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Stueckelberg — Ogievetsky — Polubarinov — Calb — Ramond — Maxwell Fields,
the Gauge Degrees of Freedom

A comparative analysis for the problem of the gauge degrees of freedom for massless particles is described
by three different systems of equations: Stiickelberg’s, Ogievetsky — Polubarinov — Kalb — Ramon’s, and
Maxwell’s. All three systems of equations are represented in a unified matrix form, these equations are solved in
the Cartesian coordinates. Solutions of the plane wave type are constructed explicitly; correspondingly, we find 5,
4 and 4 independent solutions. In order to decide in each case, which of the solutions correspond to physically
observable states and which — to gauge states, we find for all three the matrix of invariant bilinear form, which
permits us to fix the structure of the energy-momentum tensor. Expressions for the energy-momentum tensor are
obtained in explicit form for all independent solutions (5, 4 and 4). It is shown that for the Stueckelberg field, only
one solution correspondsto a state with non-zero energy density, it describesthe physically observable state; for 4
remaining solutions the energy-momentum tensor turns out to be zero, which indicates the gauge nature of these
solutions. For the Ogievetsky — Polubarinov — Kalb — Ramond field, only one solution turns out to be physically
observable. Finally, in the case of the Maxwell field, two solutions are physically observable, and two other
solutions are gauge ones. Besides, among the two gauge solutions one has the structure of the ordinary plane
wave, and the other describes an unusual plane wave: for it there is no standard relationship between energy and
the three components of the linear momentum.

Key Words: Stueckelberg, Ogievetsky — Polubarinov — Calb — Ramond, Maxwell fields, Cartesian
coordinates, exact solutions, energy-momentum tensor, gauge degrees of freedom .

NOJIA LI TIOKEJIBBEPI'A - OTUEBEIIKOI'O — IOJIYBAPUHOBA - KAJIBBO -
PAMOHA - MAKCBEJUJIA, KAJIMBPOBOYHBIE CTEIIEHU CBOBO/bI

Ilpogeden conocmagumenbHblli aHAIU3 BONPOCA O KAMUOPOBOYHBIX CIMENEHIX c80000bL 015l 6e3MACCOBbIX
yacmuy, ONUCHI8AEeMbIX MpeMs pasHbimu cucmemamu ypasuennuti: LLmioxenvbepea, Ocueseyxoco — [onybapunosa —
Kanvba — Pamona u Maxkceenna. Bce mpu cucmemvl ypagHenuii npeocmagisiiomcs: 6 YHU@DUyUpoeanHo
mMampuunoti popme, dmu YpagHeHUs: peueHbl 8 0eKapmogoll cucmeme Koopounam. B sgnom eude nocmpoenvi
peuleHusi muna ni0CKUX 60JH;, NPU 3MOM GO3HUKAIOM COOMEecmeeHHo 5, 4 u 4 nezasucumvix peuwenuil. s mozo,
umoobl peuwums 6 KajiOoM Cayude 60npoc, Kakue U3 peuieHull omeeuaiom @uudecku Haba00aeMvim
COCMOSIHUAMU U KaKue — KaluOpOGOUHBIM, 80 6CEX Mpex MOOeNsX HAX0O0AMCs MAMpUybl UHBAPUAHMHOU
OunuHeu Ol ome U 3amem CmMPYKmMypad MeH30pd IHePeul-uMnyivcd. Buipasicenusi 0isi meH3opa sHepeuu —
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UMNYIbCA NONYHEHbL 6 AGHOM GUOe OJisl 6Cex He3asucumblx pewenui (5-mu, 4-x u 4-x). Ilokazano, umo 6 ciyuae
noaa lmiokenvbepea uz 5 pewenuti moibko 0OHO COOMEEMCMBYem COCMOAHUIO C HEHYNeG0lU NJI0OMHOCMbIO
9Hepauu, OHO Onucvléaem Habooaemoe cocmosanue; Ol 4-x 0CManb HHIX peuweHull meH30p IHEPUU-UMNYICA
0KA3bI6ACTNCS HYAEGbIM, YIMO YKA3bIGAeN HA KAAUOPOBOUMBIX Xapakmep mux pewenui. B cayuae nons
Qzuegeykozo — Ilonybapunosa — Kanvba — Pamona u3 4-x natioenuvix peuienuii moisko 0OHO OKA3bl8AEMCs
Qusuvecku Habmooaemvim. Haxouey, 6 cayuae noass Maxceenna 2 pewtenus sAAIOMCA  Qusnuecku
HabarodaemviMu, U 2 — KAIUOPOBOUHBIMU, NPUUEM U3 08YX KANUOPOBOUHBIX peueHUll 00HO uMeem CcmpyKmypy
00bIUHOU NIOCKOU BOIHbI, A BMOPOE ONUCLIGAEN HEOOBIUHYIO RIOCKYIO B0HY: ONsl Hee He 6biN OJIHAEMCS

