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Intrinsic Symmetries for the Generalized Majorana Fields
in Electromagnetic and Gravitational Fields

We start with the generalized multicomponent matrix equation (I" Ha s m)y =0, and introduce the concept

of the intrinsic symmetry. These symmetries should preserve the form of the basic equation, this leads to the
commutation relation [Q,F#]f =0. The relevant Lagrangian should be invariant under the intrinsic symmetries,

which gives the restriction Q“7Q =7 for the matrix of the bilinear form 7 . We impose the additional requirement:
such symmetries should preserve the Majorana nature of the field. This means that if the function ‘¥, is real

(imaginary) part of the complete wave function, then while transforming the function W/, =Q,;'¥; remains real

(imaginary). The main accent is given to multicomponent Majorana fields, which can be related to one, two, three
and four Dirac fields; these are closely related to the Dirac — Kdhler field.

First we examine the case of classical fields, and find the generators for the corresponding intrinsic
symmetries. Finally, we take into account the presence of external electromagnetic fields, also we extend this
approach to Riemannian space-time geometry. Additionally, we consider in detail the relations between performed
symmetry analysis for the system 4 Dirac fields and the Dirac — Kdhler field. In the end, t we take into account the
presence of external electromagnetic and gravitational fields.

Key words: the systems of Dirac fields, intrinsic symmetry, Majorana fields, Lagrangian formalism, external
electromagnetic fields, the Riemannian space-time geometry, Dirac — Kéhler particle.

BHYTPEHHUE CUMMETPUU OBOBIIEHHBIX MAMOPAHOBCKHX ITOJIEA
B QJIEKTPOMATI'HUTHOM U T PABUTAITMOHHOM I10OJIAX

Paccmompum 06obwentoe muozokomnonenmuoe mampuunoe ypasnenue (I ”6 Wt M)y =0 u esedem nonsmue

BHYMPEHHUX CUMMEMpUl. Dmu cumMmempuu OONIICHbL COXPAHAMb (DOPMY OCHOBHO20 YPAGHEHUS, YMO NPUBOOUM

K kommymayuonnomy coomuouenuro [Q,T ,1]7 =0. Coomsemcmesyrowuii nazpansicuan donicen Gbims UHEAPUAHMEH

o + - « o
omHocumenbHo npeodpazosanuii cuvmenmpuy, 4mo daem ozparuyenue Q NQ =1 na mampuyy Guruneiinoti gopmer 1 .
Mul naxnadwvisaem 0ononHumenvHoe mpedosanue, Ymoobbl maKue CUMMempuL COXpaHsiu MatloOpaHOBCKULL Xapakmep
nons. 9mo osnauaem, umo ecau @ynkyus ¥, aenaemcea eewjecmeenHoll (MHUMOIL) 4ACIbIO HOTHOL BONHOBO (YHKYUL,

mo nocne npeoopasosanuti V), =Qg¥, ona domxcna ocmasamvca eewecmeennoti (muumotr). OchosHol akyerm

Oenaemcsi Ha MHO2OKOMNOHEHMHBIX MAUOPAHOBCKUX NOJUIX, KOMOpble MO2ym Oblmb CE53aHbL ¢ OOHUM, 08YMs, Mpems.
U YemuvIpb M OUPAKOBCKUMU NONAMU,; NOCTIEOHUe MeCHO céA3aHbl ¢ noaem Jupaka — Kenepa.

CHayana mvl paccmampusaem cayuail KiacCUdecKux nosell U Haxooum 2eHepamopbl 01l COOMBEMCmeayiouux
BHYMPEHHUX cuMMempui. B Kouye Mbl yuumvléaem HAIUYue GHEUHUX OIJIeKMPOMACHUMHBIX NOJel, d maKice
pacnpocmpansiem 3mMom nooxXo0 HA PUMAHO8Y 2eoMempuro npocmpancmea — epemenu. Kpome moeo, mvl noopobro
paccmampusaem ceasu Mexcoy nposedeHHbIM AHATUZ0M cummempuli u noiem Jupaka — Kenepa.

Knioueevte cnoea: cucmema Oupaxkosckux noneli, HympeHHAA cummempus, Matopanosckue nons,
Jlazpanoices (hopmanusm, sHewHue dnekmpomazHummbie nos, Pumanosea ceomempus, wacmuya JJupaxa — Konepa.



