MUHYC €UHUIIC.
3amenoit V =(-U,,Uz,—U,) 1 W =u, 3amaya Pumana — I'mnsbepra mist cucremst (3)
c rpaHuuHbIM ycioBueM (15) mpuBomurcs x Bumy (17), (18) (¢ Tem numb oTIMUYHUEM,

41O W|aQ = f,(y)).

3amenoit V =(U,,—Us,—U,) 1 W =u, 3ama4ya Pumana — I'misbepra st cucremsl (4)
c rpaHnyHbIM ycioBueM (14) mpuBoamtcs xk Buay (17), (18) (c TeM nHIIb OTIMYHEM,

9TO W|a§2 = f,(y)).

3amenoii V =(-U,,U3,U,) 1 W =—u, 3amaya Pumana — ['unbbepra asist cuctemsl (4)

¢ rpaHu4HbIM ycioBueM (16) npuBoautes k Buny (17), (18).
Yro u TpeboBanoch 10Ka3aTh.

3aki0oueHune

B Hacrosmieli cratbe paccmarpuBaetcs noakinacc M(4; 1; 3) MHOXkecTBa 3JUTUIITHYC-
CKHX CHCTEM ICEBIOCUMMETPUUECKOTO THIIA B TPEXMEPHOM MTPOCTPAHCTRE.

Jloka3zpiBaercs, 4To:

1) muoxxectBo M(4; 1; 3) umeer aBe KOMIIOHEHTH TOMOTOITHYECKOM CBSI3HOCTH;

2) peryisipu3yeMocTh 3anaun Pumana — ['mibOepra mnst cuctem kiacca M(4; 1; 3)
PaBHOCUIIbHA HEBXOKJCHHIO CIIEIIUAIBHOTO BEKTOPHOTO TOJIS, TOCTPOSHHOTO 1O K03 uiu-
€HTaM 3aJ1au¥, B KacaTeIbHYIO TUIOCKOCTh K TPAHHUIIE 00JIACTH B KaXKJIOW TOUKE;

3) MHOXECTBO PETYJISIPH3yEeMbIX KpaeBbIX 3amau Pumana — ['mimsOepra At cucTeM
kinacca M(4; 1; 3) umeeT yeThipe KOMIIOHEHTHI TOMOTOITHYECKOM CBA3HOCTH;

4) uHpeKe perynspusdyemoil 3amaun Pumana — [unbOepra aist cucTeM  Kiacca
M(4; 1; 3) paBeH MUHYC CTUHHUIIE.

OTMeTuM, YTO B YETHIPEXMEPHOM MPOCTPAHCTBE JUIA KJIACCa IUNTUYECKUX CHCTEM
NICEBJJIOCMMMETPHYECKOTO TUIIA OTCYTCTBYIOT PEryJsipu3yeMble KpaeBbie 3aaaun [15; 16].
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SYSTEMS OF DIFFERENTIAL EQUATIONS IN THE LEBESGUE SPACES

1,2

Herein, we investigate systems of nonautonomous differential equations with generalized coefficients
using the algebra of new generalized functions. We consider a system of nonautonomous differential equations
with generalized coefficients as a system of equations in differentials in the algebra of new generalized func-
tions. The solution of such a system is a new generalized function. It is shown that the different interpretations
of the solutions of the given systems can be described by a unique approach of the algebra of new generalized
functions. In this paper, for the first time in the literature, we describe associated solutions of the system of non-
autonomous differential equations with generalized coefficients in the Lebesgue spaces L,(T) with functions that

satisfy the linear growth condition.
Key words: algebra of new generalized functions, differential equations with generalized coefficients,
functions of finite variation.

Cucmembt oughhepenyuanvnvix ypasnenuii 6 npocmpancmaeax Jleveza

Hccredyromes cucmemvl HeasmoHoMHbIX Ouhhepenyuanvublx ypaererutl 8 aieebpe HO8bIX 0000UjeH-
Holx ynxyut. Cucmema HeagmMoOHOMHBIX OupdepeHyuanbHblX ypagHeHutl ¢ 0000ueHHbIMU KO3 duyuenmamu
paccmampusaemcs KaKk cucmema ypagHeHull 6 ouggepenyuanax 8 ancebpe HOBbIX 0000WEHHBIX DYHKYUIL.
Pewenuem maxux cucmem sagnsemes Hosas 06oowjennas Gyukyus. Ilokazamno, umo pasiuynvie uHmepnpemayuu
peutenuti OaHHBIX CUcmeM Mozym Oblmb ONUCAHBL NPU NOMOWU eOUHCINBEHHO20 NOOX00d, UCHOTL3VIOWE20 HOBble
0bobwennvle Gynkyuu. B cmamve, 6 omauuue om npeduecmayiowux pabom, OnUCAHbl ACCOYUUPOBAHHbIE D e-
wieHusi cucmem HeagmoHOMHLIX OUupepeHyuaivubix ypasHenutl ¢ 00006weHHbIMU KOIpduyueHmamu 6 npo-
cmpancmeax Jlebeea | (T), codepacawue dynryuu, yoosremsopaiouue yeaosuio IUHEH020 pocmd.

Knroueswvte cnosa: ancebpa Hosvix 060ouennvix yukyuil, ouggepenyuanvrvle ypasrenus ¢ 0600ujeH-
HbIMU KO puyuenmamu, GyHKyuu 02paHudenHol 6apuayuu.

Introduction
In this paper, we will consider the following system of equations with generalized
coefficientson T €[0;a] = R

KO =3 1 XOL 0, i=1p )
X(0) = Xy, (2)

where fU i=1p, j=Lq are some functions, xX(t)=[x'(t),x*(t),...,x"(t)] and L(t),
j =1,q are functions of finite variation on T. LI (t) are derivatives in the distributional sense
or we can say that L!(t) are derivatives in the Schwartz space. In general, since LI(t) is the

distribution and f Y (t,x(t)) not smooth functions, the products f U (t,x(t))L(t) are not well
defined and the solution of system (1) essentially depends on the interpretation. System (1)
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can describe the model of the rocket flight process or the model of the control problems with
impulse actions. Let us recall some approaches to the interpretation of system (1).

The first approach is concerned with considering the system of equations in the
framework of the distribution theory. According to this approach, once the product of distri-
butions from some classes is defined, then one tries to find the solution of the system of equa-
tions (1) in these classes of distributions. For example, in papers [1; 2] the product of some
distributions and discontinuous functions was defined. See also monograph [3] for another
definition. Notice that the solutions of system (1) obtained using the products from [1-3] are
different.

The second approach is to interpret system (1) as the following system of integral
equations:

_ R . —
KO =%+ [ 11X E).i=1p,
i=lo
where the integrals are understood in the Lebesgue-Stieltjes, Perron-Stieltjes, etc., sense [4; 5].
But in this approach the solution of the system of integral equations depends on the

interpretation of the integral and the definition of the functions x'(t) in the discontinuity
points of LI (t).

The third approach is based on the idea of the approximation of the solution of system (1)
by the solutions of the system of ordinary differential equations, which are constructed using
the smooth approximation of the functions L'(t). In monograph [3], it is shown that in this
case the limit of the solutions of the smoothed equations exists.

In this paper, we will consider the system of equations (1) using the algebra of new
generalized functions from [6]. Thus, we will interpret system of equations (1) as a system
of equations in the differentials in the algebra of new generalized functions. Such interpreta-
tion says that the solution of system (1) is a new generalized function. In papers [7; 8] an or-
dinary nonlinear equation with generalized coefficients in the algebra of new generalized
functions is considered.

In previous papers [9-12] the general view of system (1) were considered.
The coefficients in such systems are generalized derivatives of arbitrary functions of finite

variation LI (t). Using the given sequence of numbers h, — 0 we construct a sequence of ap-
proximating equations, and the generalized solution is defined as the limit of a sequence

of the solutions of approximating equations.
It is found that generalized solution exists only under some additional conditions for

the behaviour of the sequence h, in the case of discontinuous functions L (t) and different

generalized solutions exist for different sequences h,.
In papers [13; 14] the system of nonlinear differential equations, the coefficients
of which are generalized derivatives of the continuous function of finite variation L’(t)

is investigated.

The main purpose of this article is to show that under some conditions this new gener-
alized function associates with some ordinary function, which is natural to call the solution
of system ().

We will describe associated solutions of the approximated systems used in previous
similar articles, we will obtain the main results in the Lebesgue spaces L (T)as in [15], but

we will consider that functions 9, i =1,_p, ] =1,_q are functions that satisfy the linear growth
condition.
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The algebra of new generalized functions
In this section, we recall the definition of the algebra of new generalized functions

from [6]. At first, we define an extended real line R using a construction typical for non-
standard analysis.

Let R={(x,)>, X, €R for all ne N} be a set of real sequences. We call two se-
quences {x,}e R and {y,} e R equivalent if there is a natural number N such that x, =y,
forall n> N.

The set R of equivalence classes is called the extended real line, and any of the clas-
ses a generalized real number.

It is easy to see that R =R because one may associate with any ordinary number
X € R a class containing a stationary sequence with X, = X. It is evident that R is an algebra.
The product Xy of two generalized real numbers is defined as the class of sequences equiva-
lent to the sequence {x,y,}, where {x,} and {y,} are the arbitrary representatives of the
classes X and Y, respectively.

For any segment T =[0;a] = R one can construct an extended segment T inasimilar
way. Let H denote the subset of R of nonnegative ,,infinitely small numbers”:

H={h eR:h =[{h,}],h, >0 for all ne N, lim h, =0}. )
N—o0

Consider the set of sequences of infinity differentiable functions {f,(x)} on R. We
will call two sequences {f,(x)} and {9, (X)} equivalent if for each compact set K — R there
is a natural number N such that f,(x)=g,(x) forall n>N and x € K. The set of classes
of equivalent functions is denoted by J(R) and its elements are called new generalized func-
tions. Similarly one can define the space 3(T) for any interval T =[0;a].

For each distribution f we can construct a sequence {f,} of smooth functions such
that f, convergesto f (i.e., one can consider the convolution of f with some ¢ -sequence).

This sequence defines the new generalized function that corresponds to the distribution f .

Thus the space of distribution is a subset of the algebra of new generalized functions. Howev-
er, in this case, infinitely many new generalized functions correspond to one distribution
(e. g. by taking a different o -sequence). We will say that the new generalized function

f =[{f,}] associates with the ordinary function or distribution f if f_, converges to f
in some sense.

Let f = [{f.}] and § =[{g,}] be generalized functions. Then the composition f o §
is defined by fo g =[{f, >g,} € 3(R). Similarly, one can define the value of the new gene-
ralized function f at the generalized real point X = [{x,}] eR as F(i) =[{f, (X}

For each h =[{h,}]e H and f =[{f,}] € 3(R) we define a differential d f e I(R)

by dﬁfz[{fn(x+hn)— f,(X)}]. The construction of the differential was proposed by

Lazakovich (see [6]).
Now we can give an interpretation of system of equations (1) using the introduced
algebras. Let L(t),t €[0;a]=T be a right-continuous function of finite variation. We replace
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ordinary functions in system (1) by corresponding new generalized functions and then write
differentials in algebra.
So we have

d-x"(F) = ij FIEXENL(@),i=Lp @)

with the initial value Y‘[a;ﬁ):io, where ﬁz[{hn}]eH,fz[{tn}]eT,iz[{xn}],

f~:[{fn}], Xy =[{*o,}] and L =[{L,}] are elements of 3(R). Moreover f and L are as-

sociated with f and L, respectively. If X is associated with some function x then we say
that x is a solution of system (3).

