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PABPEIIMMOCTD 3AJTAYM KON
AJIAA HEJIJMHEHHOTI'O TU®®EPEHIUAJBHOI'O YPABHEHUA
C ITIPOU3BOJHOU KAITYTO KOMIVIEKCHOI'O ITIOPAJIKA

Hccneoosana 3adaua Kowu 0na HenuHellno2o ouggepenyuaibHo2o ypasHerus ¢ npousgooxot Kanymo
KomniekcHo2o nopsoka. C ucnoivb3oeanuem yciosuli paGHOCUILHOCHU 3a0a4ll UHMEZPALbHOMY VPAGHEHUIO
Boremeppa emopozo poda nonyuenvi ycnosusi cyujecmeoganusi ee peuieHus 6 npocmpancmee HenpepbieHO-
ougppepenyupyemvix yuxyuii. C nomowwpro memooa npubnudicenuti Toneni nocmpoena nocied08amebHoCb
@YHKYUL, CXOOAWARACS K peweHuio paccmampugaemou 3adoavu Kowu.

1. IlocTanoBKa 3a1a4u
Hycrs 15,9 u D,y — npoGHble mHTerpansl U npousBoaHble Pumana — JIMyBusis

KomIutekcHoro nopsinka @ € C (Re(«r) > 0) Ha koHeuHOM oTpe3ke [a,b] neiicTBuTenbHOM ocu:

t og(tdt
) e [ )
( y)() ( dx) a0 J(xy(tt))g}”“ n =[Re()] +1, (2

([Re(xx)] — uenast vacts Re(ar)) [1, § 2.2, 2.4].

DopMyIIbl 1IETOYUCTCHHOTO U] depeHITIpOBaHMs B OOJIBIIMHCTBE CBOEM JOIMYCKAIOT
000011IeHNe Ha Hellemble MopsaaAku AuddepeHpoBanys, a MoJICTaHOBKA B (hOPMYJIbI IpOOHOTO
i depeHIpoBaHIst BMECTO JPOOHBIX TOPSIKOB HATYPABHBIX YMCEIT MPUBOIUT K W3BECTHBIM
dopMynaM KIacCHYeCKOro MaTeMaTHYeCKOro aHalu3a.

Psi cBOICTB MHTETPATIOB M MPOM3BOIHBIX, CIIPABEUIMBBIX IS KJIACCHUECKOTO aHaIN3a,
OCTAlOTCSl CIPAaBEUIMBBIMM W JJs JIPOOHBIX NPOM3BOAHBIX M HUHTerpanoB. Hampumep,
JuIst M000#t cymmupyemoit dyukiun @(X) u s moboro o € C, Re(a) >0 BeimonHseTcs

paBencteo DZ 12 0 =¢(X), T.e. npobHas mpousBoaHas OT APOGHOTO MHTErpajia OJHOTO

U TOTO e MopsiiKa CyMMUpyeMoi (QyHKIUHU eCTh caMa (yHKIUS.
Hanee, nnst pynkuuu f (X) € Ly (a,b), umetoeit cymmupyemyro IpoOHYIO POU3BOJI-

uyro D7, f , cipaBemiBo paBeHcTBO

)a “t (n k l)(a)

19D2 f = f(x)— Z(X 4
k=0
rae N=[Re(a)]+1u f, ,(X)=1.%f . Buactnoctu, npu 0 < Re(x) <1

15D f = f(X)—f;%OE?)(X_a)a—l
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Eci ydecTs, 9To uIs ApoOHOI mponsBoaHas mopsiaka o Gyskmus (X—a)* ' urpaer
POJIb KOHCTAHThI, TO MOYKHO F'OBOPUTH, YTO aHAJIOTMYHOE CBOMCTBO MMEET MECTO U B CIlydae
MHTETPAJIOB ¥ POU3BOAHBIX HATYypaJIbHOI'O OPSAIKA.