6 Becnix Bpacykaza ynieepcimama. Cepwvisi 4. @Dizika. Mamomamuika M 212023

1. Introduction
The theory of relativistic wave equations gives the base for describing the elementary
particles and their interactions. It started with investigations of P. A. M. Dirac [1], W. Pauli
[2], and M. Fierz [3]. These studies were proceeded by H. J. Bhabha [4; 5] and Harish-
Chandra [6; 7]. They proposed for description of any particle to apply the systems of first
order differential equations in matrix form
(o, +mWY¥ =0, 1)

“p

where ¥ stands for the multicomponent wave functions, T', designates square matrices, m

is the mass parameter. Invariant properties of these matrices can be associated with physical
characteristics of the particles.

In this field, very important investigations were performed by I. M. Gelfand and
A. M. Yaglom [8] in which the general method for constructing the wave equations in matrix
form (1) was developed, for particles with any sets of spin and mass states. They derived
general restrictions on the matrices T',, and several examples of application of this general

theory.

Substantial contribution in this theory was made by F. I. Fedorov [9-17]. In particular,
he elaborated the method of projective operators [9], which permits to perform complicated
calculations without the use of explicit form of the matrices T",. Important contribution

in study of the algebras of the matrices ", and development of the methods of calculation

was done by L. A. Shelepin [18].

Substantial contribution in this field was given by V. I. Fuschich and A. G. Nikitin [19].
They proved the existence of intrinsic symmetries for many relativistic wave equations.

There exists one special way for describing the intrinsic degrees of freedom
and additional characteristics of the particles within the general theory of relativistic wave
equations. It is based on the use of extended (repeated) sets of representations of the Lorentz
group [20] when constructing generalized wave equations for particles.

The known example of such a wave equation is the Dirac — Kéhler system referring
to the particle with two spin states (s =0,1) and degeneration in intrinsic parities [21-24].

Firstly, the Dirac — Kéahler equation was formulated in tensor form by C. G. Darwin [25].
He proposed for describing the electron in external magnetic field to apply the complicated
tensor system of equations. In this way, he derived the energy spectrum in presence
of external Coulomb field, which coincides with that in the Dirac theory. Later on, this
Darwin equation was rediscovered by many researchers. The best known is the paper
by E. Kdhler [26], where the formalism of differential forms was used. In the papers
of V. I. Strazhev with coauthors [27; 28], this system was studied in detail within
the conventional theory relativistic wave equations. In the literature, in different mathematical
approaches [29-31], they discuss intrinsic symmetries of the Dirac equation, which differ
from space-time symmetries.

2. Basic Definitions
Let us consider an arbitrary relativistic wave equation for a particle with nonzero mass
in the standard form
(r,0,+m)y =0, (2
where ‘¥ is multicomponent wave function, I", stands for squared matrices, m is the mass
parameter. For this equation, there exists the Lagrangian
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L=—y'n(,0,+my. €))
Under the intrinsic symmetry we mean the linear transformation
W= Que¥s, (4)

which obeys a number of conditions.
First, they should preserve the form of the basic equation (2). Acting by the matrix Q

on eq. (2), if the commutator is valid
[Q.I,]l =0, (%)
we obtain

o,+my =0.

“op

(r,o0,+mQy =0 = (I

Restriction (5) ensues invariance of eq. (2) under the transformation (4). Second,
the Lagrangian (3) should be invariant under the transformation (4) as well:

L'=~(w")n(,0,+m)y"=—Qy) n(,0,+mQy
=-y ' Qn(l,0,+mQy =L,

whence it follows " Qn(",0, +m)Qy =y n( 0, +m)y, or differently
Qn(,0,+mQ=n(,0,+m).