CMaHOapmHoe COOMHOULEHUE MediC Oy IHep2uell U Mmpemsi KOMHOHEHMaMU UMRYIbCA.
Knwueevie cnosa:. Illons I[lmwoxenvbepea, Ozueseyxoco — Ilonybapunoea — Kanvba — Pamona,

Makceenna, oexapmogvie KOOPOUHAMbL, MOYHbIE PEUleHUsl, MEH30pD IHepeUU — UMNYIbCA, KAIUOPOBOUHbIE
cmenenu c60600bl.

1. Massless Stueckelberg Field

In this section we examine the massless Stueckelberg field. Among 11 components field
function, antisymmetric tensor represents the gauge variables, the scalar and vector correspond
to physically observable quantities.

It is shown that in Cartesian coordinates the Stueckelberg equations permits existence of
five independent solutions describe the different states of the field.

We have derived expression for the energy-momentum tensor of the massless
Stueckelberg field. We have found its explicit form for arbitrary linear combination of 5
established solutions. We have found 4 combinations of solutions which do not contribute to
energy-momentum tensor, therefore they correspond to purely gauge states. There exists only
one solution to which there corresponds nonvanishing energy- momentum tensor, it relates to
physically observably state of the massless Stueckelberg field.

1.1. Basic equations
Let us consider the equations for massless Stueckelberg field in Cartesian coordinates [1—4]:

6a\Pa = 01 aaLP+ ab\Pab _\Pa = 0’ aa\Pb _ab\Pa = O’ (1)

as it should be, in this system there is no parameter with the dimension of the inverse length L™,
we apply the metrical tensor with the signature (+———). The physical dimensions of the

components obey the rule [L'¥]=[L"Y,]=[¥,].
We will apply the matrix form of equations (1). As a field function, the 11-dimensional
column is used

CD = (T;LPO'\PP\PZ'\P3;LPOl’\POZ’LPOS’ \PZB'\P31"P12) = (H1 Hl’ HZ) (2)
The system (1) can be written in the block form
G%0,H, =0, A*9,H+K?,H,—H, =0, L*0,H, =0; €))

in 11-dimensional presentation it reads

0 G* 0 0 0 0 H
(M6, -P)®=0T*=A* 0 K3, P=[0 I, 0, ®=H, 4)
0 L* 0 0 0 0 H,

Let us write down the explicit form of all matrix blocks:
G, =(1000),G,=(0-100),G,=(00-10),G,=(000-1),
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1 0 0 0
AOZO A]':l AZZO A3:0
o' o’ 1|’ o’
0 0 0 1
0O 0 0 00O -1 000 0 O
s /1 0 0 00O , O OOOTOUDO
K" = K= ,
0O -1 0 00O 0O 000 O 1
0O 0 -1 000 0O 000 10
0 -1 0 0 0 O 00 -1 0 0O
, 00 0 0 0 - , [0 0 0 +1 0
K= ,K° = ,
0 0 0O OO O 00 0 -1 0 O
0O 0 0 41 0 O 00 0O O O
0O +1 0 O -1 0 0 O 0O 00 O 0O 0 0O
0O 0 +1 O 00 0O O -1 0 0 O 0O 0 0O
s [0 0 0 +1 , o0 o0 0o ., 0o o0 0., |1 0 00O
L = L= , L°= L= .
0O 0 0 O 00 0O O 0 0 0 4] 0 0 -1 0
0O 0 0 O 0 0 0 -] 0O 00 O 0 +1 0 O
0O 0 0 O 0 0 +41 O 0 -1 0 O 0O 0 0O
Bearing in mind the substitution for plane wave solutions
(%) = To(x), ¥, = ,0(X), ¥y (X) = T, (0p(X); p(x) =€ " ; (5)

we should make the following changes, 0, = —ik,,a=0,1,2,3,k, =k® =m It is convenient
to present eq. (4) in the block form