The following theorem from [16] gives necessary and sufficient conditions for the ex-
istence and uniqueness of the solutions of system (3).

Theorem 2.1. If the following equality holds for some representatives

{fiye I {Ukell, ((3eX', {4}k,
for all sufficiently large ne N and forall 1 =0,1, ....

Iim(;jT[X(i)n (h, =) = X5, (] - Zq:;jT[fn” (t, Xon (ODIL, (h, +1) = Ly (D11 =0,

t—0* i
then a solution of system (3) exists and is unique.

The purpose of the present paper is to investigate the case when the solution X of sys-
tem (3) is associated with some function and to describe all possible associated solutions.

Main results
In this section, we will formulate the main results of this article.
In this paper, we consider specific types of representatives of the new generalized

functions (mnemofunctions). We take the following convolutions as representatives of L
from system (3)
1
i)

L= *ph)O) = [L(t+s)pl(s)ds, (@)
0

where
pl®) =y (Mp! () (M), p! 20,5upp! <[01], [ p(s)ds =1

and f, = f 55, 5eC™(R™),  [B(Xi Xy X, )AXotyotX, =1, 520, 50p5 [0,

(U
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If the function »!(n) is some monotonic function such as lim y1(n) =, we will
nN—o0
hn—0
assume that for j=1,w lim y ! (n)h, = and for j=w+1,q lim ;/j(n)hn =0.
nN—o0 n—o0

hn —0 hp—0

Using representatives, we can rewrite system (3) in the following form:

K () X0 = Y 1%, )Lt +h,) L@, i =12

X, (t)‘ [o:h,) = Xon t)

()

The solution X of system (3) is associated with some function if and only if the
sequence {X,} of the solutions of system (5) converges.

Therefore, we have to investigate the limiting behavior of the sequence {x,}.
Let t be an arbitrary point of T. There exist m, e N and 7, €[0;h,) such that

t=z,+mh,. Set t, =7, +kh, for k=0,1...,m,. Then the solution of system (5) can be
written as
: : aml o : : o
Xn (1) = Xon (7) + D > T (G X, (G )[Ly () — La (t)) i =1 2 (6)
j=1 k=0

Let Li(t), j=1q,teT =[0;a] be a right-continuous function of finite variation. We

will assume that L'(t)=L(a) if t>a and L'(t)=L(0) if t<0. Let us denote by
q .

var L(u) = ZvaTrLJ (u) the total variation of the function L =[L",L?,...,L%] on the interval T .
ue j=1 ue

Suppose that f is a function that satisfy the linear growth condition with a constant M then
forall xeR and teT:

(%) <ML+[X). (7)

In order to describe the limits of the sequence X, , we consider the following system of
integral equations

: R : _ R
X'(0) =%+ 2 [ 75, X())dL (8) + DS (. X(1t, ), AL(r)), =L, 2 ®)
i=lo Hpst
where L(t) is the continuous part and L™ (t) is discontinuous part of the function L’(t),
M, r=12,..- discontinuity ~ points  of  the  function L' (1), i=1q,
AL (1) = L® (u,+)— L™ (2,-), j=1q is the size of the jump
Si (,Ll, X,U) = §0i (11 H, X,U) _goi (O! H, X,U),

where @' (t, 1, x,u) is the solution of the integral equation

ot 1, %00) = X +iujj £ (11, (5, 1, X,U))dH (s —1) +

j=1
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a Lo _
+ > ulj £, (s, 1, X,u))ds, i =1, 2.
j=w+l 0
Here and in what follows all integrals are understood in the Lebesgue-Stieltjes sense.
Theorem 3.1. Let fU i=1 7z, j=1q are functions that satisfy the linear growth con-
dition (7) and L' right-continuous functions of finite variation. Suppose that
[[X,0(z,) = %, |dt — 0 in the space L,(T) a8 n—o, h =0, y'(n) > and »’'(n)h, -

J
for j=1,w and y’(n)h, -0 for j=w+1,q, then the solution x_(t) of (5) converges to the

solution x(t) (8)in L (T).
Theorem 3.2. Under the condition of theorem 2.1. let f¥ i=1z, j=1q are func-

tions that satisfy the linear growth condition (7) and L' right-continuous functions of finite
variation.

Suppose that |

!
and y’(n)h, > o for j=1,w and »’'(n)h. — 0 for j=w+1,q, then the associated solution
of (3) is the solution of (8) in the space L (T).

Similar results for the system of nonautonomous differential equations in the space
L, (t) have been obtained in [10].

Definition 3.3. We say that the function x(t) is an I-associated (S-associated) solution
of the system of equations in differentials (3) if it is associated solution (3) under conditions
that ,!i_TOVj (n)h, = (n"ﬂl‘/j (mh, = 0.) and the representatives of the functions f and L

hn—0 hpn—0

Xq0(7,) = X,|dt — 0 in the space L (T) as n—>o0, h, >0 »7(n) — oo

are set by formula (4). In this case, we name dﬁEj as an l-associated (S-associated) coeffi-

cient.
Let f :R* > R.We set

LM =(F+5)0)= [ft+s)5,(s)ds,

[0,.1/n]?

where g, (t) e C*(R?), p,(t) =0, supp 5, <[01/n]*, [p,(s)ds=1, neN.
[0,1/n1?

Consider the case when y'(n)=n then p_ (t) e n*p(nt), p,(t) e C*(R?), supp
pcl0l’, [p,(s)ds=1 neN.

(0.1
Remark 3.4. Let ' (n) =n, then we can define the set H from (2) using the following
subsets:

| ={h e H :lzo(hn),n —,h, —0, for all h, eh},
n
S={heH:h =o(1),hn —>0,n—>, for all h, eh}.
n

We name the generalized differential d- as I-generalized (S-generalized) differential
and denote d! (d2),if hel (heS).
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Note, that the I-generalized (S-generalized) differential makes sense only for the new
generalized function L’ with representatives (4), where »/(n) =n.

According to equation (3), we will consider the systems of equations with
I-generalized and S-generalized differentials:

X =3 TIE RN D) ©)
X| o5,= X"

X' (1) ZQ:F Tx(@)dLi (D), (10)
‘[Oh) X",

Remark 3.5. In case »'(n)=n definition 3.3 will take the following form: we will
say that the function x(t) is the I-associated (S-associated) solution of a system of equations
in differentials (3) if it is associated solution (9) ((10)).

Let »'(n)=n. In order to describe the limits of the sequence x, we consider the fol-
lowing system of integral equations

X' (t) = x! +Z j f(s,x(s))dL! (s), i =1 z (11)

Theorem 3.6. Let f7,i=1z, j=1q are functions that satisfy the linear growth con-
dition (7) and L’ continuous functions of finite variation. Suppose that [|x ,(z,) - x0|dt -0
T

in the space L (T) than the solution x, (t)of (5) converges to the solution x(t) from (11)
in the space L (T) as n—oo, h, —>0.
Theorem 3.7. Under the condition of theorem 2.1. let f9 i=1z, j=1q are func-

tions that satisfy the linear growth condition (7) and L' continuous functions of finite varia-
tion. Suppose that jxno(rt)—x0|dt — 0 in the space L (T), than the associated solution
T

of (3) is the solution of (11) in the space L, (T) as n — oo, h —0.

The proof of a similar theorem in another space and in an autonomous case can be
seen in [11].

Let L’be right-continuous functions of finite variation, »'(n)=n and 1:o(hn)
n

as n — oo, h. — 0. In order to describe the limits of the sequence x,, we consider the follow-
ing system of integral equations

X' (t) = X +Z j £ (s, x(s-))dL (s), i =L, (12)

Theorem 3.8. Let f i=17z, j=1q are functions that satisfy the linear growth con-
dition (7) and L' right-continuous functions of finite variation. Suppose that
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]

T

X,0(7,) = X,|dt — O in the space L,(T) than the solution x (t)of (5) converges to the solu-

tion x(t) inthe space L (T) (12)as n—oo, h, —0,and 1 =o(h,).
n

Theorem 3.9. Under the condition of theorem 2.1. let 7 i=1z j=1q are func-
tions that satisfy the linear growth condition (7) and L' right-continuous functions of finite
variation. Suppose that [|x,,(z,) - X,|dt — 0 in the space L,(T)as n—oo, h, —0 than the

T

I-associated solution of (3) is the solution of (12) in the space L (T) as n—oo, h —0.
Similar results for the system of autonomous differential equations in other spaces
have been obtained in [12].

Let L'be right-continuous functions of finite variation, y'(n)=n and h_ :0(1)
n

as n—oo, h. — 0. In order to describe the limits of the sequence X, we consider the follo-
wing system of integral equations

_ ooat _ _ —
X (©) =%+ [ 11 (s X)L () + X' (t, X(s1, ). AL(w,)), i =L 2 (13)
i=lo <t
where S'(u, x,u) = @' (4, 1, X,u) — @' (0, 1, %,u), and @' (t, 2, x,u) is the solution of the integral
equation

. R _

o' (t, 1, x,u) =x' +Zu’j 9w, (s, i1, x,u))ds, i =1, z.
=0

Theorem 3.10. Let f¥ i=1z j=1,q are functions that satisfy the linear growth

condition (7) and L’ right-continuous functions of finite variation. Suppose that
[[X,6 (z,) = X, |dt — O in the space L, (T), then the solution x,(t) of (5) converges to the solu-

T

tion x(t) from (13) in the space L (T) as n—oo, h, —>0and h = 0(1).
n

Theorem 3.11. Under the condition of theorem 2.1. let f¥ i=1z j=1q

are functions that satisfy the linear growth condition (7) and L' right-continuous functions
of finite variation.

Suppose that |

xno(rt)—x0|dt — 0 in the space L (T) as n—oo, h, —0, then the

S-associated solution of (3) is the solution of (13) in the space L (T) as n —oo, h —0.

Similar results for such a system of autonomous differential equations in another
spaces have been obtained in [17; 18].

Conclusion

The systems of nonautonomous differential equations with generalized coefficients
using the algebra of new generalized functions are investigated. It is shown that different in-
terpretations of the solutions of the given systems can be described by a unique approach of
the algebra of new generalized functions.
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In this paper, for the first time in the literature, we describe associated solutions of the
system of nonautonomous differential equations with generalized coefficients in the Lebesgue
spaces L, (T) with functions that satisfy the linear growth condition.
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O KOMIIO3ULIUOHHBIX ®PAKTOPAX KOHEYHOM I'PYIIIHI
C OS -MPONEPECTAHOBOYHOM CHUJIOBCKOM MOATrPYIIIION

Koneunas nenunbnomenmuas 2pynna, y KOmopou éce co6cmeerHoie no02pynnbl HULbROMEHMHbL, HA3bl-
saemcs epynnoti lmuoma. Ilooepynna A epynnut G naseisaemes OS -nponepecmanogounoii ¢ G, eciu cyuje-
cmeyem nodepynna B maxas, umo G = Ng(A)B, AB sensemcs nodepynnoii epynnst G u nooepynna A nepe-
cmarnosouna co ecemu nooepynnamu LLllnuoma uz B . Jua ¥ <7 nepeuucienvi 6ce Heabeieabl KOMNOZUYUOHHbIE
paxmopul epynnvl, 6 komopou cunosckas T -nooepynna OS -nponepecmanosouna. JJokazana paspewumocns
epynnoi ¢ OS -nponepecmanogouHbIMU CULOBCKUMU 2- U 3 -nO02pynnami.

Knwuesvie cnosa: xoneunas epynna, OS -nponepecmanosounas noozpynna, epynna Llmuoma, cunos-
cKas noozpynna, P -paspewumas Zpynnd.