Thus, the intrinsic symmetry transformations are to obey the constraints

Q' ,Q=nl,, Q'nQ=n. (6)
Bearing in mind (5), we can conclude that two relations in (6) coincide
Q' Q=QnQr, =nl’, = QnQ=n. )

We will impose an additional requirement on symmetry transformations. Such
transformations should preserve the Majorana nature of the fields. This means that

if the function ¥, is real (imaginary) part of the complete wave function, then after
symmetry transformation the function ¥, =Q,,W; remains real (imaginary). In the

following, this requirement is called the Majorana condition.
Now let us specify the massless case

r,ow=0. (8)

Requirement of invariance of this equation leads to two alternative restrictions
r,o0Qy=0=[Q,I,] =0; 9
-T',0,Qy =0=[Q,T,], =0. (10)

Additional requirement of the Lagrangian invariance also leads to two possibilities.
The first is

L'=L, [Q.[,] =0; (11)

it coincides with the yet known constraint (7), which appears when considering the massive
case. The second possibility is
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L'=-L, |[Q.T,] =0; (12)
whence we obtain

-y Q;nl,0,Q =+y'nl’ 0w,
or Qnl",Q, =-7nI,. Bearing in mind the relation [Qz,l“/J]+ =0, we conclude that the last

relation is equivalent to the known restriction (7). Thus, the Lagrangian invariance
with respect to intrinsic symmetry both for massive and massless cases assumes one the same
constraint (7):

QnQ=n.
For infinitesimal one-parametric symmetry transformations
Q=1+wl (13)
relation (7) takes on the form
(wd)'n=—nwl. (14)

3. One Dirac Equation in Electromagnetic Field
Let us take into account the presence of external electromagnetic field

(}Qﬁﬂ - ieyﬂAﬂ +m)y =0, (15)
where e stands for electric charge, and A, = (A, A,, A, A,) is an electromagnetic 4-potential,
(A, =1p). Let us separate in the wave function real and imaginary parts:

7i* =7/i172 =—7/4,8: =8i1aj1 =-0,, A* =A, AZ =-A

so we have two equations
(7.0, —ley, A, +my =0, (16)
(7ﬂ6ﬂ + iEyﬂAﬂ +m)y” =0.

Summing and subtracting them, for 8-component function ¥ (19) we obtain
an equation in the standard matrix form

(r,0,—ieG,A, +m)¥ =0, (17)
where I, =1, ® y,, and additional matrices G, are
G,u = O_l ®7,u (18)

Note that the last equation contains two sets of matrices, I', and G, .

Now we will search for restrictions on intrinsic symmetries Q, in presence

of electromagnetic fields they may differ from previously established for a free particle. Such
transformations ¥’ = QW should preserve the form of the main equation (17):

(r,0,—ieG,A +mQ¥=0 = (I',0,—ieG,A +m¥ =0.
So, there arise two constraints

[Q.r,1 =0, (19)
[Q,G,] =0. (20)

The Lagrangian for the case under consideration has the structure
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L=-%¥"5,0,-ieG,A, +m)¥. (22)
Let this structure be invariant with respect to transformation (4):

L'=—(¥)'n(T,0, —ieG,A, +mQ¥' = (Q¥)'n(T,0, —ieG,A, +mQY =

M
=-¥"Q'n(,0,-ieG A, +mQ¥Y =-¥'5( 0,6 —ieG A, +mY¥ =L,

u'

so we derive

wQ(T,0, —ieG, A, +mQW = Wn(T,0, —ieG,A, +m)¥,

'

whence (bearing in mind (19) and (20)) it follows
QmQ=n. (22)

The last condition coincides with the previously established in absence of external
fields; its consequences were studied in the above.

Thus, the presence of external electromagnetic fields leads to one additional constraint
(20). For infinitesimal transformations Q =1+ wJ it takes the form

[J,G,] =0, (23)

where J stands for any generator related to intrinsic symmetries.
Now we should verify which generators from established in the above (in the case

of one Dirac field) satisfy the constraint (23). In Majorana basis w",y' (17), there exists only
one generator which satisfy restrictions (19) and (22):

J,=0,®l,. (24)

By direct calculation, we can verify that p J, obeys the above additional constrain (23).

In other words, the intrinsic symmetry in presence of external field is the same as in the case
of a free particle.

4. The Case of n Dirac Fields
Let us consider n Dirac fields in presence of electromagnetic fields

(r.0,—iey, A, +my, =0, k=1,..n. (25)
The conjugate equation is
(yﬂ@ﬂ + ie}/ﬂAu + m)l//: =0; (26)
further we obtain

7,0, +w)—iey A (v, —w,)+m(y, +,) =0,

< “ N (27)
7.0,(w—w,)—iey A (v, +y, ) +m(y, —y,) =0.

