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Gauge Solutions with Spherical Symmetry for the Massless Spin 2 Field

It is known that the system of Pauli-Firz equations for a massless field with spin 2 admits the existence
of gauge solutions, they correspond to states that do not contribute to physically observable quantities such
as the energy-momentum tensor. Such gauge solutions are determined by the known formulas through exact
solutions of the equations for massless spin 1 field. In this paper, the problem is investigated in spherically
symmetric case. Four independent solutions of the Duffin-Kemmer equation for a massless field with spin 1
in the spherical coordinate system are used. On this base, we found explicit form of four independent gauge
solutions for spin 2 field. These solutions are presented in the form of linear combinations of Bessel functions with
different indices, J (er), p=j-3/2,j-1/2,j+1/2,j+3/2,j+5/2. The established structure of gauge

solutions can help in finding all solutions of the radial system of equations for a field with spin 2.
Key words: spin 2, Pauli — Fierz equation, massless field, spherical symmetry, spin 1 field, Duffin —
Kemmer equation, gauge solutions, Bessel functions.

KAJIMBPOBOYHBIE PEHIEHUSA CO COPEPUYECKOW CUMMETPUEN
JJIA BE3MACCOBOI'O ITOJISA CO CITUHOM 2

Hzeecmno, umo cucmema ypasnenuil [laynu — @upya 0nsi 6€3mMacco8020 HOsL O CRUHOM 2 donycKaem
cywecmeosane KamubOpoGOUHbIX pPeuleHUll, UM OmMeeuaom COCMOosHUsL, He Oaiowue 6KIA0 6 (usuuecku
HaOOaemvle GeIUYUHbL MUNA MEH30D SHEPIUU-UMNYAbCA. DMu KaliubpoBouHble PeuieHUs Onpedersitomcs
CO2NACHO U36ECMHBIM (YOPMYIAM Uepe3 peuleHUst CUCIeMbl YPAeHeHUll 01t 6e3MaAcco8020 o co cnutom 1.
B pabome smom eonpoc ucciedyemcsi 6 cghepurecku cummempuyHom cayuae. Hcnonvzyromes 4 Hezagucumvie
peuwenus ypasuenus Jagguna — Kemmepa ons 6esmaccosoco noas co cnunom 1 8 cgepuueckoil cucmeme
Koopounam. Ha 3motl ochose noayuen s6uwlil U0 Yemblpex He3a8UCUMBIX KATUOPOBOUHBIX pelieHull s Nojs
co cnunom 2. dmu peweHus npedcmagsiomcs 8 8ude auHelHvix komounayutl uz Qynxyuil beccens ¢ paziuynvimu
unoexcamu: J (er), p=]j—-3/2,j-1/2,j+112,j+3/2,j+5/2. Vcmanoerennas cmpykmypa Kamubposounvix
Peulenuti Modicem NOMOYb NPU HAXONCOEHUU 6CEX PEUleHUL PAOUATbHOU CUCeMbL YPAGHEHULL OISt ROJSL CO CHUHOM 2.

Knrwoueswte cnosa: cnun 2, ypasnenue Ilaynu — @upya, besmaccosoe none, cghepuveckas cummempus,
cnun 1, ypasnenue Jlagpguna — Kemmepa, karubposounvie pewenus, ¢ynkyuu beccens.
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1. Introduction

After the investigation by Pauli and Fierz [1; 2], the theory of massive and massless
fields is attracted much attention, for instance see [3—18; 21-25]. The most of the studies were
performed in the framework of 2-nd order differential equations, as in [1; 2].

However it is known that many specific difficulties may be avoided if from the very
beginning we start with the sysrtems of the first order equations. Apparently, the first
systematic study of the theory of spin 2 fields within that formalism was performed by F. I.
Fedorov [6]. It turns out that this description requires a field function with 30 independent
components. This theory was re-discovered by Regee in [8].

It is known that in the theory of massless spin 1 particle (electromagnetic field) there
exists the gauge symmetry, so all solutions of the gradient type do not contribute to physically
observable quantities, like energy-momentum tensor.