(-iG%, —iG'k, G2, —iG%k,)H, =0, f,

_TAQL __iAdlL, _iAd], __iAQ f E.
PR U6 =1, Rzl Ha=|) is123 @
+(-iK %k, —iK'k, —iK?k, —iK°k;)H, —H, =0, f, B,

(-iL%, —iLl%k, —iL2k, —iL%,)H, =0, f,

Further we get the algebraic system in explicit matrix form AdD =0:
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™ —

kZ+k:+kZ , we

Rank of the matrix equals 8. Allowing for the known condition K,

get the matrix of the rank 6.

Removing the fifth and four last rows, we get the matrix with the same rank

(8)

o
I

[P VI B B El E2 E3 Bl BZ B3

0 0 0 O

0

X X o O

0

0
0 0 0 O
0 0 0 O

As a result, we arrive at the inhomogeneous system

kzOOIOl,_m
. — o
k10_0|,_mO
o
klOOklkZ

)

(kf+k§+k

ks

the determinant of the matrix is det A,
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Further we find 5 independent solutions:

fl |ilk,
fo| [k, /K,

Y, = R f,, f=0,f,#0,f #0,E =0,B =0,
f,| |k, /k,
E, 0
E, 0

all gauge variables vanish, so this solution may be considered as the physical one ‘¥, ;

fl [k, /k,
f, 0
f 0

v, == E, f=0 f,=0f=0E#0,B =0,
f, 0
E| |k /k,
E,| |k, /k,

observable and gauge variables are presented here;

f —k, /K,
f, 0
f, 0

¥, = ol . B, f=01f,=0f=0E,=0E =08 %0B,,=0,
E| | —kk,/kk,
B, [~(k; +k5)/ksk,

observable and gauge variables are presented here;

f k, /K,
f, 0
f, 0

2| fl5 . B,, f#0,f,=0f=0E,=0E =0,B,=0,B,=0,
E| |2k kk,
E| | kk,/kok,

observable and gauge variables are presented here;

f 0
f, 0
f, 0

p geuee = (7| o [Br f=01,=0.1,=0dE,=0E=08,=08=0
E| |k, /k,
E| |k /k
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only gauge variables are presented here, so this solution might be considered as purely gauge
as well.

In 11-dimensional form, these 5 solutions read

i/k, 0 k, /K, K, /K, k, /K,
k, /K, 0 0 0 0
k, /K, 0 0 0 0
k, /K, 0 0 0 0
1 0 0 0 0 (10)
W=l 0 |f, W =k, Tk|B, W, = [k Tk |Ey W, =] —kk, [ (kk,) |BLW, =|(k2+k2) (kik,)[B,.
0 kllkO k2/k3 _(kzz +k32)/(k3ko) (k1k2)/(k3ko)
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 1 0 0 0

It is necessary to have known, which solutions are the gauge and which are physically
observable.

1.2. Energy-Momentum Tensor, the Gauge Solutions

In order to separate the gauge solutions from physically observable ones, we should
specify the structure of the energy-momentum tensor for the Stueckelberg field. To this end,
we start with the equation

(ro,-P)¥=0. (11)
Let us introduce the conjugated function (7 is the matrix of the bilinear form)
¥ =W, W) 0a-Ply =0, ' =1,
or differently
Y=Y, Y[n(C*) nd.—nPn]=0.

Let us impose the following constraints

n(C*)'n=-T" nPp=P, n°=1 (12)
relations (12) may be presented as follows
n(C*)" =-I"y, nP=Py, n*=1. (13)

Then the conjugated equation reads

(I 9+ P) = 0. (14)

Multiplying eq. (11) fromthe leftby ¥, and multiplying eq. (14) fromthe right by ¥,
and summing the results we get

Yoo, ¥ +¥r2o.¥=0 = 0,(¥r*v¥)=0.
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This is the conservation law for the current J2=¥I®¥ . Let us define
the energy-momentum tensor.