On Composition Factors of a Finite Group with OS -Propermutable Sylow Subgroup

A finite non-nilpotent group whose all proper subgroups one nilpotent, is called the Schmidt group. A
subgroup A ofagroup G is called OS -propermutable in G if there is a subgroup B such that G = N, (A)B,
AB is a subgroup of G and A permutes with all Schmidt subgroups of B. For r <7, all non-Abelian
composition factors of a group G in which a Sylow r -subgroup is OS -propermutable. One described the
solubility of a group G with OS -propermutable Sylow 2- and 3 -subgroups is proved.

Key words: finite group, OS -propermutable subgroup, Schmidt group, Sylow subgroup, p -soluble group.

Beenenue

PaccmaTtpuBatoTcst ToIbKO KOHEUYHBIE rpymibl. KoHeuHas HEHWIBIIOTEHTHas TpyIIa,
y KOTOpOH BCE€ COOCTBEHHBIE MOJTrPYMIbI HWJIBIIOTEHTHbI, Ha3biBaeTcsl rpynmnoi HImunara.
Hauano usyuyenuio takux rpynn nonoxuia padora O. 0. IlImunara [1]. IlogpoOHbIi 0630p
pe3ysbTaToB O cBoiicTBax rpymnm IlIMunara, cymectsoBanuu noarpymm [ImMuara B KOHEUHBIX
rpynnax ¥ MX HEKOTOPHIX IMPWJIOKEHHUSX B TEOPUM KIACCOB KOHEYHBIX TPYII NPUBEIEH
B ctathe B. C. Monaxosa [2].

[Tockonpky rpynmsl I[lIMuaTa NpUCYTCTBYIOT B KAauecTBE MOJAIPYNNBI B Ka)KIOW
HEHWIBIIOTEHTHON TpyINe, TO OHU SIBISIOTCS YHUBEPCAJIbHBIMH MOATPYNIIAMU TPYIII.
[ToaTomy cBONiCTBa 3aKiIIOYEHHBIX B rpymnmne noArpynn [lImuara oxas3plBaroT CylecCTBEHHOE
BIMSHUE HA CTpOeHue camoi rpymnmbl. VccienoBaHusiM cTpoeHus Ipynn IO CBOMCTBaM
noarpynn lImuara nocssiensl, Hanpumep, padotsl S. I'. bepkosuua, B. A. Benepuukosa,
B. JI. Masyposa, B. C. Monaxoga, C. A. CpickuHa.

I'oBopsr, uto noarpynnel A u B nepecranoBounsl, ecau AB = BA, 1. e. MHOeCTBO
Becex oiementoB ab, rme a€A, beB ob6pasyer nmoarpynmy. IMoarpymnma rpymmer G
Ha3bIBa-€TCS NEPECTAHOBOYHOW WJIM KBa3MHOPMAJIBHOM, €CJIM OHA IIEPECTAaHOBOYHA CO BCEMU
nog-rpymmamMu w3 G. B 1962 1. O. Kerens [3] BBen moHATHE S -KBa3MHOPMAILHON
MOJATPYIIIBL.

*Paboma evinoninena npu GuHancosol nooodepoicke Munucmepcemesa obpazoeanus Pecnyonuxu Benapyce
6 pamkax evinonnenust 3a0anus « Koneunvie epynnul ¢ popmayuonHo-apupmemuyeckumu c6OUCMEamu
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CMpYKmypHuIX 06vexmosy (Ne cocpecucmpayuu 20211467) I'TTHU «Konsepeenyusa — 2025», noonpo-
epamma «Mamemamuueckue moodenu u memoowvly Ha 2021-2025 ze.

Onpeoenenue 1. loarpynna H rpynnel G mHaswesaetcs S -keasunopmanvuoii B G
ecmi H mepecranoBoYHa ¢ KakI0U CHIIOBCKO# moArpymnmnoii rpymms G .

[pynmbl ¢ S -KBa3sMHOPMAILHON MOATPYINON M3ydYaad MHOTHE aBTOphl: M. Acaan,
A. A. Temnens, A. bamnectep-bomunme (1989), A. bamnecrep-bonunme u I1. Arunepa
(1996, 1998) u np.

C. CpuHuBacaH J0Ka3all, 4TO €CJIM MaKCHUMAaJIbHbIE€ TIOArPYIIIBI CUJIOBCKUX MOATPYIIII
rpynmsl G HopmanbHB! min S -kBasuHopManbhbl B G, To G cBepxpaspernma.

[Tozxxke A. llaanan gokazajn, 4TO €CilM KaXJas LUUKIAYECKAsl MOATPYIIIAa MPOCTOro

nopsaka wim nopsaka 4 S -xpasunopmansHa B rpymne G, 1o G sgBmsercs cBepx-
pa3pemuMon.

OpHolt U3 MepBbIX paboT, MOCBSIICHHBIX MEPECTAHOBOYHOCTH CHUJIOBCKUX MOJTPYIII
c noarpynnamu ImMunara, sBnsercs padora f. I'. bepkoBuua u 3. M. Ilanbuuka [4]. B aroii
paboTe ObLTM TOTYYEHBI CIEIYIOIINE PE3YIbTATHI.

Teopema 1 [4, reopema 2]. Ilycmob kascoas ne nexcawasn ¢ S(G) 2-Hunvnomenmuas
nooepynna LlImuoma H uemHnoeco nopsoka nepecmano8ouna co 8cemu CUNO8CKUMU NOO2PYN-
namu zpynnot G , nopsaoxu komopuix ésaumno npocmot ¢ H . Tozoa epynna G paspewuma.

Teopema 2 [4, teopema 6]. Ilycmo 6ce cunosckue P -noozpynnwi epynnvt G nepe-
cmanosounvt co ecemu P -zamxnymoimu  pd -nodzpynnamu HImuoma. Tozoa zpynna G

p -paspewuma.

Teopema 3 [4, reopema 7]. ITycmob xascoasn cunosckas 2-noozpynna zpynnel G nepe-
CMAHOBOYHA CO BCeMU 2-HUNbNOMeHmMHbIMU nooepynnamu LlImuoma uyemnoco nopsaoka.
Tozoa epynna G paspewma.

Teopema 4 [4, teopema 8]. Ecau xasxcoas P -3amxnymas pd -nooepynna LlImuoma
nopsioka P°Q° nepecmanosouna co ecemu cunosckumu (-nodepynnamu epynnor G, mo G

p -paspewuma.

Teopema 5 [4, cnencreue 3]. Eciu xadcoas maxcumanvhas noozpynna epynnot G

nepecmanosouna co ecemu noozpynnamu lmuoma uz G, mo G paspewuma.

PesynbTatsl pabotsl [4] pazsuiu B. H. Kusruna u B. C. Monaxos. B pabote [5] onu
YCTAHOBHWITU TIPU3HAKHU I -Pa3pEIIUMOCTH TPYII C YCIIOBUEM MEPECTAHOBOYHOCTH CHUIIOBCKOMN
I -moArpymmnsl ¢ HeKOTOpbIMHU moarpynmnamu [muara.

[TomydeHsl TakKe TMPHU3HAKK Pa3spelIMMOCTH TPYII, B KOTOPBIX HEKOTOpPHIE
noarpymmnsl [Imuara nepectanoBouHbl. OIHUM M3 OCHOBHBIX PE3yJIbTATOB PabOTHI SBISETCSI
Clle/Tyrolasi Teopema.

Teopema 6 [5]. (1) Ecau nexomopas cunosckas v -noozpynna epynnst G nepecmaro-
gouna co écemu ne cooepcauumucs 8 S, (G) 2-nunonomenmuvivmu nooepynnamu [LImuoma

uemnozo nopsaoxa, mo 2pynna G r-paspewuma.

(2) Ecnu nexomopas cunosckas v -noozpynna epynnot G nepecmanosouna co écemu
ne cooepocawumucsa 6 S (G) 2-samxmymoimu nodepynnamu IlIvuoma uemnozo nopsoxa
ur £{3,5}, mo G r-paspewima.

(3) Ecnu nexomopas cunosckas v -nooepynna epynnot G nepecmanosouna co écemu
ne cooeporcawumucs 6 S.(G) r -samxrymomu 1A -nodepynnamu [vwuoma, mo G r -paspewma.
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(4) Ecnu xasicoas ne cooepocawascs 6 S,(G) r-samxnymas d -nodepynna [llmuoma

nopaoka r°q” nepecmanosouna c nexomopoii cunogckoii (-noozpynnoii epynnor G, mo G
r -paspewiuma.

3uecy S, (G) — HamGoubluas HOpMalbHAs I -paspelumas noirpymmna rpymmsl G
IUTSI IPOCTOTO T .

B »a1oit Teopeme orpanuuenue r g {3,5} orOpocutb Henb3s. [Ipumepamu ciyxar
rpynnsl - SL(2,8) u SL(2,4). B mpocroii rpynme PSL(2,7) HeT /-HWIBIOTEHTHBIX

7d -noarpynn  IImuara. IlosToMy rpynma, B KOTOpOW —CHMJIOBCKas [ -HOArpymmna
IIepeCTaHOBOYHA CO BCEMM I -HUIbNOTeHTHbIMM [0 -moarpynnmamu IlIMuara, He o6s3aHa
OBITh I -pa3peruMoi.

B pabore [6] ObUTH TOJTyYEHBI JIOKATHHBIC aHAIOTH pe3yinbTaToB padoTsl . I'. bep-
koBuya u O. M. INanbuuka [4, cnencrus 2—4].

[Tockonpky Juist Ar000H MOATrpYINbI B IPYyMIE CYHUIECTBYET /100aBJIEHUE, TO BIIOJIHE
€CTECTBEHHO PAaCCMOTPETh MEPECTaHOBOYHOCTh C MOJArpyNmaMu u3 aobaBienus. Tak, B pa-
6ote [7] ObUIO IPENTIOKEHO CIEAYIONIEE MTOHSTHE.

Onpeoenenue 2. Tloarpynna A HasbiBaeTcs noaynopmanshou B rpynmne G, ecnu
cymecrByer moarpymnna B rtakas, uto G=AB u AB, — cob6crBennas B G moarpymmna

11 BceX coOCTBEeHHbIX noarpynn B, u3 B.

B. C. MonaxoB u B. H. Kusruna [8] uccienoBanu rpynmnsl, B KOTOPbIX UMEIOTCS
nojgyHopMmanbHble ioarpynnsl IMuara yerHoro nmopsiaka. B pabore nokasansl ciemyromue
TEOPEMBI.

Teopema 7 [8, teopema 1]. Eciu A — nonynopmanvhas nooepynna Lllmuoma epynnol
G u nooepynna A° nepaspewuma, mo A sensemcs 2 -3amxnymoii {2,3} -nodzpynnoi.

Teopema 8 [8, teopema 2]. Ecau ¢ epynne G sce {2,3} -nooepynnor Lllmuoma u éce
5-samxnymeoie {2,5} -noozpynnwr LLmuoma nonynopmansusl, mo epynna G paspewuma.

[Tpumenus unero O. Kerens u noHsATHE NOJYHOPMaIbHOM MOArpyNnsl, B [9] BBEAEHO
clleyIollee MOHSATHE.

Onpeoenenue 3. llogrpynna A HaseBaeTcs S -nonyHopmanshou (nma SS -mepectano-
Bounoi) B rpymmne G, ecnm cymectByer noarpynmna B Takas, uto G=AB u A nepecra-
HOBOYHA C KaXKAO# CHIIOBCKO# moxarpynmoii u3 B. B srtom cnywae moarpynmy B Oynem
Ha3pIBaTh O -nobaBneHneM Kk A B G .