Also it is known [1; 2] that the system of equations desribing the massless spin 2 field
allows the existence of the gauge type solutions, which do not contribute to the physically
observable quantities. They all are determined through an arbitrary vector fields L, (X)

in accordance with the formulas [1; 2]

H(x) =98, L (x) +€,., L°(X),
(4 [24 [24 l
D ) (X) = _(V[ca]b + 7[cb]a) L*(x)+ [e(a)aa L, (X) + €10 La (x)]- 5 JapP(X) ,

where L°(X)is a vector field; we assume the use of tetrad formalism [18, 19]. Below we will
examine such solutions for spherically symmetric case.

2. Gauge solutions for massless spin 2 field
For scalar component referring to the spin 2 field, we have the following general
expression (first we assume the use of Cartesian basis for components of vector field)

cosé

H(0 =0, () ~(@, + L0010, + )1 00 + =L, (]

With the use of cyclic representation for vector components (see notations in [...])

_ _ e
L=0, L=0, gJ4ugyg—ﬁwﬂ4
we can rewrite relation (1) as follows

cosd@

A0 =056, + b -0+ g

)(-L+5)-i—=(L+5)l
Bearing in mind the substitution for 4-vector L =(L,):

Ly (r)D,
| (DD
I:Z (r) DO
I:S (r) D+1

L(x)=e

(4)
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we apply the technics of Wigner D -functions, for more details see in [19; 20], we transform
relation (3) to the form

- ite s -, d2.- 1 - —-m+cosé — —m-—cos @
H=e {—'fl—o—(EJFF)'—z—ﬁ[—l—l(a.ﬁw)aﬁLa(ae—.—)Dﬂ]}- (5)

sin@

With the use of the known recurrent formulas for Wigner functions [20.], we derive
= - d 2 a - -
h(r)=—iel,—(—+-)L,———(L +L)). 6
(r) =—ely, (OIr L ,—Zr(Li L) (6)

Now let us specify the gauge tensor @, , in Cartesian basis it is defined by the formulas
[24; 25]:

CI)oo :28tL0_1h: fov q)ll :ELS"'gaeLl"'lh: fl’

cosd@ 1
(0} +2 L,+—= h—f ®.=20L,+—h=f,
2 = rstL1 L3 rsm@ 2 % &= 2 3
Ol_atL1+ L, =d;, Py, =0,L,+ Ly=d,, ®y=0L+0,L,=d;, (V)
rsme
® :—1L+ Lol =g Le—trsaL 9 =c
2 r 7 rsing r ' r 2!
cosd 0
=— L+—2L,+ =c,.
Y rsing 2 or ? rsin¢9L1 *

Transition of the 10 components of the symmetric tensor @, to cyclic components
is reached with the help of the following transformation (see in [24; 25]):

f_l 1 -1 . ) . =2i

f_2 .2

f 1 -1 ) ) 2i

3

c . W2 2

5| 1t - . )
ol 2 W2 2 .

d, 2 2

d, . 2
d; NZEE N
f, 2
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0 . 0
m—cos(#))csc(d) (L, —iL —i—=L
( @) ese(@) (L -l )+ o L-i—- L,
1 0
2 2 1 1 0
—|-3+—59|-1+—h=f1 Zr(®+4ar|_3j
cosé 2, _ 5 3
+2 L,+= h-f —(m+cos(@)) csc(d) (L, +iL, ) +— L +i—L,
rsmé?L1 L3 rsmH 2 00 20
- 0 0 .0
= -L —ilL, —mesc(@)L,+ — L +r — L +ir L
2ar|-3+§h—f3 Ll 2 ()Lg 89L3 arL1 ™ )
1 0, ND)
——L,+ L,+0.L,=¢c r®
r rsme —7—cot(0)L1—|mcsc(6)L 2|_3__|_1
1
--L+0 +—9 =c 1
X rLl L L =c, == _L1-|-iL2+mCSC(9)L3+f|_3+r2|_1_irﬁL2.
cos | 9y, . - \/%9 or or
_ + Y ¢,
rsing - r ° rsm&L1 d
6L1+a_9|_0:d —mCSC(9)L0+rf(iL1+L2)—£|_O
t 1
2
oL, + d, 5 .
v rsm&LD r(aLo_lngj
oL +0,L,=d, 6
20,1, - —mcsc(é’)L0+r<,f(L2_i|_1)+£|_0
t
2
—%r(<b+4ifL0)