Thus, we have (n+n) new equations
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7,0 w1 —iey Ay +my; =0,

7,0,y —iey, Ay, +my, =0;
7,0, —iey Ay +my, =0,

7,0, Wn —iey, Ay +my, =0.
With the use of the 2n-component wave function ¥ with the structure
W= (W W W W) = (W ') the column,

we can present the above system (28) as follows

Vu Vu

—iejy, A, +m

r

7

7

7
v

yﬂau =0,

or in the matrix form
(r,0,—ieG,A, +m)¥ =0,
where

r,=,®1,®y,), G,=0,®(,®y,).

(28)

(29)

(30)

(31)

(32)

Now, we should find restrictions on the intrinsic symmetries Q imposed by the

requirements (19) and (20).

From the constraint [Q,T",]. =0 (see (19)), taking into account the structure of ", (32),

we get the possible structure of the transformation Q'

Q=A®(B®I,),

(33)

where A and B are complex matrices with dimensions 2x2 and nxn respectively. Indeed,

we readily prove the identity (it is valid for any A and B)
[QT,]l =[A®B®I,,1,®1,®y,] =(A®B®I1)(1,®1,®y,)-
~(1,®1,®y,)A®B®I1,)=A®B®I,)(,®y,)-
~A®(1,®y,)(B®1,)=A®(B®y,)-A®(B®y,)=0.
Substituting (33) into (20):
[Q.G,] =[A®B®I,,0,®1,®y,] =(A®B®1,)(0,®1,®7,)-

~(0,®1,®y )A®B®I,)=0,A®(l,®y )B®I1,)-Ac, (BRI )I ®y,)=

=0,A®(B®y,)-Ac,®(B®y,) =(0;A-Ac)®(B®y,) =0,
we get the restriction on the matrix A:
[0, AL =0;

for the matrix B no restrictions arise.

(34)
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Thus the intrinsic symmetry Q should have the structure (33) with additional

constraint (34). It is evident that the corresponding generators should obey the structure
similar to (33):
J=a®(b®l,), (35)

where a and b are complex matrices of dimensions 2x2 and nxn respectively besides, they
should satisfy the constraint

[o,a] =0. (36)
For the case of one Dirac equation (15), there exists only one generator (24); a=o;
and eq. [o;,a]. =0 is satisfied, and b =1.

5. Two Dirac Fields in Electromagnetic Fields
In the case of two Dirac fields, the matrices T', and G,, have the form
Fﬂ:I2®(I2®7y), Gﬂ:al@(lz@)yﬂ). (37)
The intrinsic symmetry generators for free fields were found in the above
Ji=n®l, J;=y3®l, J,=iyn®l, (38)
J, =iy @, Iy =iy, ®l,, Jy, =iyy, ®l,.

It is convenient to present them differently. To this end, we take into account eq. (16),
7s = —0, ®1, and the multiplication rule o,0; =ig; o, +5;. Then we obtain

va0h = (0,®0,)(0,®0,) =0,0,®0,0, =il,®¢,,0, =il, ®a,,
similarly
1.7 =10, ®l,, y,y, =lo,®0,, y,y=-10,®0,.
With the last relations in mind, the generators (48) are presented as follows

J,=0,8(0,81,),1;=0,8(c,®1,),J,, =-1,®(c,®1,),

(39)
J,=-0,8(1,®1,),,=0,8(c,®1,),J,, =—0,(®c,®1,).

All six generators have the structure J =a®(b®]l,), where
a,be{o,, 0, 0, 1,}. (40)
Evidently, the additional condition [a,0,]_0 is satisfied only for generators of the type
ae{o,, 1,}; so remain only 4 generators

‘]1"]3"]11"]7’ (41)

note that J,, J,,J;; obey the Lie algebra su(2). The generator J, commutes with J;,J;,J;;.
Thus, we have 4-parametric group with the structure SU (2) ®U (1). Taking in mind
the explicit form of the J,
J,=—0,®(1,®1,)=-0,®ly,

we readily find expression for corresponding finite transformation Q, :
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Q, =’ ®1, = (cosQ+isinQ o) ®1,. (42)