B 10 e Bpems ecTh U Takue CBOMCTBA IPOOHBIX MHTETPAJIIOB U MPOU3BOIHBIX, aHAJIO-
rOB KOTOPBIM HE CYIIECTBYET y IMPOM3BOIHBIX M MHTErPAIIOB HATypalbHBIX NOPAAKOB. Tak,
npobOHast mpou3BoaHas Pumana — JInyBUILIS UMEET CYIIECTBEHHbBIN HEOCTATOK, KaCaIOIIUCs
ee HMCIIOJIb30BaHMs B MIPUIOKEHHAX, B YACTHOCTH, APOOHas nmpou3BoaHas Pumana — JInyBusis
OT KOHCTaHThl C HE paBHA HYJIIO:

-

X

D/ C=——
T Ir-a)

O6o3HauuMm 4yepes (CD§‘+y)(x) Moau(UIMPOBAaHHYIO JIPOOHYIO TPOHU3BOAHYIO,
onpenensieMmyto hopmynon

Dz vk =| oz, | 0~ Z(X A" 10 || ©
rne o €C, Re(ar)>0,n=[Re(a)]+1 nmpu a ¢ N ={1,2,..},u N= pu ¢ € N .

Ecin a>0,n—-1<a<n (neN) u y(x) eC"[a,b] — dynkuus, N pa3s HENpepbIBHO

nmuddepenmupyemas Ha [a,b], To npu a € N mpoussoanas ‘DY, y cosmnanaer ¢ oObIYHOM

"Dz v =(D”y)(><)[n eN;D =%} (4)

anpu N—1<a <n oneparop DY, mpescrapisiercs B BUjie KOMIIO3MIIMH OIEPATopa JPOOHOTO

IIPOU3BOHOM:

n-a n
HHTCTpUPOBAHUA |a+ " o1iepaTopa ,Z[I/I(l)(bepeHI_II/IPOBaHI/I}I D

(cD§‘+y)(x):(|2;aDny)(x) (n—1<a<n,neN;D:%) (5)
Konctpykius (3) BBefeHa WTambsiHCKUM MexaHukoMm Kamyro [2-4], u mosTomy
BoIpakeHust (3) u (5) Ha3wpBarOT ApoOHBIMH TNpou3BogHbIMH KamyTo mopsiaka aeC
[5;6;7,§24.1].
B ortnmnume ot apoGHo# mpowusBoaHoil Pumana — JlmyBuiis, qpoOHas nMpou3BOAHAs
KanyTo oT KOHCTaHTBI paBHA HYJIIO:

°D%C =0.

Kpome Toro, npeumyiiecTBoM omnpeneneHus ApoOHoM mpousBoaHo# o Kamyro sBis-
eTcst 0oJiee eCTeCTBEHHOE JIJIsl MPAKTHUUECKUX MPUIIOKECHUNA pelieHrne Mpo0aeMbl HadalbHbBIX
ycIoBUH npu penieHuu auddepeHnanibHbIX YpaBHEHUN HEIENbIX TOPSIKOB.

C Toukm 3peHus MPUIIOKEHUN OJTHON M3 Hanboee akTyalbHBIX 3a/1a4 Teopuu audde-
PEHIMABHBIX YPaBHEHHUI IPOOHOTO MOPSIKA SBISETCS MOCTPOCHUE TEOPUU UX Pa3peruMo-
CTH B Pa3aUYHBIX (YHKIIMOHATBHBIX TPOCTPAHCTBAX.