B paGore [10] ycTaHOBJI€Ha Pa3pelIMMOCTb TPYIIIBI ¢ S -TIOJYHOPMAILHBIME CBEPX-
paspemmbiMu ioarpynnamu LIMunra 4eTHOTO mopsiaKa, NepedrcIeHbl HeaOeneBbl KOMIIO-
3UIMOHHBIC (AKTOPhI TPYIIBI, B KOTOPO# HecBepxpaspemnmMbie moarpymmsl [IMuara yer-
HOTO MOPSAKA S -MOJYHOPMAJIbHBI, JIOKa3aHbl MPU3HAKK YaCTMYHON Pa3pelIMMOCTH TPYIIL,
HEKOTOpbIE MOArpymibl IIIMuATa KOTOPBIX S -HOITYHOPMAJIBHEL

[To ananoruu ¢ MOJTyHOPMAJILHOM MOATPYNION (OnpeaesneHre 2) MOKHO UCCIIE0BATh
TpYyIIbl, B KOTOPBIX HEKOTOpas CHJIOBCKAash MOATPYINA MEPEeCTaHOBOYHA C IMOATPYIIIaAMHU
[[Imuara u3 mobaBieHus K 3TOM cuinoBckoi moarpynmne. B. C. MoHaxoB mpeiokui clieay-
IOIIIee TIOHSATHE.

Onpeoenenue 4. loarpymma A rpynner G maseBaerca OS -nonynopmanvnoii 8 G
ecny cymectByer moarpynmna B Takas, uro G=AB u A nepecranoBouna co Bcemu moju-
rpynmnamu  UImuara w3 B. B 9r10ft curyanum mnoarpynmy B Oymem  HasbiBath
OS -no6asnenuem k noarpymmne A B rpymne G .

0O6o3nauenue OS cpszano ¢ Orro KOnpeBnuem [Imuarom.
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[Monstue OS -nonyHOpManbHOM MOATPYNIILL SBIAETCS 00OOIEHUEM IIOHATHS IOITY-
HOPMaJIbHON TOJTPYIIIIHI.
ABTOpoM B padore [11] u3ydeHo cTpoeHHUe TPYIIbI, y KOTOPOH HEKOTOpasi CUIIOBCKAsI

noarpymmna OS -nonxynopmansHa.

B. H. TrotsnoB u I1. B. berukoB [12] ycraHoBwIM, 9TO HeabeaeBbl KOMITO3UIIMOHHBIE
dakTopbl TpymIbl, B KOTOpoi HeT monarpymm llImMuara HeueTHOro MOpsAKa, MPHHAICKAT
MHO>KECTBY

Q={PSL(2,2"), n>2; PSL(2,q), q = 2 +1; PSU (4,2) ~ PSp(4,3);
PSp(4,2"), n > 2; Sz(2°™), n >1}.

B paGote [13] onucanpl HeabeneBbl KOMIIO3UITMOHHBIE (PAKTOPHI TPYIIIBI, Y KOTOPOH
HEKOTOpasi CHUJIOBCKAsl MOATpyMMa IepecTaHoBo4YHa ¢ moarpynnamu [lmunara nedeTHOro
MopsIKa, J0Ka3aHa claeayrolias Teopema.

Teopema 9 [13]. Eciu nexomopas cunoéckas P -nooepynna epynner G nepecmaro-

6ouna co écemu noozpynnamu LlImuoma newemmnozo nopsoxa uz G, mo neabeneevt komno-
suyuonnvie gaxmopwl 2pynnot G uzomopgner PSL(2,7) wmu epynnam uz muoscecmea €.

B Teopumn KoHEUHBIX I'pyNI 4acTO BCTPEYaeTCsl CUTyalus, korjna noarpynmnsl A u B
rpynmsl G He SBIAIOTCS MEPECTaHOBOYHBIMU, HO B G MMeeTcs Tako 3JIEMEHT X, JUIs KOTO-

poro umeer mecto AB* = B*A.
A. H. Cxuba [14] npeayioxui KOHIeNIHuo X -MepecTaHOBOYHBIX MOATPYII.

Onpeoenenue 5. [14]. Ilycts X — HemycToe MHOXKECTBO U3 rpynibl G .
(1) Hoarpynma A HasbiBaercst X -nepecmanosounoil ¢ noarpynmnoit B, ecnu cyuue-

ctByer emenT X € X Ttakoit, uto AB* = B*A.
(2) Momrpynma A waseiBaercs X -nepecmanosounoti. B G, ecm A X -

TIEPECTAHOBOYHA CO BCceMu noarpymnmamu u3 G .

On B coaBtopcTBe ¢ koyeramu (B. I'o, K. I1. llamom) onyOnukoBanu LukiI pador,
B KOTOPBIX YCTQHOBJICHBI NMPH3HAKH Pa3peIIMMOCTH, CBEPXPa3peIIMMOCTH TPYII MPU YCIIO-
BUH, YTO HEKOTOPBIC MOATPYIIbl X -MEPECTaHOBOYHBI, IIe X — HEKOTOPOE HEMyCTOE MHO-
KECTBO TPYIIIIHL

A. H. Cxuba u U. Csionsn [15] paccmoTtpenu ere ogHO 00600111eHHEe TTOTYHOPMAaTbHOM
HOJITPYTIIIBL.

Onpeodenenue 6. Ionrpynmna A naseiBaeTcs nponepecmarnosounoti B rpynne G, ecu
cymectByer noarpynna B Takas, uto G = Ng(A)B u AX — moarpynna ans xaxnaoii mog-
rpymnel X m3 B. Ioarpynny B B manbHelimem OyneM Ha3bBaTh npodobasnenuem k A B G .

Wnen pabot [11] u [15] mpuBenu k cienyromemy HOHITHIO.

Onpeoenenue 7. Toarpymma A rpymnst G nasesaerca OS -nponepecmanosounoii s G |
ecmu cymectByer noarpynma B Takas, uro G =N;(A)B, AB sBmsercs moarpymmoii

rpynmmel G m moarpynma A mepecranoBouHa co Beemu noarpynnamu [Imuara us B . B sroit
cutyaiuu noarpyniy B 6ynem naseisate OS -mpomoGasiennemk A B G .

ABtopom B pabote [16] ycraHoBieHa i NPOCTOro 4ucia I =7 r-paspenmMocTh
IPYIIIBL, B KOTOPOH cuitoBekas r-nmoarpymma OS -mponepecranoBouna.

B nacrosmeii padore ais I' < 7 mepedncieHsl Bce HeaOeneBbl KOMIIO3HIMOHHBIE (aK-
TOPBI TPYIINIBI, B KOTOPO#i cuioBckas r -moarpynmna OS -nponepecranoBouna, Takke J0Ka3aHa
paspemmmocTs rpymmbl ¢ OS -mpornepecTaHOBOYHBIMYU CUIIOBCKMMU 2- U 3-MIOATPYIIIAMH.

Teopema A. I[Tycmo 6 cpynne G cunosckan p -nooepynna OS -nponepecmanosouna.
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(1) Ecriu p =2, mo neabenesvr komnosuyuonnvle gaxkmopor epynnot G usomopghrot
PSL(2,7). B uacmnocmu, epynna G {2,3,7} -paspewuma.

(2) Ecnu p =3, mo neabeneewvi komnosuyuonnvie paxmopwt epynnoi G usomoppnot
SL(2,8) unu saensomesa 3'-epynnamu.

(3) Eciu p =5, mo neabeneewl komnosuyuonnwie paxmopsl epynnot G uzomopgrot
SL(2,4) unu sensromes S'-epynnamu.

(4) Echiu p>7, mo epynna G p -paspewuma.

Orcrozia BBITEKaeT paspemumMocThb rpymisl ¢ OS -mponepecTaHoBOYHBIMU CHIIOBCKUMU
2- 1 3-IoArpynnamu.

1. Ucnosib3yemble 0003HAYEHUSI U Pe3yJIbTAThI
Bce 0603Ha4ueHMS 1 UCTIONIB3YEMBIE OTIPEIeIIeHUsT COOTBETCTBYIOT [17], [18].
Ilycte p — mpocrtoe uncio. ['pynna ¢ HOpMaabHOW CUIIOBCKOW [ -MOATPYIION Ha3bI-

BaeTcd P -3aMKHYTOM. ['pynma, coneprkaiias HOpMaJbHYIO MOATPYIILY, MHIEKC KOTOpOH
COBIIQJACT C MOPSAKOM CHJIOBCKOM P -IOAIPYIIIbI, Ha3bIBACTCA [) ~-HWIBIIOTEHTHOU. Ecnu
HOPSIOK MOArpynnbsl X JI@NUTCS Ha MPOCTOE 4YHCIO P, TO TOBOPAT, 4yTo X —
pd -nodepynna. O6o3naunm yepes H® = (H* | x € G) mammeHbmyro HopManbHyo B G moj-
rpymiy, conepxamtyto noarpynny H . Ilentp u kommyrant rpynnsl G 0603HaugaroTCs yepes
Z(G) u G' coorBercrBenHo. CUMMETpHYECKAs U 3HAKONEPEMEHHAsT TPYIILI CTENEHU N
obo3HauaroTcsa uepe3 S, u A, ; AMdApanbHas, HIUKINYECcKas U dJIeMEHTapHas abeieBa rpyIbl
nopsaxkos K, m u p' o6osnauarorcs wepes D,, Z_ u Ept COOTBETCTBEHHO, [A]B — mouy-
npsIMOE TMPOU3BEICHIE HOPMaIbHOU moArpynnbsl A u noarpymmsl B . (1)

[Tycts P — MHOXeCTBO BCEX MPOCTHIX YUCEI, & 7 — HEKOTOPOE MHOKECTBO MPOCTHIX
uncen. JlononHeHne K 7 Bo MHOXecTBe P 0Go3Haunm uepes 7', Urak, 7P u 7'=P\rx.

CuMBooM 77 0003HavaeTcs Takxke QYHKIM, onpeneneHnas Ha MHokecTBe N cremyrommm
obpazom: (M) — MHOXECTBO NPOCTBIX YHCEN, ACJSIIMX HATypaJlbHOE 4YHCIO M,

a 7(G)=x(G|). 3aduxcupyeM MHOXKECTBO MNpocThiXx uucen x. Ecmu z(m)crz,
TO HATYpPAJILHOE YMCIIO M HasbiBaeTcs 77 -4ucioM. I'pynma G HaswiBaeTcs: 7 -IpymIoH, eciu
7(G)cn; x'-rpymnoi, ecmu 7(G) <= z'. Ecom |7(G)|=1, to rpynna G HaswiBaetcs
npumapHoil, npH | z(G) |= 2 — bunpumapnoii.

Cybnopmanvhoim psoom tpynnsl G HasbIBa€TCS HEMOYKA MOATPYIIIT

1=G,<G,<...<G, =G, (1)

B Kotopoil moarpymna G, HopmaneHa B rpymme G, mns Bcex i=0,1,....m-1. Pag (1)

HAa3bIBACTCS KOMNO3UYUOHHbIM, el G, SBIISETCS MaKCUMAaIbHONH HOPMaJIbHOW ITOJTPYIIION

rpymnel G, mst kaxgoro |, dakrop-rpynmsr G;,, /G, Ha3bIBarOTCS KOMNOZUYUOHHBIMU
paxmopamu 3toro psna, a uucna |G, /G, |, i=0,1,...,m—1 — uHAEKCAMH KOMITO3UIIHOH-
HOTO psija.