To this end, we act oneq. (11) by operator P, , and multiply eq. (14) from the right by
0,¥, and sum the results

$0, (10, — P)¥ + P(I" 02+ P)3,¥ = 0.
Further we derive
0,10, ¥ +(0,¥)*0,¥ =0,
this gives

0, (P(X)Ir*0,¥(x)) =0, R? () = P(X)'0,¥(x), ,R% (x) = 0. (15)

Let us find explicit form of the matrix 7, it should obey the following restrictions

A, O 0
h*T*)ynp=-r* = 0p=-y*, =0 B,, 0| (16)
0 0 C.,
The constraint T°7+nI° gives
100 0 0 O
-1 000 010 0 0 O
1 0 O
0 100 001 0 0 O
n=0 B 0|B= C= . @17)
0 010 000 -1 0 O
0 0 C
0 001 000 0 -1 0
000 0 0 -1
Let us start with the tensor R®,, defined by the formula
R%(X) =W¥'nl®0, ¥, (18)
that is
R%(X) = H'G%,H, +H,B(A%,H +K®,H,)+H,CL0,H,. (29)
Taking into account the substitutions in the form of the plane waves, we get
R% (X) =—i[H"AG"k H, + H,;B(A%k,H + K?k,H,)+H,CLk,H,].
(20)

Now we calculate this tensor for 5 independent solutions (10). To this end, we are to
find three terms in explicit form for each solution:
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k' 2kk, 2Kk, 2K

KKKk

2kik,  2k’k:  2k’kk, 2k,
¥, Rt = ks ks ks % 1o (1)
— 2kik, 2kikk, 2kk?  2kZk,

k3 k3 k3 ks

25 2kek 2Kk, o

k3 k3 k3 ’

this solution represents physically observable state. We readily verify that four remaining
solutions ¥,,¥,,V,, ¥, give zero contribution to tensor RY:

Y., R, =0, i=23,4,5 (22)

they represent the gauge states.

1.3. Conclusion

It is shown that in Cartesian coordinates, the Stueckelberg massless equation permits
existence of five independent solutions describing the different states of the field.

We have derived expression for the energy-momentum tensor of this field and show that
this tensor vanishes identically for 4 independent solutions, and does not vanish only for one
solution which represents the physically observable state of Stueckelberg massless particle.

Four remaining solutions relate to the gauge states.

2. The Calb — Ramond Field

In this section we examine the Ogievetsky — Polubarinov — Calb — Ramond field [5-7]
in Cartesian coordinates.

Among 10 components of the field function, antisymmetric tensor represents the gauge
variables, whereas the vector corresponds to physically observable ones.

It is shown that the Calb — Ramond equation permits existence of 4 independent
solutions which describe the different states of the field.

We have derived expression for the energy-momentum tensor of the Calb — Ramond
field. There exists only one solution to which there corresponds the nonvanishing
energy-momentum tensor, it relates to physically observable state of the Calb — Ramond field.

2.1. Basic equation
Let us consider the system of equations for Ogievetsky — Polubarinov — Calb — Ramond
field in Cartesian coordinates:

v, ¥, =0, 0,¥,-0,¥,=0; (23)

in this system there is no parameter with the dimension of the inverse length.
Tensor components are considered as gauge ones. The physical dimensions of the
involved components obey the rule [(L/L)¥,]1=[VY,]. We will apply the matrix form

of equations (23), using the 10-dimensional column

O = (\PO’\Pl’lPZ’\PS; \POI'\POZ’\POS’\PZS’\PM’\PH) = (Hl’ H2) (24)
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The system (23) can be written in the block form
K%,H,-H, =0, L°0,H,=0; (25)