MATOMATHIKA 67

Hccnenyem mpobnemy CymiecTBOBaHHS pelieHus 3aaauu Komm i HEeTWHEWHOTo
nuddepeHnranbHOTO ypaBHEHHUS ¢ ApoOHON mpousBogHoi Kamyto (3) KOMIJIEKCHOTO
nopsiika @ =mM+i6 (me N, m>1, 8 =0)

DIy k) = Fx, y(0)] ©)
C HAYaIbHBIMH YCIIOBUSIMH
y (@) =h;,b C(j=0,1...,m), %
B [IPOCTPAHCTBE
C™10M 4 b] = {y(x) € C™[a,b]: DI ¥y e Cla,b]},
B IpeinoyioxkeHuu, uro Qynkuus f[x,y]:[a,b]xR — R takas, uyro npu gobom yeR
f[x, y] € C[a,b]:

max [f[x,y] =M <oo. 8
(x,y)e[a,b]xR| [ y]| ()

2. PaBHocuibHOCTD 3a1aun Kol nHTerpasibHomy ypaBHenuio Bosbteppa
Ucnons3yst cBoiicTBa ApOOHBIX Mpou3BojaHbIX Pumana — JlmyBwmis (1)—(2) B mpo-
ctpanctBe C[a,b], ycTaHOBUM paBHOCHUIBHOCTD peuieHus 3agaun Komm (6)—(7) B mpocTpaH-

crBe C"[a,b] u peuieHus UHTErpaIbHOrO ypaBHeHus BombTeppa Broporo poaa
m b

_5 2 y_ay 1 7 fIty()]
y(x)_JZ:Oj!(X a)Jle"(m+i0):,!:(x—t)1miedt' ©

Teopema 1. [Tycmo . =m+i@ (me N, m>1 0#0), a pynxyus f[x,y]:[a,b]xR >R
makosa, umo npu mobom yeR f[x,y]leC[a,b] u swinornsemca ycnosue (8). @ynxyus
y(x) e C"[a, b] ssrsemcs pewenuem 3aoauu Kowu (6) — (7) mozoa u moavko moeoa, ko2oa
OHa A6IAeMCcs peuleHuem unmezpanbozo ypastenus (9).

Hokaszamenvcmeo. Ilycts bynkuus y(x) e C"[a,b] asersemcs pewenuem sadauu
Kowu (6) — (7). Cormacho (2) u (3)

. n . m_ () )
DIy {dij {I;"’{y(t)—zyffa)(t—a)’D(x) -
X j=0 J.

T.x. cmopaBemmBo ycioBue (8), TO w3 paBeHcTtBa (6) ciegyer, UTO
(C D;“:i'gy)(x) eC[a,b], u cormacuo [9, nemma 1]

[lil‘{y(t) - i@a - a)jD(x) cC™[a,b].
E L
[Tpumenss [9, nemma 4] K GyHKIUU

m ,(J) .
g(t):y(t)_znya)(t_ay ,
.
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HaxoauM:
) ) m_, (1) )
(m+|9cDm+|n9 XX) {I;n:lHDngBl:y(t)_Zy Jl(a) (t_a)J:U(X)Z
— _ S y(j)(a) _ __m+1 yl(mlgl k)( ) _ 4 \Mm+io-k
=9() g‘, o A e AT 10
rac

Yirio (X) = ['iﬁig{y(t) - i@ﬂ —a)j}J(X) :
[ECI

WuTerpupyst mo 4acTsM TocieaHee BhipaxkeHue, nuddepeHupyst morydeHHOe COOT-
HOIIIEHHE U UCTIONB3YA [9, nemma 3], umeeM:

(n
Vo (X) = [I“{y() Zy @ _a D(x)=

£ (i-)!
i ) )
=[|ii'{y V- z{ - )HD(@.

[Toropstst aToT Mpouecc (m+1—k) (k=0,1,..., m) pa3, npuxoaum K popmyie

(M+1-K) r oy _ | p1+i0] \, (m+1-k) 4y c y(j)(a) oy i-m-Lek
y1+i¢9 (X)_[Ia+ {y (t) j:n%:l_k(j—m—l_+k)!(t a)J iD(X)

OcymectBiss 3ameny t =a+s(x—a), noaydaem npu k =1,..., m+1:

1+i6 1

(m+1—k)( X) = (X a) J'( _s)ig(y(m+l‘k)[a+s(x—a)]—

y1+| 4 r (1 9)

i W@ [s(x—a)]j‘m‘“des.

j=m+1-k (J -m-1+ k)!