6. Three Dirac Equations in Electromagnetic Fields
For three Dirac equations fields (64), (65) in presence of external electromagnetic
field, the matrices ', and G, in (31) take the form

r,=L®Ley, G, =0&l,0y,. (43)

The intrinsic symmetry generators in absence of electromagnetic fields were found
in the above, they are

J=(g®l)®l,, J,=(,%)®l,, J,=(1,9«)®I,,
Ju=(1L,®x)®I, J,=(0,9x)®1,, J;=(0,92,)®I,,
Ju=(0,®x)®1,, J;=(0,®q,)®l, J;=(0,®ax%)®l,
I = (0, @) ® 1, Iy =(0,®0;)®1,, I, =(0,®0)®1,,
Jiy=(0,00,)®1,, J,,=(0,0,)®1,, J;u=(0,00,)®I,.

All these generators have the structure J =a®(b®]l,), where ae{o,,0,,0;,1,},
and 3-dimensional matrices b are Gell-Mann matrices, b e{e, ..., o, 1}
Additional condition (34) is satisfied only for generators of the type ae{o;, 1,}:

‘]l’ ‘]9’ JlO’ Jll’ JlZ’ J13’ J14’ ‘]15’ Jlﬁ; (44)

they make up a 9-parametric group, in which we can separate two noncommuting subgroups
with the structure SU(2): Jq,J,5,J,, and J,y, J,,,J;c. On the matrices b no restrictions arise.

7. Four Dirac Fields
For the case of 4 Dirac fields, the matrices r, and G, have the structure

r,=Lel,®y,), G,=0&(,®y,). (45)

The generators of the intrinsic symmetry in absence of external fields were found
in the above. Let us transform these generators to the structure J =a®(b®1,), and find
the relevant matrices a:

J—»>a=0, J;—>a=0; J,—>a=0, J,—oa=o,,
Jy—a=|1,, J,—»>a=o0, Jy—a=g, Jy—>a=o,
Jy—>a=o, J,—>a=o0, J,—a=o0, J,—a=o,
Jy—>a=o0, J;,—>a=o0;, J,,—a=0, Jy—>a=o,
Jy—>a=o, J,—a=o; J,—a=o, J,—>a=o,,
Je—a=1, Jy—a=l, J,—>a=o0, Jz—>a=l,,
Joe »>a=0,, J,—a=o, Jy—a=1l, J,—a=l,.

Evidently, the additional condition [a,0,] =0 will be satisfied only for generators
of the type a {0y, I,}; they are the following 15 generators

‘]l' ‘]7’ 'Jll’ ‘]16’ 'J18’ ‘]22’ "]24' ‘]26’ J34’ ‘]36’ "]46' ‘]48’ ‘]53’ ‘J59' ‘]62' (46)
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On the matrices b no additional restrictions in presence of external electromagnetic fields arise.
The study of the explicit structure of generators (46) permits to get the following
conclusions:
1. Among these generators we can see 16 triples, each of them obeys the commutative
relations of the group SU (2)

(Jl, Jzza ~]4e)1 (Jl, ‘1241 J48), (‘]1’ ‘Jzef ‘J53)1 (‘Jn' ‘J16’ ‘]22)’
(‘Jll’ ‘]18’ ‘]24)7 (‘]11’ ‘J53’ ‘]59)1 (‘]16' ‘JlS’ ‘J62)1 (‘]16' ‘J36’ J59)7
(‘J18’ ‘J34’ ‘J59)’ (‘]22’ ‘]24’ ‘J62)’ (‘]22’ ‘J36’ ‘JSS)’ (‘J24’ ‘]34’ ‘]53)7
(‘J26' ‘J34’ ‘]48)’ (‘]26' ‘]36’ ‘]46)7 (‘J34’ ‘J36’ ‘J62)’ (‘]46’ ‘]48’ ‘]62)'
2. Among these triples (47), there exist 6 pairs, commuting with each other:

(‘]1’ ‘J227 ‘]46)’ (‘]181 ‘]34’ ‘]59);

(‘]1’ ‘]247 ‘]48)1 (‘]167 ‘]36’ "]59);

(I 9265 J53)s (165 J1s )

(‘]117 ‘]16’ ‘]22)! (‘]261 ‘]34’ ‘]48);