Expressing the Cartesian components of the vector through the cyclic ones

L =L(D, L=5L(MND,
1, - - L C
L= 5(-LD,+ LOD.). Lz:‘f(LAr)DﬁLs(f)Du)’

we obtain (reminding the identity h=h)

A, =

X

= |k
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—2L ((mesc(6) - cot(6))D, + D ;)
lr(ﬁDo +4D,L))
2

—J2L, ((m+cos(9)) ese(9)D., - D)
_, -\ L(D,-mesc(6)D,
D+l (rLB - L3)+ ( \/5 )
%(—rﬁDo ~4L,D, V2 (L (cos(6) -m)csc(6) D, + D)~ L (m+cos(@) csc(9) D, + D))
.=y L(mesc(6)D, +Dy)
D, (r-L) NG
L, (mesc(9)D, + Dy)
2
r(DOI:O'—ifl:zDO)
L, (Dy'~mesc(6)D,)

N

—ire,D_, -

—ir€E3D+l

—%r(ﬁDo+4ieI:0D0)

Applying the recurrent formulas for Wigner functions, we find the following

representation for the Cartesian components of the gauge symmetric tensor

—/2bLD,
r(n+2E2'jDo
2
Fl _\/EbI:3D+2
f, 1 = am o
; —E(ﬁaLZ+2L3—2rL3)D+l
A I L Tt C+L
G|_1 2( " r(4L2+\/§a(L1+L3)))D°
== 1/ — -
(Cf r _E(2|_1JM/§;;1L2—2rL1)D,1
_ 1 = =
d, —E(«EaLO + 2|L1rf) D,
d_s r(l:o'—ifzf)Do
fO
—%(\/Ea[ﬂ+2iI:3rf)D+1
r(—%—2i|:06]D0

from (8) follow expressions for separate radial components:

(8)



10

Becnix bpacyxaea ynisepcimoma. Cepuisi 4. Dizika. Mamamamuixa

MNe 1/2023
ﬂ:_ﬁbg’ AT _J_bES
r 2
a — 1- - 1- 2- _
c,=—F=L,—= Y C,=—=h- —L -—— :
1 \/Er rL3 L3 2 2 \/_ L:I. L3)
a - 1- - = a — ©
c,=———L,—= Y od, = ——L,—iel,
3 N rLl L, 1 Jor el
T T
d2:|_0—|6|_2, ds_—ﬁl_o—lfl_:;, f0=—5—2|6|_0.
Let us impose the parity restrictions on the gauge vector L, (see in [19]):
E(J(")Do
L =(-1)" L =0 L =0 L =—_L(r)
[0 =|2OP| P=ED L=0.L0)=0 LN =-L0); (10
L (1D, | P=(-1)", L(r) = +L,(r).
La(r)D+l
At the parity P =(-1)"", we have
= .- ,d 2- a ,- -
h=-el,-(—+-)L,— (L, +L,) =0,
Ll b5 G+ D)
1 - = b _ 1 - _
:__\/Ebl—iv f2:0’ f3:—L1, C1:_L1_L11 02:01
; r ' (11)
63:__E1+|:1" d_l:_ifl:l.’ _2:O' d_3:i6E1, f_0=O,
r
at the parity P =(-1)’, we have
= .- d 2- 2a_—
h=—iel,—(—+-)L, - :
b (dr r)2 2rL1
- N2b- - b— - _ de- 1,d 2- a - -
f=——L, f,=- f,=——L,—=(—+-)L,——L +2
1 r Ll’ 3 r Ll’ 2 2L0 2(dl’+r) 2 2rL1+ 21
a — 1- - a - 1- -
q=-—1L-= , G =——L,-= ,
T e ST s
e~ 1,d 2—- a - 2-
C,=+— “(—-9)L,-——L --L,, 12
R L R et [P - PP (12)
d=-——2 [ -iel, d,=——L,—ieL,, d,=L —ieL
' ryar P Jor ” Lo 2
e ie— 1,d 2. av2- .. —
f,=+— —(—+-)L Al
° +2L0+2(dr+r)2+ 2r L2l