T.x. y™3¥(x) e C[a,b], To u3 mocsemnero paBenctra cieayer, uro y{"H) (a)=0

+i6
(k=1,...,m+1), u torna (10) npuarmaeT Bujg

(I ;n++|6CDm+H9 XX) — y(x) _i%(x- a_)j . (11)
j=1 ;

IMpuMeHsis Kk 06erM vacTsM ypaBHenwus (9) oneparop |M1¢ utbiBag (11) 1 Havab-
y a+r y4

Hbele ycioBus (7), HaxoauMm, 4to Yy(X) e C"[a,b] sBisercs pelmeHueM MHTErpagbHOro
ypaBHeHU (9).

[Tycte Temepp y(x) e C™[a,b] — pemenne uaTerpansHoro ypasHeHus (9). [Tokaxem,
410 Y(X) YIOBJIETBOPSET HAYAIBHBIM YCIOBUSM (7).
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I[H(b(bepeHquyeM o0e uactu paBeHctBa (7) u, yuuthiBas [9, nemma 3], mmeem
s k=1,...

L__f_fityo) 12

(J—k)' F(m+|0—k) a(x_t)l—m—i¢9+k

OcyiecTBiisist 3aMeHy IepeMeHHON t =a+ s(x—a) B uHrerpanax (9) u (12), Haxonum
mpu k=0,...,m

m+ig-k 1

- D; i« , (x—2a) fl[a+s(x—a),y(a+s(x—a))]
(k) e K
(X)= ,Z:'(J—k)'(x a)J +r‘(m+i0—k)0 (0 S)l_m T ds.

[lepexons k mpeneny npu X—>a+0 u yduThIBas HENpPEpBIBHOCTh QyHKUUU f
noiy4aem paBeHcTBa (7).
[pumensis onepatop DM? k obeum wactaM ypaBHenus (9), yduThIBas HayaIbHBIE

yenoBust (7) u [9, nemma 3], monyunm auddepeHnnansHoe ypaBHeHHe (6), UTO U 3aBEpIIACT
JI0Ka3aTeIbCTBO TEOPEMBI.

3. YceaoBus paspemmmoctu 3aaaun Komm
Teopema 2. Ilycmo Qpynxyus f[x,y]:[a,b]x R — R makosa, umo npu nobom y e R
f[x, y] € C[a,b] u svinonuaromes credyrowue yciosus:

[x,y] < L(d +|y|) (x e[a,b],y € R), (13)

2de L >0,d >0 — nekomopvie nocmosinuvie,

(b-a)"

AL<], A=————.
m-|[C(m+i6)|

(14)
Tocoa 3a0aua Kowwu (6) — (7) umeem no kpaiineil mepe 00O peuieHue 6 npo-
cmpancmee C™%™[a,b].

Zlomwameﬂbcmso. PaCCMOTpI/IM IIOCICI0BAaTCIbHOCTD ypaBHeHHfI

Yo (t,bg,-ons i—’t—a)j,
o !
_ 1R meiea _b-a
Y () = Yo (X, b )+ F(m+m)£(x ) f{t yn(t . ﬂdt, (15)
npuvemM
Yo (X) = Yo(X,0g,.... 0, ) mpr ——=<x<a (neN). (16)

OueBuaHo, uto npu kaxaoM N € N ypasuenue (11) uMeeT eIMHCTBEHHOE pELICHUE
¥, (x) e C[a,b]. D10 pemenne HaspiBaeTca N-m npubOnImxeHueM ToHemnu ypasHeHus (9).
[TokaskeM, 4TO HPH CAENAHHBIX IMPEANOI0KEHHUAX I10CIEI0BATEILHOCTh MPUOIHKEHUI
Tonemwm Y,(X) paBHOMEPHO OrpaHHMYEHa W PABHOCTENEHHO HENPEPHIBHA B MPOCTPAHCTBE

Cla,b].
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00603HaYUM

h="sup  [yo(Xby,..0y)[. (17)
~(b-a)<x<(b-a)

u 3aduxcupyem Ne N. Ecimm a < x < , TO, ucronb3ys (17), cBoiicTBa omeparopa apoo-

HOro MHTerpupoBanus Pumana — Jluysmuis (1) B mpocrpanctee C[a,b] ([9]) u ycnosue (13),

it vl vl
n n .

