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YACTHULHA JUPAKA — KOJIEPA B COEPUYECKOM ITPOCTPAHCTBE PUMAHA:
BO30OHHAA UHTEPIIPETALIUSA, TOYHBIE PEIIEHUSA

Ilocmpoensvt mounvle pewienus ypasnenus Hupaxa — Kanepa 6 ciyuae npocmpancmea Pumana nocmo-
SHHOU NONOACUMENLHOU KPUBU3HDL. JIs1 CIyYas MUHUMANBHO20 3HAYEHUS. COXPAHAIOUe20Cs Y2l08020 MOMEHMA,
Jj =0, paouansnvie ypagrenusi npugedervl K YypaGHEHUsIM 6MOPO20 NOPAOKA, KOMOPble PEuaromcsi 8 mepmMuHax

eunepeeomempuyeckux Qynkyuil. B ciyuae Henynesvix 3HayeHull yenogozo momenma j=1,2,3,..., paouansbHble

VPAasHeHUs: COOAMCSL K 08YM CILOJNCHBIM OuphepenyuaibHbim ypasHeHusm yemeepmozo nopsioxa. C npumeHneHu-
em mMemooa Gaxmopusayuu nOCMpPoeHo obujee peuleHue 3MUX YPasHeHutl, gKuouarujee yemoipe QyHOameH-
MATLHBIX peenuss, NOCieonue Npedcmasienvl 8 6uoe KOMOUHAYUU U3 2UNEP2eOMEMPUYECKUX YHKYUL.
Haiidennvii cnexmp snepauu cywecmeenio omiuuaemest om CRekmpa duepautl 00bi4HOU OUPaAKOECKOU Yacmu-
Yol 6 chepuueckom npocmparcmee Pumana.

Beeaenne

[TonsaTHe 00 37eMEHTapHBIX YACTHIIAX KaK HEKUX PEISTHBUCTCKYA MHBAPUAHTHBIX 00b-
€KTaxX B paMKax 4-MepHOI'0 IpPOCTPaHCTBA-BpeMeHHM MUHKOBCKOIO SIBISETCS HA/IEKHO yCTa-
HOBJIEHHBIM U OOLIeNpU3HAHHBIM. [[1s1 10001 yacTHLbl HpeoaaraloTcs 3alaHHbIMM OIpe-
JiefieHHbIe TpaHc(OopMaMOHHbIE CBOWCTBA OTBEYarOLIel el MoineBOl (YHKLUUU U CBA3aHHOE
C 3TUMHU CBOMCTBaMU PEISTUBUCTCKOE BOJHOBOE ypaBHeHue. MHTepecHoi npoliemoi, npu-
TATUBAIOLIEH 10JIr0e BpeMsl IPUCTabHOE BHUMAHHKE, SBISETCS BOJHOBOE YpaBHEHHUE IS ya-
ctunbl [upaka — Kanepa. Otomy Bompocy nocssiieHa oommpHas aureparypa [1-33]. Ananus
3TOr0 BOIPOCA Hayajcs yXKe B paHHMH MEepHO]| Pa3BUTHUS TEOPUU KBAHTOBO-MEXaHUYECKUX
BOJIHOBBIX YPaBHEHMH Cpasy K€ 1ociie OTKphITUs ypaBHeHUs upaka [1]. ®akTuuecku ypas-
Henue Jupaka — Kanepa 6b110 nomyueno emie B 19281929 rr. Jlapsunom [2], a Takxe WBa-
HeHko U Jlanpay [3] xak anbrepHaTuBa ypaBHeHUIO /lupaka. OCHOBHBIM MOTHBOM IIPU 3TOM
ObUIO CTpEMJIEHHE IOCTPOUTh YpaBHEHUE I YaCTUIbI CO CIIMHOM 1/2 Ha OCHOBE TEH30PHBIX
BEJIMUYMH 0€3 MCIOJIb30BaHUsl CIIMHOPOB, MOCJIEIHNE KAa3aJUCh TOrJa MUCTUYECKUMU U HEMO-
HSATHBIMH B CPaBHEHUU C 0oJiee 3HAaKOMBIMM T€H30pHbIMU oO0bekTamu. Ilone Jupaka — Kane-
pa cocTouT U3 Habopa TEH30POB, SKBUBAJIEHTHBIX OMCIIMHOPY BTOPOro paHra. OHO COAEpPKUT
16 He3aBHCHMBIX KOMIIOHEHT, U BOJIHOBOE YpaBHEHHE JJISi HETO MOKET OBbITh MPEICTABICHO
KaK (hopMasbHO HECBS3aHHBIE JPYT C JIPYTrOM YEThIpE YpaBHEHUS TUPAKOBCKOro Buaa. I'nmas-
Hasi 0COOEHHOCTh B IOHUMAaHUU TOTJia 3TOTO MOJIS 3aKJII0YaJIach B TOM, YTO OHO J]aBajlo BO3-
MO>KHOCTb OCYILIECTBUTH IUIaBHBIN NIEPEX0]] OT TEH30POB K CIIMHOpaM. B onpenieieHHOM CMbI-
cJie 3To ObUIa MOMbITKA YCTPAHEHUS! CIUHOPOB BOOOIIE, TEM HE MEHEE COXPAHUB CBS3b C JU-
PaKoBCKUM (hepMHOHOM.