DI3IKA 11

3. Explicit form of the gauge solutions for massless spin 2 field
Alternatively, we may ignore the above parity restrictions on components of the vector

field L,, and apply the general form of correspondence L,(X)=®(x), @, (X) according
to the formulas (assuming the use of dimensionless variable z =er)

. d 2 a
h“"—o‘(a*‘;)'-z—ﬁ('-ﬁ'-s)y
J2b h . d J2b
——L1 f=o+2 L f ——L3
__a, 1, . d 12 & __a, 1 .4d -_a,_
C, = \/EZLZ ZL3+dZL3, C, 2h ~L ﬁZ(LﬁLg), C; ﬁZLz Lty b d \/EZLO

Let us write expressions for 4 independent vector fields L (x), they are solutions
of the equation for massless spin 1 field (see in [26]):

1
Lg)l) =0, I-(zl) =0, Lgl) = _L(Gl) = ZT J j+1/2;

(2) \/_JJ \/_J

a

j-1/21 L'(32) = I JJ—l/Z Lf)’ (2) Jj+l/2’
® = (3)_|\/JTJ Lo = “/_\UJF (3>:_‘/_— NIty
L1 L3 7Y j+3/2° 712 J+3/2’ LO 71/2 j2e
1 a 1 a
@ =@ = _ J S, I
L’ =L \/—21+1 j-u2 \/_2j+1 j+312
= j+1 1 _ A2
I-(z4) = ’\/52J +1J— j-12 JEZJ +147 ‘]j+3/2v LSD =l Z1/2 ‘]j+1/2’ (14)

where J (z) denote the Bessel functions. For each vector field LY,..,L*, we can find

corresponding 11 gauge components.
For L9 =@,

fb(Jl+_3) fb(J_+_

— — —_ 2 J2 2 —
B TN AN T PETN A
(i+2)3 5—(i-1)J | (i+2)3 5—(i-1)J |
= i+ - _ i+ - c =0
' 2j+1Vz ’ @j+Nz 7T

iJ i,
d=——22, d,=—=2, d,=0, h=0
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or differently

0 0
A2 _ A2b
(2j+1) 0 (2j+1)
0 0 0
J2b 0 J2b
(2j+1) 0 (2j+1)
L -t 0 j+2
®1:$[ (2]+1) Jj—1/2+ 0 ‘]j+1/2+ (2)+1) ‘]j+3/2]'
0 0 0
j-1 —i _j+2
(2j+1) 0 (2j+1)
0 i 0
0 0 0
0 0
0 0
L? = @,
i(a”+ j(7j—5))Jj+£
h=0, f, : 2,
V22j-1)Vz
i\/zab[J_3+J41] i\/fab(J_3+J_lJ
J—E jE J_E J+E
f1:_ . = .
2j-DVz 2j-1z
(a®+ j(3j—5))Jj_§+(a2— j(5j+1))Jj+l
f.=— 2 2
i V2@2j-1)Vz
ia(Z(j—l)J_ ,—J 1] ia(Z(j—l)J_ ,—J 1} i(a2+(j—3)j)(J_ L+
_ 1= J+§ _ 1= JE _ J—E I+

R TRvIN 2oz ¢ T ei-nv:

2

a[(31+1)a._1+13. J ﬁj[mm s—Bj+1)J

d, »>

(j+1Vz %" 2j+)Vz

that is
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0 0
iyZab ) _in2ab .
2j-1) . 2j-1) 0
_22j(i-1) 0 22" 0
(2j-1) 0 2j-1) 0
(2j—1) 0 2j-1) 0
ai
1 0 -—— 0
@, :ﬁ[ 21.—1. | Jiant a(3j+1) Jiva+ | 2-1_-1 izt aj Jjarel
_iV2j(j-1) 2j+1) _iW2i(i-1) 2j+1
2j-1 L (2j-1) .
G e g’ (1)
2j+1 e 2j+1
21 (2]+1) 2j-1 (2+1)
0 a(3j+1 0 a)
(2j+1) 0 2j+1
0 0 0
0 0
0 2iN2]
¥ = @,
h= 01 fo = IZ\/E j+1‘]j+112’
i\/Eb\/T(J,ﬁJ sj i\/Eb\/JT(J.1+‘].5j
— 2 h _ 2 1h
' (j+3)z b (j+3)z ’
B j+1 1 j+2 1
f 2|\/_«f]+ ( 3\/— J+]J2 21+3\/_ J+5/2)1
_ |\j_ 1 ] ZI\/_(j—FZ) c = I\/_ 1 ] 2|J_(J+2)
1 2_]—!—3\/_ j+1/2 (21+3)\/— j+5/2 3 2J+3\/_ j+2 (2J+3)\/_ J+5/2

N
@iz

1

that is

¢ = "/_\/JT(HZ)( s J

’ 2]+3 ”E i+

INCELNR _GT @i+

(21+1)\F J+3/2 3 (2j+1)f 112 (2J+1)\F J+3/2
__iV2{isl, N2(i+1@j+2)

RN A TFE N
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0 0
. _iW2jb 0 _iV2yjb
0 (2j+3) 0 (2j+3)
2\/5 : 1 ]+1 o " J+2
g i «/J+ —2j+3 g 2I\/§‘/j+12j+3
0 _iN2fjb 0 _iv2jb
0 (2j+3) 0 (2j+3)
oo i 0 _2i(i+2)
q)3:_[ - - ‘]'— + 21+3 ‘]'+l + - - ‘]'+ + (2J+3) '+5/2]'
2 (G+0)j [ g T @i [T :
@i i ey || R,
s 1+3) 1716 +2) @i ¢
2i+1) _2|'ﬁ3 (2j+1) ——2'[. 11+2)
(1+14] " @i +21] )
(2j+1) (2j+1)
0 0 0 0
0 0
2iv2,j+1 0
For the case LY = @,
h=0, f, _—2«/_[ j+/27
_J2ab 1 5 2 1 =
R @inei D @) T R +3)
_J2ab 1 2 1

‘] /2 J+]J2 J+5/2
U RIHDEI-Y) T 2j-12)+3) 2j+1)(2j+3) ¥

‘= (4iP-4) ;. 2-A4P-4j+2) | (4]°+12j+8)
P 2i-nej+Nz S R2@j-DERj+3INT 5 R2@j+D)Rj+3N

—(2j*+j-3) 1 (2j*+3j-2)

= 2a| )
o [(21 1)(21+1)(21+3)\f T 1)(21+3)f @I DRi+1)@]+ Iz H,]
¢ =2a —RIT+]-3) ! 3 (i*+3j-2) ]
e 1)(21+1)(21+3)f TN NI 1)(21+1>(21+3)f

oo Qi-2) o 20f+2j-2) (21°+6j+4)
" @i DIz @i DRj N NE@i @i T
2ia[J__1+J_ 3J 2ia[J__1+J_ 3j 2i\/§[j3 L -(+D3 3J
d —_ ) 2 ) 2 d — ) 2 ) 2 d — ] 2 ) 2 )