in 10-dimensional presentation it reads

@ | 0 H
(6, -P)® =0,I" = 0 K p=lles Y o=|™ (26)
* 0 0 O H,
Let us write down the explicit form of all matrix blocks
0O 0 0 00O -1 000 0 O
sw.F1 0 0 0 0 O . /0 000 0 O
= , K- = ,
0 -1 0 00O 0 000 O 1
0 0 -1 000 0 000 -10
0 -10 0 0 O 00 -1 0 00O
, 00 0 0 0 -1 , 00 0 0 +1 0
K= , K°= :
0O 0000 O 00 0 -1 0O
0 0 0410 O 00 0O 0 O
0O +1 0 O -1 0 0 O 0 00 O 0O 0 0O
0 0 +1 O 00 0 O -1 00 O 0O 0 0O
s, .0 0o 0+, (OO0 O O , |0 OO O, |1 0 00O
L = L= , L°= L= :
0O 0 0 O 00 0 O 0 00 +1 0 -1 0
0 0 0 O 0 0 0 -1 0O 00 O 0O +1 0 O
0O 0 0 O 0 0 +1 O 0 -1 0 O 0 0O
Bearing in mind the substitutions for plane waves
¥, = 000, P = fuo(x), p()=e""; (27)
we make the changes 0, = —ik,,a=0,1,2,3,k, =k° =m
Equation (26) takes the form
fO
(—iK %k, — iK'k, —iK?k, —iK’k,)H, = H,, H = f, H. = E,
(-iL%k, —il'k, —iL%k, —iL*k,)H, = 0, PR 7 By
f
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Further we obtain the algebraic system, we present it in the matrix Ad® =0:

i 0 0 0 k kL k 0 0 0lf

0 -i 0 0 —k, O 0k, —kl|f

O 0 i 0 0 k 0 k 0 —klf

0O 0 0 - 0 0 -k k, -k Off,

k -k 0 0 0 0 0 0 0 O|E 28)
k,k, 0 -k, 0 0 0 0 0 0 O0]E

kk 0 0 -k O 0 0 0 0 O0]E

O 0 k, -k, 0 0 0 0 0 0B

O -k, 0 k 0O 0O 0 0 0 0B,

o k, -k 0 0 0 0 0 0 0B,

Acting in the same way as for the case of Stuekelberg field, we find 4 independent
solutions:

f, 0 f, 0 f, 0 f, 1

f, 0 f, 0 f, 0 f, k, /K,

f, 0 f, 0 f, 0 A

f, 0 f, 0 f, 0 AN
L e P L I 5 0.=|5 - —k, Ik, 5 0,=|5 = —.ikllkoz . @9

E,| |-k, /k, E, 0 E,| | k/k E,|  |-ik, /K

E| |k /k, E| |k /k, E, 0 E,|  |-ik, /K

B, 1 B, 0 B, 0 B, 0

B, 0 B, 1 B, 0 B, 0

By, 0 By, 0 By, 1 By, 0

2.2. The gauge degrees of freedom
Let us turn to additional study of the solutions @,,®,,®,,D,.

By definition, the gauge solutions should not contribute to the energy-momentum tensor
of the Ogievetsky — Polubarinov — Calb — Ramond field.

In order to find this tensor, we need the matrix 7 of the invariant bilinear form:

3 B,, O
n—l(ra)+77 = _Fa’ Fan - 771—~a’ 77 - 4x4 , (30)
0 C:6><6
100 0 0 O
-1 0 0O 010 0 0 O
B O 0 1 00 001 0 0 O
n= , B = ﬂ ’C =t :
0 C 0 010 0 00 -1 0 O
0 0 01 000 0 -1 0
000 0 0 -1
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the constraint T°7+7I° =0 gives

100 0 0 O
1 0 0 O 010 0 O O
B 0 0 -1 0 O 001 0 0 O
77 = , B = — f C = . (31)
0 C 0 0 -1 0 000 -1 0 O
0O 0 0 -1 000 0 -1 0
000 0 0 -1

Let us find the energy-momentum tensor for this field. To this end, consider the
following quantity:

R% (x) = H,” BK?0,H, + H, CL*0,H,. (32)
Bearing in mind the substitution in the form of plane waves, from (30) we get
R% (x) = —i[H,BK®k,H, + H,CL*% H,]. (33)

Further we calculate the tensor R (x) for 4 independent solutions. After simple
calculation, we get zeros identically for first 3 solutions @,,®,,d,:

(Rab)|cD1 =0, (Rab)|c[)2 =0, (Rab)|q>3 =0. (34)

For the fourth solution @, , we obtain

r ko kK

kO kO I(0

_ k1 _ k12 klkZ k1k3

2 2 2

R% =2 ok k"z % f,f, =0. (35)

k, kk, k2 Kk,
kKKK

k3 klk3 k2k3 k3‘2
kKKK

We can varify that the 4-vector of the current for 4 behaves as follows:

k0
a _ O5a - a a_ n: 1 _kl *
P =Prow =iy, W, J°=2i| i f, (36)
ko _kz
_k3

for solutions ¥,,...,'¥, the current J® turns out to be vanished.