H, ceaoBareNnbHo, B cuity (17)
|Va ()] <dAL+h(1+AL). (18)

HNMECM:

£h+AL[d+

c

b—aSXSZ(b—a)

, TO, ucnoib3ys (17) u (18), momyunm:

Yn| X=——
n

AHanorugHeIM 06pa3oM oneHuM mpubmmkenus Tonemwm Y, (X) Ha KaxmoMm mpome-

Hanee, ecu

Yo ()] <h+ AL(d +

]Sd(AL+A2LZ)+h(1+ AL+ A?L?)
C

wymee 122 <x<(i+1)2=2 (i=12...,n-1):
n

[¥a (0l < d(AL+ (ALY +...+ (AL) )+ hlL+ AL +...+ (AL)')
CrnenoBarenbHo, npu Bcex a < X<b
[¥a 0l < d(AL + (ALY +... (AL)" +...}+ hlL+ AL +...+ (AL)" +...)

Cornacno ycnosuto (10), psasl B mpaBoi 4acTH MPEIbIAYIIETO PABEHCTBA CXOAATCS, U

dAL +h
, V a,b]. 19
A Xl (19)

[ya (9 <

W3 nepaBenctna (19) cnexyer paBHOMEpHast OrpaHUYEHHOCTh pubmkeHuit Tonemm
Y, (X) B mpocrpancree C[a,b].

[TokaxkeM Temepb, 4TO 3Ta MOCIEIOBATEIBHOCTh PABHOCTEIICHHO HEMPEPhIBHA B MPO-
crpanctBe C[a,b]. ITycts AX>0; x+ Ax €[a,b]. Ucnons3ys (15) u ycnosue (13), umeem:

”yn (X + AX) - yn (X)”C <

1 h m+if- m+i - b—
smj[(xmx—t) 1 (x-1) Hl]f{t,yn(t—Taﬂdt
a c
X+AX
+;_ _[ (X+ Ax —t)™0 f t,yn(t—gj df] <
\r(m+ig)|| n .
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X
C

1 b-a
: [F(m+i6)| H f {t’ y”(t _Tﬂ

X X+AX
xl: | ‘(X+Ax—t)m+i9’l - (x—t)m”a’l‘dt + [ ‘(X+Ax—t)m”“‘dt} <
a X

( b—aj J
Yol t+—— X
n C

X X+AX
x D‘(x A=) - (=)™ de 4[|+ Ax—t)m”g‘l‘dt}
a X

S; d+
[F(m+i0)

Ucnone3ys hopmyny Jlarpanxka, umeem:
‘(x+ AX—t)™10T _(x —t)”‘”g‘l‘ <Im+i0-Y(x—t+EA)™?Ax, 0<E<1. (20
T.x. me N, m>2, 1o u3 HepaBercTBa X —t+ SAX < X —t+ AX caenyer, 4To
(x—t+&A)"? < (x—t+ax)"2,
u 13 (20) mosryuaeM HEPaBEHCTBO:

‘(X+Ax—t)m”‘9’1 - (x—t)m”e’l‘ <|m+i0-1(x —t+Ax)"? Ax.

Torna
”yn (X + AX) —Yn (X)”C <
L o —atA)™ - (A (Ax)"
SFG;E5@+MA@th+m 1Ax o S (@

T. x. mocienoBaTensHOCTh MpubmmKkenuii Torem Y, (X) paBHOMepHO orpaHuMueHa
B poctparctee C[a,b], yunteias (20) u (21), nonyyaem paBHOCTEIIEHHYO HETPEPHIBHOCTH
B C[a,b].