(‘]117 ‘]18’ ‘]24)’ (‘]26’ “]36’ ‘]46);

(‘]117‘]53"]59)’ (‘]46"]48"]62)'

(47)

(48)

3. The triples

(‘]22’ "]24’ ‘]62)’ (‘]22’ ‘]36’ ‘]53)’ (‘]24’ "]34’ ‘]53)’ (‘]34’ "]36’ ‘]62)
do not have such pairs.
8. Dirac Equation in Riemannian Space-Time
Initial Dirac equation in Minkowski space (X, X,, X;,ict)
(7.0, +m)y =0 (49)
in presence of a curved space-time background has the form

[iy"“(x)(0, + B, (X)) —mly(x) =0, (50)
where
(X)) =y, e isatetrad,
1 al al 1 ra_t ! ra
B, (=20 eV, (o), 0% = (7 ="

or

B, (x) = %y'ﬂ(x)vay;(x);

Vv, stands for the covariant derivative, the metrical signature is g, =(1,-1,-1,-1).
The Dirac matrices in metrical representation ' relate to the matrices (16) as follows

0 _

v =y, ]/'1=i7/1, 7/'2=i7/2, 7/'3=i7/3. (51)

In metrical representation, the Dirac matrices in Majorana basis are determined
by the formulas
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(52)

they are imaginary, under the Hermitian conjugation they behave as follows

(7/!0)+ — 7//0’ (7/rl)+ — _7/1’ (7//2)+ = _7/2’ (7/r3)+ - _7/3. (53)

In accordance with the above definitions, the wave operator in the Dirac equation (50)
in Majorana basis is real; this means that there exist two types of Majorana fermions
in Riemannian space as well as in Minkowski space.

The Lagrangian for Dirac field in Riemannian space is determined as follows

L=—y n(iy™(x)D,-m)y,n=y",n"=1,D,=0,+B,(X); (54)
note the commutation rule
D,y (x)=y"(x)D,. (55)

It is evident that in presence of gravitational fields (in presence of any curved space-
time background), the basic relations which determine the properties of the intrinsic
symmetries, preserve their form

[Q./“(X¥)].=0, Q'nQ=n. (56)

Therefore, all above established properties of intrinsic symmetries and their
classification are valid in Riemannian space-time models as well, when considering 1, 2, 3,
and 4 Dirac fields, both for massive and massless particles.

9. System of 4 Dirac fields, relation to the Dirac — Kihler particle, the metric
gap=diag(l, -1, -1-1)

In this section, we will use the metric tensor with the signature (1,-1,-1,-1);
then the Dirac equation in Majorana basis reads

(7“8, ~m)y =0, (57)
now the Dirac matrices are imaginary

7’ =0,®0c, y=ic,®c, y’=ic,®l,, ' =ic,®ac,. (58)

Let us turn to four Dirac-like equations
(iy“0,—my, =0, k=1,234, (59)

it is convenient to present these 4 bispinor functions as the columns of the 4 x4 matrix
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VinWVWuVWa¥Wa
YVip W Wa Wy

) = W w, wsv,) = . (60)
Vs Wz Wz Va3
Vis Wos Was Was
Consider conjugate equations
(iy"6, —m)y, =0. (61)
After summing and subtracting functions in relevant pairs
W= ) W = = () (62)
k ﬁ k k /1 k ﬁ k k/1

we get the system in the standard form
(ir“o,—m)¥ =0, (63)
where ¥ is a 32-component wave function
W= Ve W Vi Vo Ve W), (64)
and the matrices I'* are determined as follows
r“=1,®y" 5)

The above performed study may be repeated again with minor modifications; in this
way we can verify that the intrinsic symmetry transformations are determined by 28
generators to which there correspond imaginary parameters.