['pynna Ha3bIBaeTCA 7 -paspewumotri, €Cau oHa 06J1a1aeT CyOHOpManbHbBIM psaoM (1),

(aKTOPBI KOTOPOTO ABISAIOTCS TMO0 Pa3pEIMMBIMU 77 -IPYIIIIAMH, TKOO 77 -IPyIIaMu.
B cnenyromieit ntemme mnpuBeneHbl cBoiicTBa rpynn Llmuara, monmydeHHbIE camMuM
O. 0. lImuarom B 1924 1.
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Jdemma 1 [1]. Ilyemo S — epynna Ilmuoma. Toz0a cnpaeeonuevl ciedyiowue
VIBEPIHCOCHUSL.
(1) S=[P]Q, 20e P — nopmanvnas cunosckas p -noocpynna, Q — HEHOPMAIbHASL

cunogckas (-noozpynna, P u (| — pasiuynbie npocmule Yucid,
(2) Q =(y) — yuxnuueckasn nooepynnau y* € Z(S);

(3) |P/P'|= p", 20e m — nokazamens uucna p no mooymo (.

YcaoBumest HaseiBaTh S_ . -rpynmnoi rpynmy llImuara ¢ HOpManbHOH CHIOBCKOH
p -moArpymnmnoil P ¥ nuKiIn4eckoi cuiaoBckoi (-moarpynnoid Q. MuHuManbHbIM J00aBIe-
nuem K moarpymme A B rpynne G HaswiBaercs Takas noarpymmna B, uro G =AB

u AB, # G nms Bcex coOcTBeHHBIX oarpynn B, u3 B.

Jlemma 2 [4, nemma 1). Eciu K u D — nooepynnwer epynner G, nodepynna D nop-

mamvna 6 K u K/D — S., > “002pyYnNa, mo munumaneroe dobaenenue L xk nooepynne D

6 K obraoaem crnedyrowumu ceoticmeamu.
(1) L — p -3amxnymas {p,q}-nooepynna,
(2) 6ce cobcmeennvle Hopmanvhble nooepynnet 6 L Hunbnomenmmul,
(3) L comepxur S -moarpynny [P]Q Ttakyro, uto Q He comepxutrcs B D

n L=([PIQ)" =Q".
Jlemma 3 [18, V1.4.10]. Ilycms A u B — nodepynnet epynner G maxue, umo G # AB
u AB® =BYA ons scex g €G. Tozoa mbo A° #G, oo B® #G.

Jemma 4 [7, nemma 11]. Ecau npocmas epynna G sensemca npouseeoenuem
p-nodepynnet P u nodepynner Ilvuoma S, mo cnpaseoiuéo o00HO u3 CleOyIouux

<p.q>

VMBepHcOeHUI.

(1) p=2, G=PSL(2,7), P~D,, S ~[Z,]Z;;

(2) p=3, G=SL(2,8), P~Z,, S~[E]Z,;

(3) p=5, G=PSL(2,5), P~Z,, S~A, ~[E,]1Z,.

Jdemma 5. (1) Ecnu epynna G sasnsemcs npouseedenuem 0syx noozpynn A u B
ezaumno npocmvix nopsaokoe u K — cybnopmansnas ¢ G nooepynna, mo
K=(KnA)(KNB),[19, nemma 1].

(2) Ilyems H, K u N — nonapno nepecmanoeounvie noozpynnor epynner G . Eciu
H xonnosa, mo N WHK =(N nH)(N nK), [8, nemma 5].

Jlemma 6 [16, nemma 6]. ITycmos A — OS -nponepecmanosouna noozpynna epynner G
u B ee OS -npooobaenenue.

(1) Ana mo6020 snemenma g €G nooepynna B® 6yoem OS -npodobaenenuem x noo-
epynne A 6 epynne G.

(2) [{na n06020 snemenma g €G noodepynna A 6yoem OS -nponepecmarnoeounoti

6 epynne G, a nodepynnor B u B? —ee OS -npooobasrenusmu.

Jdemma 7 [16, nemma 7). ITycmo A — OS -nponepecmanosounasn nooepynna epynnvr G
u B —ee OS -npooobasnenue.

(1) Eciu N <G, mo AN — OS-nponepecmanosouna ¢ G u B sensemcs
OS -npooobasrenuem k AN 6 G .

(2) Ecnu N <G, mo AN/N — OS -nponepecmanoeouna ¢ GIN u BN/N sena-
emcs OS -npooobasnenuem k AN/N ¢ G/ N.
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(3) Ecnu A — OS -nponepecmanosounas noozpynna epynnet G u B — OS -
npooobasnenue 6 G, mo A° = A(A° N\B) u A OS -nponepecmanosouna ¢ A° u A° "B —

OS -npooobasnenue k A ¢ A°.
Jemma 8. ITycmv A — neeounuunas OS -nponepecmanogounas noozpynna npocmoi

epynnot G u B — ee munumanvnoe OS -npodobasenenue. Tozoa 6ce cobcmeennvie nodzpynnvi
6 B Hunvnomenmuul, m. e. au6o B nunonomenmmua, iubo B ecmwv epynna [lImuoma.
Hokazamenvcmeo. Tlpennonoxum, uro B B nmeercss coOCTBEHHAss HEHUIIBIIOTEHTHAS

noarpymmna. Torma cymectByer noarpynna HImuara S<B u AS <G. U3z nemmsr 6 (1)
caenyer, uto AS® =S°A s moboro g eG. Ilo nemme 3, mu6o A° =G, nubo B® =G,

YTO MPOTUBOPEYHUT YCIOBHIO JIOKa3bIBAEMOTO NpeIoKeHHs. [loaToMy mpennoioxkeHune
HEBEpHO, 1 B 1mnbo HUIBMOTEHTHAS MOATPYyIa, 100 rpymma [lmuara.

Jdemma 9. ITycmo R — needunuunas OS -nponepecmanosounas v -nodepynna npoc-
moti epynnvt G u B — ee munumanvroe OS -npooobasnenue. Tozoa ons R, B, u G 6o03-
MOMHCHBI MOILKO CLe0VIouue U30MOPPUIMBL:

(1) R~Z,, B~A,, G=PSL(2,5);

(2) R~D;, B~[Z,]Z,, G~PSL(2,7);

() R~Z,, B~[K]Z,, G=SL(2,8).

Hoxazamenvcmeo. Tak kak G — mpocras rpynma, to R°®=G u G=RB, R —
OS -nponepecranosouna B G 1o nemme 6. Cornacho semme 8 u reopeme Bunanna — Kerens,
noarpynna B ssasercs rpynnoi [Imuara B =[P]Q. Ilo nemme 4, rpynna G e{PSL(2,7),
PSL(2,5), SL(2,8)}. ®akropuzanuu 3Tux rpynn u3BecTHbl [20], rckoMbie (akTopu3amuu
yka3zansl B myHKTax (1) — (3).

Jdemma 10. ITycmo U noozpynna epynnet G u N nopmanvnas nooepynna ¢ G . Eciu
6ce noozpynnol lmuoma uz U cooepacamcsa ¢ N, mo UN /N nunonomenmua.

Hoxasamenvcmeo. B cuny usomopdusma UN/N ~U/UNN nocrarouno noxazars,
uto U/UNN msuenorentna. Ipeamonoxkum obpatHoe u nycte D=UNN, K/D
noarpynna Ilmuara 8 U /D. o nemme 2, cymectsyror noarpymmsl S <L <K <U rakue,
yro K = LD noarpynna Imuara u St=L.To YCIJIOBHIO, S<NANU =D. CnenosarenbHo,

K =LD=S"D < D, nporusopeune ¢c K/ D #1. Jlemma nokazana.
Jemma 11. Ilpeononoxcum, umo ¢ epynne G  cunosckas P -noozpynna

OS -nponepecmanogouna. Ecniu H — cy6rnopmanvhas nodepynna 6 P®, mo cunosckas
p -noozpynna uz H OS -nponepecmanosouna ¢ H .

Hoxasamenvcmeso. Tlockomsky P OS -nponepecranosouna B G, orcroma cienyer,
uro G =Ng;(P)B u P mnepecranoBouna co Bcemu noarpymnmamu [Imuara rpymmsr B . ITycts

H, —cmiosckast p -moxarpynmna u3 H rakas, uro H, =P H.

[peamnonoxum, uto P® =G . Toraa no ycaoBuro Mel uMeeM, 4to H cyOHOpManbHa
B G, u, mo nemme 7 (3), G = P® = P(PG M B)=PB.

Bocnonb3yemcs uaayknueii no nopaaky G . Ipeanonoxum, uto H Hopmansna B G
. Torma H mepecranoBouna ¢ noarpynnamu P u B . Ilo nemme 5,

H=(PAH)BNH)=H, (BAH)=N, (H,)(BNH).

[Iycte S — moarpynmna IlImuara 8 BAH . Mo yenosuro SP=PS. C S<BNH | mu
YIMEEM DTO TI0 TOXKIECTBY JleneKkuna:



MATOMATHIKA 129

HASP=S(HNP)=SH, =HNPS=(HNP)S=H_S.

CnenoBatenbHo, cuinockas P -moarpymma H_ rpymmer H - OS -nponepecranoBouna
B H u BNH ssusercs OS -mononHeHnem H,B H.

[Tycts Teneps H nenopmansna B G . INockonsky H cyb6uopmansna B G, numeem,
uro H cy6nopmansna 8 H® u H® <G. CornmacHo 10Ka3aHHOMY, CHIOBCKas P -HOATPYIIA
rpymsr H® OS -nponepecranosouna B H® . Temneps, 10 HHIYKIMH, CHIOBCKas P -TIOATPYIIIA
rpymnsl H OS -nponepecranoBouna B H .

CnenosarensHo, P <G. TTockonmsky H cy6Hopmansna B P, To oTcroma cienmyer,
uyto H cy6HOpMansHa B PC = =l

Mo nemme 7 (3), P® =P(P® ~B) u P OS -nponepecrano-pouna 8 P®. Torna
cunosckas P -noarpynmna rpynnsl H - OS -nponepecranoBouna B H 1o unaykuum.

JlemMa noka3aHa.

2. 1oka3aTeIbCTBO TeOpeMbl A

SIcrHo, uto P -paspemmmocts rpynnbl G oxBuBanentHa yreepikaenuto (47). Ecin
p > 7, T0 Bce HeaOeneBbl KOMIO3UIMOHHBIE (pakTopsl rpynmnel G seisiores p'-rpynmamm.

[ockonbky P OS -mponepecranoBouna 8 G, To orcrona cneayer, uto G = N, (P)B
u P mepecranoBouHa co Bcemu noarpymnmnamu [Imuara rpynmsr B .

Ipennonoxum, uto P® =G . Toraa, no nemme 7 (3),

G =P® =P(P® nB)=PB.

bynem nokaspiBaTh BCE YTBEP)KIACHUS OJHOBPEMEHHO. Bocmoisb3yemcs MHAYKIUER
no nopsiaky rpymmsl G. Iyers H /K — npoussonbHbIA HeaGeneBblii KOMITO3HIIMOHHBIH
daxrop rpynnel G. Torma H — cyGnopmanbras noarpynma rpynnsl G, moarpymma K
nopmanbia B H u gaxrop-rpynmna H /K mpocras. Kpome toro, H <P® =G. Ecom H #G,
T0, Mo semme 11, H OS -nponepecranoouna B H u, mo ungykuun, H /K — noarpynma
u3 myHKToB (1) — (3), (4°). B aTOM ciyuyae Teopema qoka3aHa.

Cnemosatrensio, H=G. Torma G/K — mpocras rpymma u (PK/K)®=G/K.
ITo nemme 7 (3), G/ K = (PK/K)(BK / K).