ITo Teopeme Apuena — Ackomu [10, ¢. 167] mis Bcex X €[a,b] mocnemoBarensHOCTD
Y, (X) npenxomnaxtna B C[a, b]. ITosToMy n3 nocnenosarensHocTd Y, (X) MOXkHO BBIOpaTh
TO/IOCIIENIOBATENBHOCTD Y, (X), cxomsmyroca x V.(X) €C[a,b]. IIpu stom mocnenosa-
TENBHOCTD Yy, (X ~(n) b- a)) taxke cxoauresa Kk Y.(X) € C[a, b].

PaCCMOTpI/IM HHTCI‘p&J’IBHLIfI oreparop

1 f i
AY(X) = —————— | (x=t)™ " f[t, y(t)]dt

y(x) nmﬂmy )M Y]

U TIOKa&KEM €ro HempepbIBHOCTH Kak orepartopa u3 mpoctpanctBa C[a,b] B mpocrpancTBo
Cla,b]. B camom nene, ecnu mnociemoBatensHocTh (ynkimit Y, (X) € Cla, b] cxomures
k pyukuun Y(X) € C[a, b], o B cuny nenpepsiBHOCTH mpu Kaxaom X e[a,b] dynkimn
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f[x, y(x)], nocnenoparensnocts (ynkmuii  f[X,y,(X)] npm Bcex Xxe[a,b] cxomurcsa
K pyakmun f[X, y(x)]. C npyroii cTopoHsl, B CHIIy CIIPaBEJIMBOCTHA HEPABEHCTBA

1%, Y, (] < L(d +]y,|)
¥ OrpaHMYEeHHOCTH TocaenoBarensnoct Y, (X) B C[a, b], cnenyer:
[#[x ¥, (0]l <LK, neN,

rae K >0 — Hekoropas nmocrosiaHas. [103ToMy BO3MOXKEH MpeeIbHbIH MEePexo/1 Mo 3HAKOM
UHTErpajia B PaBEHCTBAaX

_ ; h _p\ym+io-1
waw—Fm+mAu 6™ £[t, y, (0]t

npu kaxaom X €[a,b]: Ay(x) = lim Ay, (X) . B yacTHOCTH, BO3MOXEH MpPEICIbHBII epexo.
n—o0
B paBEHCTBAx

h m+if— b-
y4m=wwmme+7@%Eﬂw—o “fﬁw@—jfﬂmmeN,

OTKYJa BBITCKACT, UTO

1 h m+if-1
vy [CaUMRI VOIS

a

Y. (X) =Y, (X, ..,y )

[Tocneanee paBeHCTBO 0O3HAYAET, UTO PYHKIUS Y, (X) YIOBIETBOPSET ypaBHEHHIO (9).
[loncraBnss y,(X) B ypaBHeHHe (9) U mocienoBaTeNbHO AUPHEpeHINpYs MOTy4EH-

HOE TOXKJIECTBO M pa3s, HCIOIB3Ys CBOWCTBA IPOOHBIX MPOM3BOIHBIX M HHTErpaaoB Pumana —
JInyBuiuis B ipoctpanctee C[a,b] ([9]), 3axkmouaem, uro Y, (X) SBIsSETCS pEIICHUEM 3a/1a4n

Koun (6)—(7) B npocrpancree C"[a,b], npu stom DIy, e C[a,b], uro u 3aBepmaer
JI0Ka3aTeNbCTBO TEOPEMBL.
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Marzan S. A. Solvability of the Cauchy Problem for a Nonlinear Differential Equation with
a Complex Order Caputo Derivative

The Cauchy problem for a nonlinear differential equation with a complex order Caputo derivative
is investigated. Using the conditions of equivalence of the problem to the Volterra integral equation of the second
kind, conditions for the existence of its solution in the space of continuously differentiable functions are obtained.
Using the Tonelli approximation method, a sequence of functions is constructed that converges to the solution
of the Cauchy problem under consideration.