2.3. Conclusion

In this section, we have shown that for Ogievetsky —Polubarinov — Calb — Ramond field
there exists only one solution to which there corresponds nonvanishing energy-momentum
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tensor, it relates to physically observable state of this field. In contrast to that situation,
in Maxwell theory there arise two physical and two gauge states.

3. Maxwell field

In the section, we examine the Maxwell field in Cartesian coordinates. Among 10
components field function, antisymmetric tensor represents the physically observable
quantities, whereas the vector corresponds to gauge variables.

It is shown that the Maxwell equations permits existence of 4 independent solutions
which describe the different states of the field. We have derived expression for the
energy-momentum tensor of the this field.

We find its explicit form for arbitrary linear combination of 4 established solutions.
We have found 2 solutions which do not contribute to the energy-momentum tensor, therefore
they correspond to purely gauge states.

There exists 2 solutions to which there corresponds the nonvanishing
energy-momentum tensor, itrelates to physically observable states of the electromagnetic field.

3.1. Cartesian Coordinates
Let us consider the system of equations for Maxwell field in Cartesian coordinates

¥, =0, 0%, -0,¥, =Y, (37)

The physical dimensions of the involved components are [(1/L)¥,]1=[¥,]. We will
apply the matrix form of equations (37), using the 10-dimensional column

d=(¥, V¥, ¥, ¥Y, Y VY VYo, Vo3, Vi1, Vo) = (H,, HY). (38)
The system (37) can be written in the block form
K®0,H,=0, L%,H,=H,; (39)
in 10-dimensional presentation it reads

0 K°?
L* o0

H,
HZI

(o, -P)®=0, TI®= , P= , ®=

0 O
0 I

(40)

6x6

The explicit form of all matrix blocks was given in section 2. Bearing in mind the
substitutions for plane waves, we obtain

(-iK %k, — iK'k, —iK*k, —iK3k,)H, =0, il [E @1)
(-iL%k, —iL'k, —iL%k, —iL’k,)H, = H,, A
f
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Further we derive the algebraic system in explicit form

0 0 0 0 k k k. 0 0 0ff
0 0 0 0 k 0 0 0 -k k|f
0 0 0 0 0k 0 k 0 —kf,
0O 0 0 0 0 0 k, -k, k Off,
k -k 0 0 i 0 0 0 0 O|F (42)
kk 0 -k O 0 i 0 0 0 OE
kk 0 0 -k, 0 0 i 0O 0 OE
0 0 k, -k, 0 0 0 i 0 0B
0 -k, 0 k 0 0 0 0 i 0B,
0O k, -k, 0 0 0 0 0 0 B,

The rank of the matrix equals 9. We can verify that the rank remains the same if we
remove the first row of the matrix.

When removing in A, the first column, we get the square matrix A, with
determinant  det A, , = —ik; (—kJ +k7 +k3 +k} )2 .

First, let us do not impose the constraint —k? +k? +kZ +kZ =0, thereby we search for
solution which does not obey the Lorenz condition:

®,=0,4, O°®,#0, A=eg 0og N, (43)
in order to avoid ambiguity, we change the symbol k, by f,.

Correspondingly, the system (42) is equivalent to the following nonhomogeneous
equation

0 0 0 f, 0 0 0 -k klf| |0
o 0 0 0 f, 0 k, 0 —k|f| |0
0 0 0 0 0 f -k k O0ff] |0
~f, 0 0 i 0 0 0 0 O|E| Ik
0 -f, 0 0 i 0 0 0 O0|E|=-lk|f, f, =k (44)
0 0 —-f 0 0 i 0 0 O|El Ik
0 k -k, 0 0 0 i o0 o0fB| |0
k, 0 k O 0 0 0 i o0lB| |0
k, -k, 0 0 0 0 0 il|B| |0
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From (44) it follows to the following solution

f 1
Bk f0 k
fl |k ! !
2 2 f k
.I: k 2 2
3 3 f k
El O 3 3
E O —i Xn+K: X
Dy =By =|0|= @y, =\ =] | @ oo i) ¢ kKK (45)
E,| |0 E2 0
Al |0 53 0
B,| |0 Bl 0
B, |0 ?
B,| |0,

it is not the ordinary plane wave, because f; =k, .