ITo Teopeme Bunanna — Kerens, noarpynna BK /K nenunsnorenta, a, mo nemme 10,
B noarpymmne B cymecrsyer noarpynma Illmuara S takas, uro S me comepxurcs B K.
ITo ycnosuro, PS = SP | a u3 nemmer 6 cienyer, uro PS* = S*P ms Beex X € G . ITosTomy

(PK / K)(SK / K)™ = (SK / KY* (PK / K).

Tak kak G/ K — mpocras rpynma, To u3 nemmsl 3 3akmoudaem, uto G/ K = (PK / K)(SK / K).
VY rpynnel HImuara Gakrop-rpymisl JHOO HMUKIHYECKHE, JTUOO SBJSFOTCS BHOBB TPYIIIAMH
IImusra. ITo Teopeme Bunanara — Kerens, noarpynma SK/K ~S/SNK ue nuknuueckas,
nostomy SK/K — rpynna IlImuara u npumenuma nemma 9. M3 5Toii J1eMMBI CIENyer,
yto p<5u G/K ~PSL(2,7) npu p=2, SL(2,8) npu p=3 umu SL(2,4) npu p =5.
Iycte P® <G, torma G/P® — p'-rpymma. Ilycte H/K — npoussonbubiii

HeabeleB KOMIO3UITMOHHBIN (haKTop B P®. Torma H cyOHOpMasbHa B PG, H, o jgemme 11,
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cunoBckas p-noarpymna u3 H  OS -nponmepecranosouna B H . Ilo umugyknuu, Bce
HeabeeBbl KOMIIO-3UIIMOHHBIE (akTopsl M3 H u, cnenosarensHo, rpynmnsl G ymosieTBops-
1ot ycnoBusiM (1) — (3), (4”) Teopemsbl. Teopema nokazana.

Cneocmeue 1. Eciu 6 2pynne G cunosckue 2- u 3-nooepynner OS -nponepecmanoeounpi,
mo epynna G paspewunma.

Joxazamenvcmeo. Tpeanonoxum, uto rpynna G nepaspemuma u H /K — neaGenes
KOMIO3UIMOHHbI (pakTop rpymmsl G . ITo teopeme A (1), H/K ~PSL(2,7), nosromy

3ex(H/K). Ilo ycnosuro, cunosckas 3-noarpynmna rpynnsl G OS -nponepecranosouna.
[To Teopeme A (2), H/K =~SL(2,8). Tak kak PSL(2,7) =2 SL(2,8), To uMeeM NpPOTUBO-
peune. [Tosromy npennonoxenue Hepepo u G paspemmma.

Cneocmeue 2. Ecnu 6 2pynne G cunosckue 2- u T-noozpynner OS -nponepecmarnoeouni,
mo epynna G paspewunma.

IHoxaszamenvcmeo. Ipeanonoxum, uto rpynna G mepaspemma u H /K — neaGenes
KoMIo3uIMoHHb (paktop rpynmsl G . ITo teopeme A (1), H/K ~PSL(2,7), nosromy

7en(H/K). Ilo ycnosuio, cunosekas 7-noarpynna rpymnsl G OS -nponepecranosouna.

Io teopeme 1 (4), rpynna G 7-paspemuma, nosromy H /K 7-paspemmma. IIpotusopeune.
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O KOMITIO3UIIMOHHBIX ®PAKTOPAX KOHEYHOM I'PYIIIIbI,
Y KOTOPOM HEKOTOPBIE IO PYIIIIBI AABJISIFOTCA tcc -MIOATPYIIIIAMHU

Iloozpynna A zpynnor G nasvisaemcs {CC-nooepynnoii 6 G , ecnu ons nooepynner A cywecmeyem

dobaenenue T 6 epynne G makoe, umo 0ns xasicooii nodzpynnol A1 us A u xascooii nodzpynno T1 uz T

o« X
cywecmeyem anemenm X € <A1,Tl> Makou, 4mo A1 nepecmanosouna ¢ 1,”. B pabome nonyueno onucanue

xomnosuyuonnvix  PA -paxmopos zpynnvl, y Komopoii KaNcOas MAKCUMATLHAS NOOZPYRNA U3 HEKOMOpOli
cunosckoti P -nodepynnel umeem cunosaisep, komopwii aeisemcsa 1CC -nodzpynnoil.

Kniwouesvie cnosa: tCC -nodepynna, maxcumanshas nooepynna, cunoeckas RoO2pynna, Cuioeausep,
KOMRO3UYUOHHbLE PAKMOPbL.

On Composition Factors of a Finite Group in Which Some Subgroups are tcc-Subgroups

A subgroup A of agroup G iscalled a tCcC-subgroup of G if there is a supplement T to A in G
such that for each subgroup A of A and each subgroup T, of T there is an element X € (A, T,) such that

A permutes with Tlx. In this paper, we obtain a description of the pPd -composition factors of a group
in which each maximal subgroup of some Sylow P -subgroup has a sylowizer that is a tCC -subgroup.
Key words: tCC -subgroup, maximal subgroup, Sylow subgroup, sylowizer, composition factors.

Beenenue

PaccmarpuBaroTcsi TONbKO KOHEUHblE Ipynnbl. Mcnonb3dyemass TEpMUHOJIOTUSA COOT-
BercTByeT [1; 2]. 3anmuce H <G o3Hauaet, uto H — nmoarpynna rpynnel G . Ecin H <G
u H=G, 1o iumeM H <G. 3amuce H <G o3nHauaer, uto H — HOpMmanbHas moarpymma
rpynnbl G . Iloarpynmet A u B rpynnel G Ha3bIBalOTCS nepecmaHO80YHbIMU, €CIU
AB = BA. 3amerum, uto paBenctBo AB = BA paBHOCHIIBHO TOMY, uTO AB<G.

Cormacuo [3], moarpynnel A u B rpynmbel G Ha3bIBAIOTCS MOMAIbHO NEPecmano-
B0YHBLIMU, €CIM KaXKJash MOArpymnmna u3 A mepecTaHOBOYHA ¢ KaXKaoW moAarpynmnoil uz B.
Hamomuuwm, uto dobasnenuem (Oononrnenuem) k noarpymmne A B rpynmne G Ha3bIBaeTCs MOJ-
rpymma T Ttakas, uto G = AT (G = AT u ANT =1).

B pabore [4] OBLIO MPEATOKEHO CleaAyIoOIIee onpeaenenue: moarpymnmnsl A u B Ha-
3pIBAIOTCH X -nepecmanosounvimu, eciii A miepecranoBodna ¢ B* mis mekoroporo xe X,
rae X — HEKOTOPOE HEIyCToe MOMHOKECTBO rpymisl G .

*Paboma evbinoninena npu uHancosol noddepoicke Munucmepcemea oopazosanus Pecnyonuxu benapyco
6 pamKax evinoanenHus: 3a0anus «Koneunvie epynnwi ¢ hopmayuonno-apugmemuyeckumu ceolicmeamu
CmMpyKmypHuix 00vexmosy (Ne cocpecucmpayuu 20211467) I'THU «Konsepeenyus — 2025, noonpo-
epamma «Mamemamuueckue moodenu u memoowvly Ha 2021-2025 ee.
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Ecmu X =(A, B), To X -mepecranoBounbie HOArpymisl A u B HaswpIBaloTCs CC-nepe-
cmanosounvimu Tmioarpynnamu [5]. OgeBumgHo, uyTo ecnu moarpymmel A u B mepe-
CTaHOBOYHBI, TO OHHU CC-TlepecTaHOBOYHBL. EcTecTBeHHBIM 0000IIEHHEM TOTAJIBHO
[IEPECTAaHOBOYHBIX MOJArPYII CTANO MOHATHE tCC-IIepecTaHOBOYHBIX MOJAIPYIIL: HOAIPYIIIbI
A u B rpynnsl G Ha3wiBatoTcs {CC-nepecmanogounvimu, €CM Kaxaas noarpymnmna uz A cc
-IEPECTAaHOBOYHA C KaXKIoi monrpymmoi u3 B. Pesynbrarhl, cBS3aHHBIE HCCIETOBaHHEM
Ipynn ¢ 3aJaHHBIMU CUCTEMaMH CC-TIepeCTaHOBOYHBIX M ICC -MepecTaHOBOYHBIX MOJIPYIIIL,
OTpaKeHbI B MOHOTpaduu [6].

B pabore [7] Obui0 BBEAEHO cienyoliee MoHsATHE: moarpynma A rpynnsl G
Ha3bIBaeTcst  {CC-nodepynnoti B G, ecnu Juisl mOArpynnbl A cymiecTByeT jaobaBieHue T
Brpynne G Ttakoe, uto A u T tcc-nepecranoBounsl. [logrpynmy T B nanbhelimem Oynem
Ha3bIBaTh (CC-dobasnenuem x moarpymmne A B rpymme G. Kpome toro, B [7] u3yueHs
cBoMcTBa {CC-moarpymnn, a TakKe CTPOCHHME KOHEYHOW IPYIIIBI, Y KOTOPOM COMHOMXHUTEIN
CHJIOBCKHME U MaKCUMaJlbHbIE TIOATPYIIIHI SBISIFOTCS 1CC -MOATpyIaMu.

Teopema A. I pynna G ceepxpaspewiuma 8 Kaxicoom u3 ciedyioumux ciyydes:

(1) xaorcoan maxcumanvnas nooepynna uz G sensemces tCC-nooepynnoii 6 G

(2) kaocoas cunoscras nooepynna uz G sensemcs t€C-nooepynnou 6 G

(3) G=AB, 20e A u B — csepxpaspewumvie tCC-noodepynnot 6 G .

I'pynmbl, y KOTOpBIX 2-MakCHUMajbHbIE MOATPYIIBI, MaKCUMajbHbIe MOATPYIIIbI
U3 CWIOBCKUX MOATPYII, MUHMMAJbHbIE IMOATPYIIBl YAOBIETBOPSIOT HEKOTOPOMY THUILY
HePECTaHOBOYHOCTH, UCCIICIOBATIMCH MHOTUMHU aBTopamu [8; 9].

B Teopeme B u3ydeHo cTpoeHuE KOHEUHOW TpyHIbl, Y KOTOPOH 2-MaKcHMajbHbIE
MOATPYMIbI, MAaKCUMaJbHbIe MOATPYIIBl U3 CHJIOBCKHX MOATPYII WJIM BCE MHUHUMAJIbHbBIE
MOJATPYIIBI BJSIOTCS {CC -MOATPYIIaMu.

Teopema B. 1. Ilycme H — nopmanvnaa nooepynna epynnei G. Ilpeononosicum,
umo G/ H ceepxpaspewuma u Kaxcoas yukiuyeckas noOcpynna HPoCmo20 NOpsAOKa Uil
nopsioka 4 uz H aensemcs tCC-nooepynnou 6 G . Toeda epynna G ceepxpaspewiuma.

2. Ecnu kaxcoas 2 -maxcumanvras nooepynna uz G saensiemcs 1CC-nooepynnoii 6 G,
mo epynna G ceepxpaspeuiuma.

3. Ecnu kaosicoas makcumanbHas noo2pynna u3 Kaxicoou Heyuxkiudeckou CULo8CKOU
noozpynnul pazpewtumoti epynnol G aengemcsa tCC-nooepynnoti ¢ G, mo epynna G ceepx-
paspewiuma.

[Tonarue cunosaiizepa Obuto BBepeHo ['ammroniem B [10]. Iloarpynma S rpynmer G
Ha3bIBACTCs cunosaiizepom P -noarpynmnsl R B G, ecnu S — MakcUMallbHas Cpeld MOJ-

rpynn rpynnsl G, B KoTopbix R sBusercs cunoBckoil P -moarpymmoil. ['ammory [10]
M0Ka3aj, YTO CUJIOBAM3Ephl JaHHOW P -MOJArPYNIIBI B pa3pellinMOi IpymIe HE BCEraa Conpsi-
JKEHBI, a TaK)Ke MpPHUBEJ HEKOTOpbIE JOCTAaTOYHBIE YCIOBHS, MPU KOTOPHIX P -MOArpyIa
MMEET CONPSIKEHHBIE CUIIOBAN3EPHI.