OnHako ynoMsiHyTass HECBA3aHHOCTb YEThIpEX ypaBHEHUH [lupaka, HMCHOIb3YEeMBIX
B Teopuu J{upaka — Kanepa, uMeeT MeCTO TOJIBKO B CIy4ae IJIOCKOTO IPOCTPAHCTBA-BPEMEHU
MMUHKOBCKOI'0, ¥ 3TO CBOMCTBO HE COXPAHSAETCS B MPUCYTCTBUM BHEIIHUX IPABUTALIMOHHBIX
10JIEeH, OMKCHIBAEMBIX C IPUBJICYEHUEM MPOCTPAHCTBEHHO-BPEMEHHBIX MOJIENENH C HEEBKIIU-
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noBoil reomerpueit. Takum o0pa3oM, HanboJIee HHTEPECHBIM SABJISIETCS BONIPOC O (PU3UUECKOM
uHTepnperanny noisst upaka — Kanepa: sBisieTcst 11 3TO MOJIE CI0KHBIM (COCTaBHBIM) 6030-
HOM WJIM )K€ 3Ta CHCTEéMa SKBUBAJICHTHA HA0OPY U3 YeThIpeX (PepPMUOHOB.

1. IlocTanoBKa 3a1a4u
B mpoctpanctBe MunkoBckoro uvactuna Jupaka — Kanepa onuceiBaercs 16-komrio-
HEHTHOM BOJIHOBOW (yHKImedr U(x), OMCIMHOPOM BTOPOTO paHra, WA SKBUBAJECHTHBIM

HAaOOPOM TEH30pHBIX noeit: {D(x), d)i(x),(i)(x),d)i(x),cb (%)}, roe ®(x) — ckamsap, ®,(x) —

mn
BekTOp, P(X) — ICEeBIOCKAID, ®,(x) — ncepnosekrop, O, (x) — aHTUCUMMETPUYHBINA TEH-
30p. CBA3b MEX/ly 3TUMH BEIMUMHAMH 337a€TCS1 COOTHOLICHUEM

U=(~i®+y'®, +ic"®,, +7'D+iy'y &) E", (1.1)
rne ' =-iy’y'y’y’, o =Ly -y"y") u E — GucnuHOpHAs MeTpUYecKas MaTpuIia
[33]. B uckpuBieHHOM MPOCTPAHCTBE OOIEeKOBapuaHTHOe ypaBHeHue [lupaka — Kanepa B 4-
CIIMHOPHOU (hopMe uMeeT BUJL:

[iy“(x) (0/ox* +B,(x))—-m]U(x)=0, (1.2)

Vi ab _ __ab ab
e)Va(€sy), J"=0"®I+1Q®c" — rexe-

paTophl TEH30pa BTOPOT'O paHTra OTHOCUTENBHO Ipynibl JlopeHia. To CIUHOPHOE yYpaBHEHHE
HKBUBAJIEHTHO CUCTEME TEH30pPHBIX ypaBHeHuUM [33]:
VY +m¥ =0, Viy, +m¥Y =0,

VY+VY  —m¥, =0,

rae B, — 2-6ucnMHOpHas CBS3HOCT, B, =1J%

N . -
Va‘P—ng” (X)V ¥, —my,=0,

a

po ~ _

VY, -V,¥, +e, (0, ¥, -m¥,, =0. (1.3)