Now let us turn back to the system (42), and take into account the constraint
kZ =k +k’ +kZ;s0 we get the matrix with the rank 7. Removing the rows 3,5,8, we get matrix
with the same rank. Further we arrive at the nonhomogeneous equation

0 0 k k k0 o0ff, 0 0 0
0 0 0 k 0 k O|f 0 o |k
0 0 0 0 k -k, k|lE|] |0 0 0
kk 0 0 i 0 0 O|E|=-|k|f,—|0]|f,~|0]B,;
kk 0 0 0 i o0 o|gl |o]| |kl |o
0 k;, 0 0 0 O i||B, 0 | 0
0k, 0 0 0 0 OB |k| |o i
Let us write down all four solutions in 10-dimensional form (K(x)=g  °°"i")
(k?+k7) ik
Kok, ks Kok,
K N L
f, K, 0 k,
K, 1 0 0
K, 0 1 0
K, ikK? ik K, (k3 +k7)
Dy = g e’i(fo"O*ijj)' @, = k|i<k22 Kf, ®, = ikkj<3 Kf, @,= kk°k2 K B;.
0 “ ko %
0 i(kk? + k2K, ) ik k) kiky
0 Kk, K, koK,
0 ik, -k, 0
ik k, ik, _k
Tk 0 “ (46)
0 1
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Solution ®%* is pure gauge, because f, #/k? +kZ +kZ this solution is nota plane
wave in the ordinary sense. Solutions 2,3,4 are mixed, they contain both physical and gauge
variables; besides, they have the structure of the ordinary plane waves. Let us consider the
linear combination of two mixed solutions a,®, +a,®,; because we wish to construct a

solution of the gauge type we will follow only 6 tensor components

—ik,k?2 1 (KoK, ) ik,k, /K,
—ik2 /k, ikoks /Ko
_[i(ksk + K3k, ) Tk, (K K3 ) K
P, = ] fo @ = . f,.
ik, —ik,
—ik,k, /k, ik,
0 0

Let us impose the following condition a,p, +a,p, =0, then the above equation leads
to the following system

_(iklk?,z)/(kzko) iklkalko
—ik2/k, ik,k, /K, f
a
i(Kk? +k3ky )1 koky  —i(kE+k3) /K, ‘;f? =
3°3
ik, —ik,
—ikjk, /k, ik,

The rank of the matrix equals 1, so we have only one independent equation (let us take
the fourth one)

ik,a, f, —ik,a,f,=0 = azzﬁ, agzﬁ. 47
f2 f3
Therefore relation a,p, +a,p, =0 leads to
&g+ 520 (48)

fZ f3
Therefore in 10-dimensional representation we have (because solutions ®, and ®, are defined
up to arbitrary multiplier, we can set f, = f, = f ; also the exponential multiplier is added)

(K7 +K3 ) T kok, k, /K, K,
k. /k, 0 Ky
1 0 k,
0 1 Ks
a,d, +a,d, = % 0 o 0119 g 00 = gaee (49)
) 0 f,l 0 | flO
0 0 0
0 0 0
0 0 0
0 0 0

evidently this solution is a gauge one.
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Let us find the explicit form of the alternative combination (it should describe a

physically observable state)

&

0, ——; = —[
22f33f

—h

whence it follows

k,fd,—k,fd, ==

(KZ+K3 )/ (kok,)
k, /k,

k, 1 —ikkZ /7 (kk,)

—ik?2 1k,

i(Kkak? +k2ky )/ Kok,
ik,

—ikjk, /K,

—_ | =

1
0

0

(k' +k; —k3) 7k
kl
k2
_k3
~2ik k2 Ik,
~2ik k2 1k,

20 (K7 +k3 )k; /K,
2ik,k,
~2ik k,

0

K, 1k,

—i(k0x0+ijj)

ks]e—i(kOXOJrijj), (50)

(51)

— phys
=@M,

It is the mixed solution in the form of the ordinary plane wave, it contains both physical

and gauge variables.