Let us detail the one triple of generators

1, =iy ®l, J,=i®l, 1, =i ®l,, (66)
they obey the su(2) algebra. The corresponding finite transformations read
Y'=Q¥, Q=al+ad+ad;+m,d;, 1= 14; (67)

where parameter «, is real-valued, and @, @, @, are imaginary. In initial components
of the complete wave function (60), it is presented differently

r - r i - r r i i H i i r r
Vi =Wy Wy = —logWs + o, — O — Oy — 10 + O, — O — O,

Wi, =i, + ‘//1i2 = —lwy, + oy, — a)al//liz - a)lV/;Z - ia)lll//ei,z + a)o‘//liz — O, — O, (68)
Wis = Wi T 1i3 =~y + Oy, — a)al//lia - wll//eia - ia)ll‘//?iss + a)o'//1i3 — O 5~ OY 3,
Wi, = Wiy + ‘//1i4 =~y + oy, — msV/1i4 — oy ;4 —iwuy ;4 + a’ol//1i4 —OY, — OY,,
Wy =Wnt ‘//;1 =~y + o, - a’sl//;l - wll//ziu - ia)lll//ziu + a)ol//;1 — O 5 — OY 4,
W =Wap + ‘//éz =gy, + oy, - a’sl//éz - a)ll//4i12 —iouy zi12 + a’o‘/’éz —OW 3 — Y 4y, (69)
Wy = Was+ ‘//23 =~y + O 5 — O ;3 - a’l‘//zim - iw11‘//zi13 + a’ol//és — O 33— OY g3,

[ i — r r i i H i i r r
Wor =Was T Was = N0 4y + O 5y = O3 5y = DY 4q = VO 4y + DY 5 = DY 39 = OY 44
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r - r [ r r i i H i i r r
W =Wa TWa = O, + Oy + O — @Oy, H1ouY, + O, + O — Oy,

r - r i r r i i - i i r r
Wy =Wa TWa =101, + O3 + W5 — O, T 10, + O 5, + O35 — O,

_ _ _ ) _ (70)
| — r I — 3 r r 1 ] H 1 1 r r
Wi = Wiz +Ws3 =013+ Oy 35 + O35 — O3 O 15 + O 33 + WY 55 — O,
r o — r i r r i i - i i r r
Wan = Vo TWa =101+ O3y + D35y — Oy T1OYW 1y + O3y + O3y — Oy,
[ r i r r i i H i i r r
YU =VWntWy =05 + O gy + Wy — O H1O W o + O 4y + O 4y — O s
' - r [ r r i i H i i r r
Wir SWar TWap VO 5 + O gy + WY 4y = O 5 TN W 55 + O 4y + O3 4 = O 55 (71)

Wis = Wiz + Wz = 10 3 + O 45 + O 43— O 3 1O, 3 + O 45 + O 33 — O 53,
Was = Wiy + Wy =00y, + a’oW£4 +OW 4y — OW oy IO W+ DWWy + w3W£4 — Wy,
We may rewrite these formulas in a more symmetrical form
w1, = (@ — )y, + (@, — a)s)‘//lil — (@, +iwy)yy — (o + ia)n)wgl =
= (@ — @) (1, +y1y) — (o +io, ) (s, + ),
whence, bearing in mind wy, +vy, =y, vy, +wy, = wy, , We obtain
w1 = (@, — @)y, — (0, +iwy, )y,
Similar expressions we get for the variables y,, ¥, v, :
vy, = (@ — 03)yy, — (@, +iw, )y,
Wi = (@, — 03)ys — (0, +ioy, )y,
w1y = (0 — o)y, — (0 +iw, )y,

The last 4 relations may be written with the use of one formula (we add similar
formulas for remaining columns)

Vi = (@) — @)y — (o +iwy, )y,
Yo = (@ — @)y — (0 +iwy, )y,
Wa = (0 + @)y + (0 — 10, )y,
Wi = (@0 + @)y gy + (@, — 1)y,

(72)

Thus, for four Dirac fields (60), the symmetry transformations (67) are written
as follows

Vil | (@~ @) 0 (0, ~iay,) 0 Yy
v, _ 0 (@, — @) 0 (0, —iw,) ||V
Y| (o -io,) 0 (@ — a)s)* 0 ¥y .
W 0 (0, —iay,) 0 (@ — @) |[¥ o

This transformation ¥’ = Q¥ may be decomposed in the linear combination of 4x4

matrices (recall that »° = y'»%/°»°)
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(73)

Let us introduce new notations
QO =20, Q,="2a0, Q,=-2a,,
5

I 1 1
G=—y? G, ==y°, G3== ,
1 27/ 2 27 277/

then the Q transformation is presented as follows
Q=awyl, +iwy’ —wy’ —w,y’y’ = ), + QG +Q,G, + Q.G,.
The generators G, obey the following commutative relations
[C.G,] =iG,, [G,;,G] =iG,, [G,,G,] =-iG; (74)
in modified notations, G, = K,,G, - K,,G;, = K,, they read
[K, K, =-iK;, [K, K,] =iK,, [K, K] =iK,, (75)

which refers to su(1,1) algebra.