KOBapI/IaHTHBIe TCH3O0PHBIC MMOJICBBIC IICPEMCHHBIC CBA3AaHbI JTOKAJIBHBIMU TETPAJHBIMHA
MNEPEMCHHBIMU COOTHOIMICHUAMU

\Pa :eg)\Pi’ {Pa:eg)qji: \P (14)

mn 2

— pm) ,(n)
=e, e, ¥

ap
afipc _ abcd a B p o
JleBu-YuBura TCH30p OMPCACIACTCA PABCHCTBOM & ()C) =& e(a)e(b)e(c)e(d) .

Bonbmas yacte uMeronmxcss padbot no teopun nois [upaka — Kanepa mocpsiiena
B OCHOBHOM HCCIIEIOBAaHHIO CBOMCTB CUMMETPUU U APYTUX (PyHIaMEHTAIbHBIX CBSI3€H ¢ 0ObIU-
HbIMU niosisiMu J{upaka [1-33], onHako (akTHdecku HET KaKMX-TUOO HETPUBUAIBHBIX pac-
CMOTpPEHHI BOIpoca o pemeHusx ypaBHenus upaka — Kanepa Ha hoHe mpocTpaHCTBa ¢ He-
€BKJIMJOBOM T€OMETPHUEN.

B nacrosmel pabote Mbl CTpOMM TOYHOE OOIIee pemieHre it ypaBHeHus {upaka —
Kanepa B cimyuae npocreiiiieil HeeBKIMIOBON reOMETPUIECKOi Moiesin — c(hepudecKoro pu-
MaHOBa ITPOCTPAHCTBA MMOCTOSIHHOM MOJOKUTEIBbHON KPUBU3HBL. JlJI ciydass MUHUMaJIbHOTO
3HauYEHUs OOIIETO COXPAHSIOLIETOCs YIIIOBOTO MOMEHTa, j =0, paauaibHble ypaBHEHUS TIPU-

BEZICHbI K OOBIKHOBEHHBIM A (PepeHIIranbHbIM YPaBHEHUAM BTOPOTO NMOPAIKa, KOTOPhIE pe-
IIAI0TCSl B TEPMUHAX THIIEPreoMeTprudeckux GyHKIMN. B ciiydae HeHyneBbIX 3HaUEHUH YyTIIO-
BOTr0 MOMEHTa j =1,2,3,..., paauaiabHble ypaBHEHUS CBOAATCA K JIBYM YpaBHEHUSIM YE€TBEPTO-

ro nopsiaka. C npuMeHeHneM MeToaa (aKTOpHU3aI|K TOCTPOSHO OOIIee PElICHHE d3TUX ypaB-
HEHUI, BKIIIoYaroliee 4eTbipe QyHIaMEeHTaNbHbIX PELIeHUs, MOCIEeIHIE PEICTABICHbI B BU-
Jie KOMOWHAIMKA U3 THIepreoMeTpudeckux GyHKIui. JJuckpeTHsle ypoBHH YHEPTUU MOTyYe-
Hbl HAJIOXKEHUEM TPeOOBaHMS KBAa3U-TIOJWHOMHUAIBLHOCTH BOJIHOBBIX (yHKUMNA. HalmeHHbII
CIEKTP DHEPTUU CYIIECTBEHHO OTJIMYAETCS OT CIIEKTPa YHEPTUU OOBIYHOW ITHUPAKOBCKOM da-
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CTHIIBI B cepuyeckoM mpocTpancTBe Pumana. Hu onuH U3 HailleHHBIX YpOBHEHW SHEpruu
HE COBMAJACT C YPOBHIMU SHEPTUM Jisi OOBIYHON yacTHuIlsl Jupaka B cepuueckoMm mpocT-
panctBe Pumana. Bee 9T0 yka3piBaeT Ha HEBO3MOXKHOCTh ()ePMUOHHON MHTEPHPETAIIUH TOJIs
Hupaka — Kanepa kak 1mossi, 3KkBUBAJICHTHOTO YEThIpeM noJisim Jlupaka.