oejiNz Y @iz Qj+Vz
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That is
0 0
\ﬁab 0 Z\Eab
2j+1(2j-1) 0 2j-1)(2j+3)
(4j*-4j) 2(-4j°-4j+2)
R2@i-D@j+1) . L2@2i-D2j+3)
J2ab 2/2ab
_ Ny 0 __ &Nedh
2j+1)(2j-1) 0 2j-1)(2j+3)
_ 2a(2j*+j-93) 2a(2j+1)
o, = %[ @2j-D2j+1)(2j+3) ‘]j—3/2 + Z?a ‘]j—llz +H2)-D2j+1)(2]+3) ‘]j+1/2 +
2J°-2j) 2D 22)° +2-2)
L22j-1)2j+1) 23] J2(2j-1)(2j+3)
2a2j% + j—3) — 2a(2j+1)
C(2j-1)@j+1)2]j+3) (22:;1) 2j-1Qj+1)(2j+3)
0 @ +1) 0
0
0 0 ;
0
0 22
0
J2ab
0 Qj+1)2]j+3)
0 (4]7 +12]+8)
0 22j+1)2j+3)
8 \/Eab
0 2j+1)(2]+3)
. 2a(2j2+3j-2)
+ Jia Jia H|21-1)2j+1)2]+3)|J .5
@j+1) (2°+6i+4)
i3] +1) J2(2j+1)(2j+3)
2j+1) 2a(2j*+3j-2)
2ia @j-D2j+1)(2j+3)
(2j+1) 0
0 0
0
0

In the following, the multiplier 1/ Jz will be omitted for brevity.
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4. Non-gauge nature of the simplest solution ¥
Let us recall the structure of the simplest solution which was found in [20] for states

with parity TT=(=1)"*":

0 0
V2 j+2 V2 j-1
b 2j+1 b 2j+1
0 0
V2 j+2 V2 j-1
b r2j+1 b 2j+1
1 1
Y= 2j+1  [Jjpt| 2j+1 | =
0 0
1 1
C2j+1 2j+1
0 0
0 0
0 0
0 0
=0-J; 5, ¥V, +0- 30 *WI 50, +0-J 50
Four gauge solutions have the following structure
o' = 0-J;5,+Yd 4 BRI +RI e 70500,
Q* = XodiantYod 0 B jan R +0-J5 50,
®*=0- Jian+Yadjan B R + 553,500
Q* = X4‘]1'—3/2 +Y4J j-1/2 + P4‘J j+/2 + R4‘J j+3/2 + 84‘J j+5/2* (16)
Let us assume that the equality exists
¥ = AD" + BO* + CO® + D",

We should equate the columns from the left and the right at the Bessel functions with
coinciding indices; the results are

Jian D=iB(1+2]), AC arearbitrary;
J;,» o solutions; Ji.s0, O solutions;
Jj A=0,B=0,=0D=0;

Jisoo C=0,D=0, AB arearbitrary.

Whence we conclude that the last system does not have any solutions. In other words,
the simplest solutions ¥ for states with parity IT=(-1)""" cannot be decomposed in the

(15)

(17)
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linear combinations of 4 gauge solutions @,,...,®,. Therefore, these solutions are physically

observable (non-gauge).
Additionally, we may prove the linear independence of 4 gauge solutions. To this end
we should examine the following equation

AD, +BD, +CO, + DD, =0. (18)
Taking into account the structure of gauge solutions, we derive the algebraic system
AY, +BY,+CY,+DY, =0, AR +BP,+CP,+DP, =0,
AR +BR,+CR,+DR, =0, BX,+DX,=0, CS,+DS§,=0.

Taking into account the explicit expressions for all involved columns, we prove that the
system has only the trivial solution

A=0, B=0, C=0, D=0. (19)

Therefore, the four gauge solutions are linearly independent.

5. Conclusions
Four independent solutions for spin 1 massless field, according to Pauli — Fierz theory,
permit to find explicite form of 11-component gauge solutions for massless spin 2 field. These

four solutions are expressed (up to multiplier 1/\/2) through Bessel functions with indices
p=j-3/2j-1/2,j+1/2,j+3/2, j+5/2. Therefore we can assume that all possible solutions

of the radial system for massless spin 2 field may be constructed within the same structure
as linear combinations of Bessel functions.
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