Let us consider relations between the four Dirac fields and the Dirac — Kéhler theory.
As known, the Dirac — Kihler particle may be described in terms of tensor variables

(o, @, 9, @, ¢,,), and the corresponding equations read [32]
op+mp =0, 0,¢p+mg =0,
~ 1 amn ~
019+ 0uPa =My =0, 0,0==6"0.0m =M =0, (76)

amwn _anwm + gmnabaaéb —Me,, = 0’

pseudotensor quantities are marked by tilde. Equivalent description is possible with the use
of the 2-rank bispinor U , then the system of equations is presented as follows

(iy“0,—mu =0, (77)
were we assume the use of the Dirac matrices y* in spinor basis

l, -0, -0, -0,

y =1, ’7120-1 ’7220-2 ’73:63

Relations between two sets of variables are determined by the formulas [55]:
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1 1 s 1
gp:—zsp(EU), §D| :Zsp(E}/IU)I (Dzzsp(Ej/SU),

. . (78)
¢I =ZSP(E757|U), (Dmn :_Esp(EUan)’
where
i 0
e=[ "l ot =tphromm, (79)
0 o, 4
Let us transform relations (78) to Majorana basis:
l//s :Sl/lm’ }/Sa:S]/;S_l,
-1 - - - i -
i1 1 [ I
S:1 o ,8’1:8*:1 (80)
21 -1 1 1 211 1 1 -
i - -1 1 -1 111
The transformation rule is
U=(S®S)U'=SUS", U'=(S'®SHU=SU'(S™'".
Further we find explicit expressions for scalar components
Q= —%Sp(SE’Slsu ST) = —%Sp(SE'U ST), (81)
i [
where E'=SES. Similarly, we get expressions for remaining tensor components
’ l !/ ~ 1 r.r
¢ ==Sp(SE'yUS™), ¢ ==Sp(SE'yUS"),

@ = %SP(SE%%U ’ST), P = _%SD(SE'GI;mU ST)'
i |

We consider the matrix U’ as a set of 4 columns (These columns do not behave
as bispinors under the Lorentz group)

U= (o Woo Yo Vi) (83)

the prime indicates on Majorana basis. Because the Dirac — Kéahler equation may be presented
a set of 4 unlinked Dirac-like equations (however it is not so in Riemannian space-time),
the intrinsic symmetries for four Dirac fields should be the symmetries for Dirac — Kahler
field as well.

Intrinsic symmetry transformation ¥’ = Q%' explicitly reads

\?1 = (@, — @,) V1 + (@, — ;) 5,
“?’2 = (@, — @)Y, + (0, - ia)ll)*qjil’
‘?'3 = (@, — @) ¥ + (o, —10,) Py,
qu = (@, — @) W, + (@ — i) P,

(84)

Corresponding tensor components are determined by relations
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Q= —%Sp(SE'UST),
|

7= 3SPSEVUST), §'= 2Sp(SEUS), (85)

5= SPSE V57 US"), Ty =~ SP(SE 0, TS").
I I
For example, let us write down the relevant formulas for pseudo-quantities

7= %{wo[((,,;3 —Wl) + Wl — v+ Wl —wh) — (Wl —wi)]+
+0 (Yo —yi) t o, (W~}
7= —%[(co0 + @) Wiy W) + (@~ @)Wl —v3,) +
+o_ (Wi +¥3) + O, (Vo — w2,
7= —%[(a)o — @)Wl ~ Vi) + (@ + @) Whe ~ Vi) -
—0, (Y =Wa) + 0 (1, —v3)],
7= _%[(% )Wy + W) — (@ — )Wy +17ly) +
+o_ (Y, +¥ o)+ o, (Wi +v)),
7= L0k + )~ (0 + )+ -
~0, (W W) + oWy, —vi)]-
The author is grateful to V. M. Red’kov for encouraging help and advice.
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