B Hacrosielt paboTe npeasioskeHbl HOBBIE MPU3HAKU [ -CBEPXPa3peIIuMOCTH TPYIIIIbI
C 33JIaHHBIMU cucTeMaMu tCC -nmoArpymi.

Teopema 1. Ilycmv P — cunosckas p-nooepynna epynnet G u G p -paspewuma.
Ecnu xasxcoas maxcumanvuas nooepynna uz P umeem cunosatizep, komopuli saenisemcs
tcc -nooepynnoii 6 G, mo G P -ceepxpaspeuwiuma.

CaencrBue 1. Eciu xaxcoas MakxcumanbHas nOOSPYnna u3 Kaxrcoou Cuio8cKol noo-
epynnel paspewumou epynnel G umeem cunosatizep, Komopwli fAensiemcs 1CC-nooepynnoi
6 G, mo epynna G ceepxpaspewiuma.
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Ecnu npeanonoxutb, 4yTo rpynmna HE SBISETCA P -pa3peliuMOi, TO €CTECTBEHHBIM
SIBJISICTCSL OTMCAHKE KOMIIO3UITMOHHBIX Pd -(hakTopoB rpymisl. JlokazaHa ciemyromas
Teopema 2. Ilycmv P — cunosckas p -noodepynna epynnet G . Ecau kascoas maxcu-

manvuas nooepynna u3z P umeem cunosaiizep, komopuiii sensiemcs {CC-nodepynnoii, mo
Kaxcovill Heabenesvlii  komnosuyuonnviti  Pd -ghakmop epynnet G usomopgen 00HolU
U3 C1edyrUWUx NOOSPYnn:

1) PSL(2,7) u p=T7;

2) 2) PSL(2,11) u p=11, My; u p=11;

3) M, u p=23,;
4) PSL(Z, Zt) u p=2'+1>3 — npocmoe uucno Pepma;
5) PSL(n,q),n>3 —npocmoe, (n;q—1)=1u p = C; _11;

5) A, u pz5.

1. BcmomorarejbHbI€e pPe3yJabTaThl
HpI/IBe,I[eM HU3BCCTHLBIC PEC3YJIbTAThI, KOTOPBIC HCOJHOKPATHO 6y,Z[YT HCII0JIB30BAaTHCA
B A0Ka3aTcJIbCTBaXx.

Yepes G, Z(G), F(G) u ®(G) 0603HauaroTCss KOMMYTAHT, LEHTp, TOATPYMIIEI

®urtnara u Gpartunu rpynnsl G coorsercTBeHHO; O (G) 1 @) ; (G) — naubonsmme HOp-

MajbHble B G P- U P -MOArpyIbl cooTBeTcTBeHHO; 7(G) — MHOXKECTBO BCEX MPOCTHIX
-~ t
nenurenel nopsaka rpynnsl G . DieMeHTapHas a0eseBa Ipymina nopsiaika P U HUKIHYecKas

rpymmna mnopsiaka m o6osnauatorcst E, m Z coorBerctBeHHO, a Ax B — momympsimoe
p

IIPOU3BE/IEHNE HOPMAJIbHOM noArpymnmbel A u noarpymnmsl B .
Jlemma 2.1 ([11, nemma 5]) Ilpeononoowcum, umo P -pazpewumas epynna G

ne npunaonexncum PU, no GI/KepU ona rasxcooii needunuunoi nopmanvrou 6 G
nooepynnsl K. Tocoa cnpasednuswvl ciedyroujue ymeepicoeHus.:

(1) 2(6)=0,(G) = ¥(G) =1;

(2) epynna G codeporcum eOUHCMEEHHYIO MUHUMATLHYIO HOPMAbHYIO nooepynny N,
N=F(G)=0,G)=C,(N);

(3) G — mpumumusnas epynna;, G=NxM, 20e M — makcumanonas noozpynna
6 epynne G ¢ eOUHUYHBIM A0POM,

(4) N — anemenmapnas abeneéa noozpynna nopsaoka p", n>1;

(5) ecau noozpynna M — abenesa, mo M yuxruueckas nopsaoka, denswezo p" —1,

a N — HaumeHbulee HamypanbHoe Yucio, yoosiemsopsiouee cpasienuro P" =1(mod| M |).

3nech pU — Kiace BceX P -CBEPXpa3perInMbIX TPYIIIL.

Jlemma 2.2 ([7, nemma 3.1]). Ilycmv A — tcC-noodepynna epynnot G u Y —
tcc-oobasnenue k A ¢ G. Tocoa cnpasednusvi credyroujue ymeepicoeHus:

(1) A — tcc-nooepynna ¢ H ons kascoou nooepynner H epynner G makoil,
umo A<H;

(2) AN/N — tcc-nooepynna ¢ GIN ons kaxcoou N G
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(3) 0ns kaswcoon A <A u X <Y cywyecmeyem YyeY makou, umo AX’<G.
B uacmnocmu, AM <G ons wmexomopou maxcumanvhou nooepynnvt M epynner Y

u AH <G ona nexomopou 1 -xonnosoii nooepynnet H paspewumoii epynnet Y u 106020
7 n(G).
Lokazamenvcmeo.

1. Tax xkak Y — tcc-moGaBnenne Kk A B G, To G=AY, A n Y - tcc-
nepectaHoBoYHbIe moarpymnbl u3 G . [To toxaectBy denekuaaga H = H NAY = A(HNY).

Tak kak HNY <Y, To st mobeix X <A u Z<HNY cymecrByer anemedT Ue(X,Z)

takoi, uto XZ" <G . Ilostomy A u HNY tcc-nepecranoBouHsl U, 3Ha4KUT, A — tCC-1IOA-
rpynnaB H.
2. Tak kak G=AY, to G/N=(AN/N)(YN/N). IIyctb B/N — mnpou3BoJiibHas

noarpynmna u3 AN/N u X /N —npousBosnbHas noarpynna B YN /N . Tak kak N <B < AN,
To, 10 ToXxAecTBY Jenekuuna, B=BNAN =(BNA)N.

Anamoruuno, X =XNYN=(XNY)N. Tak xak B"NA<A u XnNY<LY,
10 (BNA)Y(X NY)" <G s nekoroporo Ue(BMA X NY). ITostomy

(B/N)(X/N)™ =(BAA(X AY)'N/N<G/N

it UN e(BNA XNY)N/Nc(B,X)N/N=(B/N,X/N). 3uauur, AN/N — tcc-noa-
rpynmnaB G/ N.

3. Tak xak A — tcc-nmoarpynma rpynnsl G, TO, O ONPEAENEHHIO, A KaxIou
A <A u X<Y cymectByer Ue(AX) Takoit, uto AX" <G. Tak kak ueG = AY =YA,

TO U = ya ais HekoTopelx Y €Y u aec A. Toraa
AXY=AXE=AX") =A(X") =(AXY)* <G.

[Tostomy cymectByeT noarpynna AX® B rpymmne G it Hekoroporo YeY . Ode-

BUJHO, UTO eciu X — x-xoiutoa moarpymmna rpymnsl Y, o H = XY — 7 -xomnosa noga-
rpymmna rpynnsl Y . [Tostomy AH <G. Aranornuso u B cimydae, korza X — MaKkCHUMalbHas

noarpymmna rpynmsl Y . Torna M = XY — makcumanshas noarpynmna rpynmsl Y u AM <G .
Jlemma 2.3 ([10]). ITycmo R — p -nooepynna epynnet G u N <G.
1. Ilpeononosicum, umo N <R. Tocoa S — cunosatizep R ¢ G moecoa u monvko
mozoa, kocoa N <S u S/N — cunogatizep R/N ¢ G/N.
2. Ilpeononoancum, umo N — P -epynna. Toeda S — cunosaiizep R 6 G moeda

u moavko mozoa, koeoa N <S u S/N — cunosatizep RN/N ¢ G/N.
3. Ilpeononooicum, umo R — cunosckasn p -nooepynna ¢ RN . Tocoa S — cunosaiizep R

6 G mozoa u monvko moeoa, koeoa SN — cunosauizep RN/N 6 G/N.
Jlemma 2.4 ([12, teopema 1]. Ilycmo G — epynna, p e n(G). Ipeonoroscum, umo

Kasxcoas noocpynna npocmozo nopsoka P oononusema 8 G. Eciu G He ssnsemcs
P -paspewumoii, mo Heabenesvl kKomnosuyuonuvie Pd -gpakmopwvr epynnvr G uzomopghHol
O0O0HOU U3 C1e0YIOUUX NOOSDYNN:

1) PSL(2,7) m p=T7;

2) PSL(2,11) u p=11, M, u p=11;

3) M,, u p=23;
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4) PSL(Z, 2t) u p=2"+1>3 —npocroe uncno Depma;

"1
5) PSL(n,q),n>3 —npocroe, (n;q—1)=1u p= a :

g-1

6) A, u p=5.

B nanpheiimmem s yno0cTBa MPOBOJUMEBIX JI0KA3aTEIBCTB HEA0SIEeBhl KOMITO3HIIH-
onHbie Pd -(haKTOPBI TPYIIIBI U3 3aKIOYCHUS JIEMMbI 2.4 OyIeM CUUTATh MPUHAIICKAIIMMA
MHOX€ECTBY €.

2. loka3aTebCcTBO TeopeMbl 1 U TeopeMbl 2

Teopema 1. Ilycmv P — cunosckaa p-nooecpynna epynnet G u G p -paspewsuma.
Ecnu kasicoan makcumanvuas nooepynna uz P umeem cunosatizep 6 G, komopwiii s6isemcs
tcc-nooepynnoti 6 G, mo G P -ceepxpaspeuiuma.

Lokazamenvcmeo.

[Ipenmnonoxum, 4to TeopeMa HeBepHa U rpymnmna G — KOHTpHPUMEP MUHUMAIBHOIO
nopsiaka. Ilyete N — HeenmmHMuHas HopmanbHass noarpymma rpynmnsl G. Ecom P< N,

0 G/N — p' -[oArpymna, a ciaeaosareabHo G/ N p -cBepxpaspemuma.

[Ipenmnonoxum, uro P f N . IlycTb El = X /N — MakcuMajbHas MOATPYMIa CUIOB-

ckoif p -moarpymnel P u3 G/ N . Toraa CylecTByeT CHIOBCKas P -IoArpynna P B G Takas,
gyto P=PN/N. Tanee, X = X "PN = (X "P)N. Tak kak PAN = X "P N, T0

p=|P:P|5|PN/N:X/NI|5|PN: X |=
PN XAPAN]_

=|PN:(X "P)N|=
IPAN[ X AP|IN|

IP:X AP

3naunt, P, = X NP — MmakcumanbHas moarpynmna B P .
Tak kak P£LN, o PN = N,=NNP u B — cunosckas p-moarpynma B BN .
ITycte S — cunosaizep mis P, B G . Io nemme 2.3 (3), S/N — cunosaizep ans PN /N

B G/N.Ilo ycnosuto, S — tcc-noarpynna B G . [lo nemme 2.2 (2), S/N — tCC-noarpymnmna
B G/ N. Torma no naayknuu rpynna G/ N P -cBepxpa3pemmma.