2. PazgesieHHe mepeMeHHbIX

W3m05xuM KpaTHO pe3ysbTaThl IO Pa3[eICHUIO NIEPEMEHHBIX B ypaBHeHHUHU Jlupaka —
Kanepa B mpoctpanctBax MuHkoBckoro u Pumana. 3anumem ypaBHeHue [lupaka B mpoct-
panctBe MunkoBckoro [33] B 6asuce chepuueckoil TeTpaabl:

1 31 2 32
[i}/o 8t+i[7/3 ar+%j+%za¢—m}1(>g)=o, 2.1)
i0, +iJ"% cos@
Spp =1y 0,4y —— ,  JP=(0"®I+I®c"). (2.2)
’ sin &
JlnaroHanusupys onepaTtop oOIIero yraoBoro MOMEHTa
. 712 . rl2 .
J1=11+M,J2=12+M,J3=13, 2.3)
sin & sin &

st pyukuuu upaka — Kanepa, mosydaeM cienyroniyto oOuryro moAcTaHOBKY:

fil D—l ﬁZ DO fi3 D—l ﬁ4 DO
Ligt f;l DO f22 D+l f23 DO f24 D+l
rofa Dy fuDy Dy fu Dy ,
j;tl DO j;I-Z D+l f;l3 DO f;l4 D+l
rne f,, = f,(r), D, =D’ (4,0,0) — dynkunn Buraepa [35], KBaHTOBOE 9HCIO j MPHHH-

U, (t,7,0,8) = (2.4)

Mmaet 3Hadenus 0,1, 2,.... Cnegyromuii mar, CyImecTBeHHO yHPOIIAIONUH CUCTEMY paaraib-

HBIX YpPaBHEHUH, COCTOUT B JUAroHaJM3allMd OIEepaTopa IPOCTPAHCTBEHHOM WMHBEPCHUU.
B ciepuueckoM TeTpasHOM 6a3uce 3TOT ONepaTop 3aaeTcs BhIpaXKEHUEM
o 0 o0 -1 (0 0 0 -1

0 0 -1 0| [0 0 -1 0

H= ® QP .
0 -1 0 0| |0 =1 0 0
10 0 Ol |-1 0 0 o

(2.5)

HAKJIaAbIBACT OIrPaHUYCHUSA:

m

f31:if24 > f32:ifz3 > fsszifzz > f34:if21 >
f41:if14 =f42:if13 =f43:i12 af44:i11 > (2.6)

I7ie BepXHHMii 3HAK OTHOCHTCS K cOOCTBEHHOMYy 3HaueHmio 11 =(—1)""', mmxnmii 3HaK oTHO-

YpaBHeHHE HA COOCTBEHHBIC 3HAYCHHUS HU em =11U,;

curcs k I1 = (—1)’. Ypapuenue (2.4) nepenuchiBaeTcs Kak

.filD—l fiZDO fiBD—l -f14DO
e fuDo oDy fxDo fuDy
§fuD, 8fy,D, 8f,D, 3fyD,
§fuD, 8fsD, 6f,D, S8f, D,

Ugjr116 (t’ r, H’ ¢) = 5 (27)

rae 6 =+1 orHocures k ciayyato I1=(-1)/, § =—1 — k ciyuaro IT=(-1)"".
Cucrema paguanbHBIX ypaBHEHHM 11 O = +1 UMeeT BUI:
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. d i ia .d i ia
&foy—i— fry t—0— w—mh =0, efy—i—f——fi,—— fis—mf, =0,
dr r r dr r 7

.d i ia d i ia
Efuti— fut—Sut—fu—mf =0, ef+i— fi; +=0+—f,—mf,, =0,
dr r r dr

. d I la .d i ia
=i fn* 0= f =y =0, efy—ie = fu = fu=mhe =0,
21

, i ia .d i ia
Efpti——fo+—fu+t—So—mfy =0, &f+i—f,+=0+—f), —mfy, =0. (2.8)
dr r r dr r r

HabGop ypaBHeHuit mnis ciydas O =—1 cieayeT W3 NpUBEACHHOW (OPMAIbHON 3aMEHBI
m — —m . BBoast 0603HaueHus