Let us collect all four solutions together

gauge —
O =

wz— Nz- Hx o

O O O O o o

—i(fox0+k-x-)
e 17

gauge _
Il q)g -

[EEN
S N =S

O O O O o o

f

—i(k0x0+k-x-)
e 17 ,
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(kZ +k2 —k2) 1k, —iky / (kok,)
k, -i/k,
k, 0
kK, 0
omi L ~2ikk?Z / k, N e g =g (k3 +k2)/ (koky) 0y (52)
L ~2ik,kZ /k T2 475 :
f K 1K, k /K,
20 (k7 + k3 )k 1k, (kk;) 7 (k.k,)
2ik,k, 0
~2ik k, —k; 7'k,
0 1

3.2. The gauge degrees of freedom
Let us turn to additional study of solutions @,,®,,®,,®,. By definition, the gauge

solutions should not contribute to the energy-momentum tensor of the Maxwell field.
In order to find this tensor, we need the matrix » of the bilinear form. It should satisfy

the following conditions

. . B,. 0
n () n=-r, =, n="" : (53)
0 D6><6
the matrix of bilinear form were given in section 2.
Expression for tensor R was given in section 2
R% (X) =@ nl*0,® = —i[H, BK*k,H, + H, DLk, H,]= 1 + 1. (54)
Further we find explicit form of the tensor R® (x) for 4 independent solutions:
O, 1=0, Il=0, R% =0,
gauge a (55)
O, 1=0, =0, R, =0;
consider the physical solutions
2k, 2k, 2k, 2k,

ii kO_kl (ko_kl)kllko (ko_kl)kzlko (ko_kl)kslko .
ko f? ko_kz (ko_kz)kllko (ko_kz)kzlko (ko_kz)kslko ’
k0 _k3 (ko _ka) k1 / I(o (ko _ks) kz / ko (ko - ks) k3 / ko

q)lphys’ R% = 4(k12 + kzz)ks2

2k, 2k, 2k, 2k,
K —kZ 1K=k (ko—k)k Tk (K =k Ky Ky (ko =k ) Ky /s
kz2 ko ko_kz (ko_kz)kllko (ko_kz)kzlko (ko_kz)kslko
ko - ks (ko o k3) kl / ko (ko - ks) kz /ko (ko - k3) ks / ko

phys a —pn2
(Dz 'Rb_Bs

Two last tensors differ from zero, so they relate to physically observable states of the

Maxwell field.
3.3. Conclusion
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In this section, we have shown that for the Maxwell field, two gauge solutions and two
physically observable solutions exist.

So we can make general conclusion that three models by Maxwell, Ogievetsky —
Polubarinov — Calb — Ramond, and Stueckelberg, substantially differ from each other. They
describe different physical massless fields.

REFERENCES

1. Stueckelberg, E. C. G. Die Wechselwirkunskrifte in der Elektrodynamik und in der
Feldtheorie der Kernkréfte (Teil IT und IIT) / E. C. G. Stueckelberg // Helv. Phys. Acta. — 1938. —
Vol. 11. - P. 299-312, 312-328.

2. Ruegg, H. The Stueckelberg field / H. Ruegg, M. Ruiz-Altabal. // Int. J. Mod. Phys. A. —
2004. — Vol. 119. — P. 3265-3348.

3. Red’kov, V. M. Fields in Riemannian space and the Lorentz group / V. M. Red’kov. —
Minsk : Belarusian Science, 2009. — 496 p. (in Russian).

4. Plietiukhov, V. A. Relativistic wave equations and intrisical degrees of freedom /
V. A. Pletukhov, V. M. Red’kov, V. 1. Strazhev. — Minsk : Belarusian Science, 2015. — 328 p.
(in Russian).

5. Ogievetsky, V. I. The notoph and its possible interactions / V. I. Ogievetsky,
I. V. Polubarinov // Yad. Fiz. 4. —1966. — P. 216-223 (in Russian)

6. Kalb, M. Classical direct interstring action/ M. Kalb, P. Ramond // Phys. Rev. D. —
1974. —Vol. 9. — P. 2273-2284.

7. Berche, B. Classical Kalb — Ramond field theory in curved space-times/ B. Berche,
S. Fumeron, F. Moraes // Phys. Rev. D. —Vol. 105, nr 1. — Paper 105026.

Pykanic nacmyniyy paoaxysiro 29.03.2024