[To nemme 2.1, rpynna G COAEPKUT €AUHCTBEHHYIDO MUHUMAJIbHYI0 HOPMAaJIbHYIO
moarpyny N, N=F(G)=0_(G)=C,(N)<P, G=NxM, N — onemenrapnas abeiueBa
noArpymma nmopsaka p", n>1.

ITycte P, — makcumanbnas noarpynma B P. Ilo ycrmoBuio Teopemsl, CymiecTByeT
cunoBaiizep S st moarpynnsl P, B G m S — tcc-moxrpynma B G. Torma cymiecTByeT
noarpynna Y B G Takas, 4t0 SY =G u, no jemme 2.2 (3), SY, <G s HEKOTOPOH CHIIOB-
ckol p -moarpynmel Y, u SY, =S JuIs HEKOTOPOH cunoBckoi  -noarpymmst Y, , g€z (Y),
g p u3 tcc-nobasnenus Y . [osromy SY, =G u [G:S|=p.

[Mpeanonoxum, uto N =P. Tak kak |G:S|=p, 10 G=SP n P, HOpManbHa B G,
T.K. G p-3amkHyTa. [IpotuBopeune. Ecin N <P, 1o P=NXxM . OueBuzno, 4to Cyre-
CTBYyeT MakcumanbHas noarpynma P, B P Ttakas, uro M <P,. [lo ycnosuio teopems,

cymectByer cuioBaizep T moarpynnsl P, B G u T — tcc-moarpynma B G . I[lo moka3zan-
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Homy Bbime |G:T |= p u T — makcumanbnas noarpynma B G . Tak kak N €T, 1o NT =G.
[Mockonbky N NT HopManbHa B G=NT, 170 NNT =11 |N |= p. [IporuBopeune.
Teopema 2. Ilycmv P — cunosckas p -noodepynna epynnet G . Ecau kascoas maxcu-

manvuas nooepynna uz P umeem cunoeatizep ¢ G, komopuwli saensiemcs 1CC-nodepynnoii,
mo Kadxcowlil Heabenesvili Komnosuyuonnsitl Pd -gpaxkmop epynner G uzomopghen oomou

U3 C1e0yrUWUx NOOSPYnn:
1) PSL(2,7) u p=7;

2) PSL(2,11) u p=11, M, u p=11,

3) My u p=23;

4) PSL(Z’ZI) u p=2"+1>3 — npocmoe uucno Pepma,
"1

5) PSL(n,q),nZS — npocmoe, (n;q—l):]_ up= C; . :

6) A, u p=5.

Jlokazamenbcmeo.

ITycts P, — makcumanbhas noarpynma B P. ITo ycrmoBuio Teopemsl, CyIIecTBYeT
cuioBaiizep S noarpynnsl P, B G u S — tcC-noarpynmna B G .

Torma SY=G u Y — tcc-moGaBiaenue k S B G. Ilo nmemme 2.2 (3), SYp <G
JUTSL HEKOTOPOU CHJIOBCKOM P -moarpymmsl Y, U SY, =S Julsi HEKOTOPOH CUIIOBCKOH (Q -1OJ-
rpynmbt Y, , qez(Y), q= p. [lostomy SY, =G, [G:S|=p n G=SP.

IIpeanonoxum, uto G — mpocras rpymma. Torna G/ S, u3omopdHa nmoarpymme cum-
METPHYECKOH Ipynmbl S crenenn P, nockonbKy |G :S|= p. Tak kak G — mpocras rpymma,
10 S =1 n G wm3omopdHa noArpynme CMMMETpUIECKOl rpynmbl S, crenenu P . [lostomy

|Pl=p u PnS=1, 1. k. |G:S|=p. 3naunr, P — nononusiemas noarpymmna B rpymme G .

ITo nemme 2.4, G e Q).
[Ipeanonoxum, uro G HempocTas rpynmna. 3Ha4uT, CYHIECTBYET MUHUMAaJbHas HOP-
MaibpHas noarpynna N B G Takas, 4To

N =N, xN,x...xN,,

roe N, i1=1,...,K — HeabeneBbI IPOCTHIE TPYIIIBI, H30MOP(HBIE MEKTY COOO.
Hpennonoxum, uto N — p -rpymma. Iycts PN /N — makcumaneHas moarpymma
cunoBckoil P -moarpynmsl PN /N rpymmel G/N, rae P, — MakcuManpHas MOJArpymma
B P u S/N —cunoaiizep 1iist PN/N B G/N.
ITo nemme 2.3 (2), S — cunoBaiizep noarpynns! P, B G . Ilo ycnosuto, S — tcC-moa-

rpynna B G . Ilo nemme 2.2 (2), noarpynna S/ N — tcc-noarpynmnoit B G/ N .
[To wmHaykiuu, Bce HeabeneBbl kommosunuoHHbie Pd -¢dakropsr rpymmel G/ N

nuzomopHusl noarpynnam u3z . Tak kak N — P -rpynmna, To Bce HeabeneBbl KOMIO3UIIMOH-
Hbie Pd -dbakTopsl rpynmsl G u3oMopGdHBI MOArpyIIaM u3 Q.

Bnaunt, pen(N). Ecom P<N, 10 G/N — p -noarpymma. Eciu PLN,

10 BAN=N=NNP u P — cunosckas p-moarpynna B FN . Ilycte S — cunosaiizep
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s B B G. ITo nemme 2.3 (3), S/N — cuosaiizep it BN/N B G/ N . Ilo ycnosuro, S —

tcc-noarpynmna B G . 1o nemme 2.2 (2), S/ N — tcc-nmoarpynmna B G/ N . 1o unaykuuu, Bce
HeabeneBbl KoMITO3uIMoHHbIe Pd -pakTopsl rpynnbl G/ N u30MopdHbI moarpymmnam u3z Q .

Hccnenyem Bce HeabGeneBbl KOMIO3HUIMOHHBIE Pd -pakTOphl, KOTOPbIE JIeKAT HHUXKE,
yeM N. Tak kak |G:S|=p mw S<SN<G, 10 |SN:S|=1 wm |SN:S|=p. Ecmm
ISN:S|=1, 0 SN=S u N<S. Eciu NNP=N_ <®(P), To N P -HUIbIOTEHTHA 110

aemme Tare. Tak kak N p-HwibnorentHa, To N, P -HWIBNOTEHTHa I JIIOOOTO | .
Mockonsky N, — mpocras rpymma, To N, — p -rpymma mis mo6oro i. ITostomy B 9ToMm
cirydae Teopema Jokasana. Ecim N £ ®(P), To CylecTByeT MaKCHMalbHas moarpymmna Py
B P Takas, dro NpPO = P. Ilyctp SO — CWJIOBaM3€ep NOATPYIIIIbI Po B G . Torga, mo goka3aH-
Homy Beie, |G:S,|= p u

G =S5,P=5,N,R =S,N, =5;N.

IToaTomy cyecTByet cuioBaiizep S, takoit, uto SIN =G u |G:S;|=p.

Takum oOpa3zoM, OyaeM CYUTaTh, YTO B OOOMX CIydasx CYIIECTBYET CHIIOBaiizep S
takoif, uto |[SN:S|=p. Torma |[SN:S|=p=[N:NNS| u NS — MakcumanbHas MOA-
rpymmna B N . OueBunHo, uto cymectByer N, Hopmamsnas B N, re{l,...,k}, Takas, dro
N, NS u N=N,(NNS). Torma

P=IN:NAS|EN,:N,ANAS|=|N,:N, nS|.

[ToaTomy
N, / (N, mS)Nr ~<S,.

Tax kak N, — npocras rpynna, to (N, NS)y =1 u N =<S . Torma [(N,), |=p
u N, NS — p-rpynma. Hosromy N, =(N,),(N,nS) u (N,), nomomusema B N,.

[To nemme 2.4, N, €Q, a 3Ha4HT, Bce HeabeneBbl KOMITIO3MIUOHHBIE Pd -GaKkTOpbI TPy

G, nexamue Huxke N, n3oMopdHBI oArpynmnam u3 €.
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»  3BaxmousHHe ((apMyIIIOOIIIa aCHOYHBIS BBIHIKI JaciielaBaH s, YKa3Baella iX HaBi3Ha, MardbIMaci{i BHIKAPbICTAHHS).

» Cmic BBIKapbICTaHail JIiTapaTypsl; CIIIC JIiTApaTyphl MaBiHEH YKIIo4Yalhb He 0ombr 3a 20—22 KpbIHILEI 1 abaBs3KkoBa
YTpBIMITIBaIb MyOITiKalbli, Y THIM JIKY 3aMEXHBIs, [1a TAME JaciielaBaHHs 3a anomHis 10 ragoy.

» References — cric BbikapbicTaHail JliTapatypsl, ki npaayOiipaBaHsl JaliHCKiM andasitaM (KOJBKACIb KpPBIHILL,
npsIBeI3eHbIX y cmice 1 ¥ References, masinua cymanaip).

Ja pykaricy apTeIKysia a0aBs3KOBa I1a/Ial0IIIa:

» BbINICKA 3 MOpaTakoia Macs/DKIHHSA Kadeapsl, HaByKOBail mabapaTtopbli IIi YCTAHOBBI aayKalbli, J3€ Mpairye
(ByusIra) ajtap, 3aBepaHasi msyaTKaro, 3 pIKaMeHAALbIAI apThIKyIa 1a IPYKY;

» PpoLPH3IA 3HEIIHsATa ¥ aqHOCiHAX [a ayTapa mpodinbHara CrienpsulicTa 3 BydoHal CTYIICHHIO, 3aBepaHast Ms4aTKalo;

»  OKCIEpTHae 3aKJII0UdHHE (IS acmipaHTay i JakTapaHray);

» BbIHIKI TpaBepki TAIKCTY Ha TMpPaJMeT apbiFiHAIBHACII TpPbl JarmaMo3e IHCTPyMEHTa «AHTBHILIATIAT
(apbIriHanbHACIb TTABiHHA CKiIaAalb He MeHm 3a 70 %).

Ve apThIKyJIbl a0aBA3KOBa MPaX0/I3sLb «CIANOe» PILdH3aBaHHe. PyKarmichl, ahopMIIeHbIS He ¥ alaBeaHacli 3 BBIKJIa-
JI3EHBIMI IpaBiliaMi, py/IKaJieris He pasriisijac i He BipTrae. AyTapbl HACYIb a/Ika3HaCIb 32 3MECT MpajCTayIeHara MaT3pbisIy.

Pyxartic apTeikyna i JakyMeHTHI Jackiians Ha aapac: 224016, r. bpacr, 6ynsBap Kacmanayray, 21, pagakupis yacomica
«BecHik Bpaciikara yHiBepciTITa», 3EKTPOHHBI BAPBITHT apThIKyJIa HakipoyBaik Ha e-mail: vesnik@brsu.by.
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Kapoaxkrapset 4. A. lsaniok, JI. M. Kaniney
Kawmm’rorapuae makerasanue /. FO. [lapxay
Manmicana ¥ npyk 31.12.2024. ®apmar 60%84/8. Ianepa adcernast. ['apuiTypa Taiimc. Pei3arpadis.
VM. npyk. apk. 16,51. Yu.-ein. apk. 11,20. Teipax 50 sx3. 3aka3 Ne 427.

Brinaserr i nanirpadiynae Beikananue: YA «bpacuki a3spkayusl YHiBepciTdT iMst A. C. [Tymikinay.
IMacBequanne ab A3sprkayHail paricTparibli BbIAayLa, BHITBOPLIL,
pacnayclomKBabHiKa IpyKaBaHbix BeianHsy Ne 1/55 ax 14.10.2013.

JITT Ne 02330/454 an 30.12.2013.

224016, r. Bpacr, Byn. Minkesiua, 28.
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