A=/ +1fn), BB=(/,-1n), C=(/,+/), iD=(f,— 1),
K:(f13+f24), iL:(f13_fz4)a M=(f14+f23), iN:(f14_f23)a (2.9)

ypaBHeHuU (2.8) NpUBOAUM K BULY 0€3 KOMIUIEKCHBIX KO3(DPHUIIEHTOB:
dL a

ek -9 N =0, e4-2B %D mK -0,
dar r dr r
gL+d—K+£M+mB=0, gB+d—A+£C+mL=O,
dr r r r
M- N8 =0, cc-Lilpi i mm-o,
dr r r dr r 7
gN+dﬂ+lM+gK+mD=0, gD+d—C+lC+£A+mN=O. (2.10)
dr r r dr r 7

OTH ypaBHEHUS JOIYCKalOT HAJIO)KEHUE CIIETYIOIINX JINHEHHBIX OTPAaHUYEHUI:
A=AK, B=AL,C=AM, D=AN,

(2.11)
rae A ==1. {ns ciyqas A =+1 Bmecto (2.10) mosydaem 4eThipe ypaBHEHUS:
d—K+£M+(g+m)L:0, d—L—EN—(E—M)KZO,
dr r dr r
(i+l]M+gK+(g+m)N=O, (i—le—ﬁL—(g—m)M=0. (212)
dr r r dr r r

Ecnu 3nece m 3aMeHHUTH HA —m, TO TTOJTYYUM Ha0Op YpaBHEHU, COOTBETCTBYIOIINN CITydar0
A=-1.

VpaBuenus (2.12) MOryT OBITh YIPOIIEHBI JAJbIIE HAJOKEHUEM ONPECICHHBIX -
HEUHBIX OIPaHUYCHUN:

() J+LK@) = f(r) ,j+1 L) =g(r)
Jj M) = £(r),Jj N =g,
(i+j—+ljf+(£+m)g=0, (i—f—“jg—@—m)f:o; 2.13)
dr r dr r
(i) Jj K(r) = f(r), [ L(r)=g(r),
M@ =), Jj+I N =-g(r),
d

(——i]f+(8+m)g20, £i+ljg—(8—m)f:0. (2.14)
dr r dr r

[losyueHHble ypaBHEHUs NMPUMEHUMBI JJsl ciydaeB HeHyneBoro j. Cmyuaih j=0

TpeGyeT OTHETBLHOTO PACCMOTPEHUs, MOCKOJIBKY BUTHEPOBCKUE (QyHkuun D], mpu j=0
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HE UMEIOT CMbICNIa. B 3TOM cilyvae HavaabHasH MOJICTAHOBKA IS BOJTHOBOW (DYHKITMH JTOJIKHA
ObITH BBIOpaHa B 00JIee IPOCTOM BHIE

0 /i 0 Sy
U, (t,7) = e 0 S 0 . (2.15)
0 fu 0 f
Jo 0 fs O
Omneparop mpoCcTpaHCTBEHHOIN MHBEPCUU AEIUT perieHusd (2.15) Ha 1Ba kiacca:
M=+l 6=+, fuo=+/n, fu=+lus Ju=+ u> fuo=+/ s (2.16)

H=-1 ==, fo=—fn, fu=—tu> fu="tu> fu="1- (2.17)

Hcnone3yst roxaectBo X, , U, =0, noxydaem paguaabHyO CHCTEMY yPaBHCHHIL:

eM—d—N+E—mC=O,gN+dﬂ+M+mD:O,
dr r dr r

SC—d—D+2—mM:0, 8D+d—C+£—mN:0. (2.18)
dr r dr r

[Tony4yeHHy0 cuCTEMY MOKHO YIIPOCTUTh
C=+M, D=+NA=+]),

(i+le+(g+m)N=o, (i—le—<e—m)M=o; (2.19)
dr r dar r

C=-M, D=-N(A=-1),

(i+le+(g_m)N=o, [i—le—(5+m)M=0. (2.20)
dr r ar r

Takum o0Opa3om, B mpocTpaHCTBE MHHKOBCKOTO paJualibHbIE YpaBHEHUS AJIs 4acTH-
bl [lupaka — Kanepa no cyTu cBOAATCS K YpaBHEHUSIM TOTO e BUJA, YTO U B TEOPUH OOBIU-
HbIX yactul Jupaka. OgHaKo Takoe YIpOILIEHHUE BO3MOXHO TOJIBKO B ITPOCTpaHCTBE MUHKOB-
CKOT'0 U HEBO3MOXKHO B JIFOOOM c(hepruecKd CUMMETPUYHOM ITPOCTPAHCTBE C KPUBU3HOIA.

BrlmenpuBeieHHBIN aHAIN3 JIETKO pacIpOCTpaHAeTCs (XOTS U HE MOJTHOCTHIO) Ha CITy-
yaii cheprueckoro npoctpancTsa Pumana. MeTtpurka 3Toif reOMETpHUUECKOM MOJIETH 3a/1aeTCs
BBIPAKEHUEM

dS® =dt* —dr* —sin’ r(d@* +sin’ 0d ), (2.21)
ypaBuenue lupaka — Konepa umeer Bu:
1 731 2 r32
{Maﬁ{ﬁarﬂ‘] trJ J+ 1 zw—m}U(x):o, (2.22)
tanr sinr

KBAaHTOBOE YHUCJIO OOIIETr0 yriioBOr0 MOMEHTa mpuHuUMaeT 3HaueHus j=0,1,2,... JanbHeii-

M€ BBIUMCIICHUS IO pa3/IeTICHUIO IEPEMEHHBIX B 3HAUUTEIbHOW CTETIEHHU COBIMAJAIOT C OIHU-
CaHHBIMU B [33], pa3nuuus NOSIBISIOTCS TOJBKO B SIBHOM BHJI€ PE3YJbTUPYIONIUX pauaib-
HBIX YPaBHEHHU.

s cayyas MmuauMansHoro j =0 3amada CBOAUTCS K CHCTEME:

N N -mC=0, gN+d£+ M

eM———+ +mD=0,
dr tanr dr tanr
D D

8C—d—+ -mM =0, £D+d—c+ -mN=0; (2.23)
dr tanr dr tanr

st 6onpImmMX 3HavYeHWd j=1,2,3,... 3amada cBOAMTCS K 0OoJjiee CJIOKHBIM YpaBHCHHUSM

(a=+j(+D):
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d—K+‘ M+(e+m)L=0,
dr sinr
L4 N_(z—m)K =0,
dr sinr
d 1 a
—+ M+——K+(e+m)N =0,
dr tanr sinr
d 1 a
(—— jN—, L—(e-mM =0. (2.24)
dr tanr sinr

3. Ciry4yaii MUHMMAJILHOTO 3HAYEHHUSA MOJHOr0 MOoMeHTa j =0

Ja j=0 cucrema (2.23) ynpoiaeTcs ¢ UCIOJIb30BAHUEM ABYX IOJICTAHOBOK:
C=+M, D=+N (A=+1]),

i+ ! M +(e+m)N =0, d4__1 N—-(e-m)M =0, (3.1)
dr tanr dr tanr
C=-M, D=-N(1=-1),
i+ ! M+(e-m)N=0, d4__1 N—-(e+m)M =0. (3.2)
dr tanr dr tanr
VYpaBHenus nepBoro mopsiaka (3.1) 1arT ypaBHEHHsT BTOPOro mopsiaka it M u N :
2 2
(d—2+82 —m? —”_C#]M _0, (3.3)
dr sin” r
2
(%+52 -m’ +le =0, N =const e V& (3.4)
r

VpaBuenue (3.3) pemraercss B TepMHHAX THIEpreoMeTpudeckux GyHKiu. JleicTBu-
TEJIbHO, Mepexo/is K HOBOM nepeMeHHoi x = (1—cosr)/2 , momyuum

2
x(l—x)dM+(l—xjdﬂ+[ez—m2+l—L— ! JM=0, (3.5)

dx’ 2
jasnee ¢ UCIoNb30BaHNeM MoacTaHoBku M (x) = x" (1-x)” F(x)
npu A=-1/2,1; B=-1/2,1 npuxomum K THIEPreOMETPUYECKOMY YypPAaBHEHHIO ISt
F(x)=F(a,f;y;x) c mapameTpamu

a=2-e -m*+1, B=2+e*—m*+1, 722. (3.6)

2
UToOBI MOJIyYUTh pelieHre, KOHEYHOE B CHEPUIECKOM MPOCTPAHCTBE (HATIOMHHAEM,
yto r €[0,7]), cleayeT UCIOIb30BaTh MOJOXKUTeNbHbIe 3HaueHust 4 =1, B =1. TpeboBanue

MOJIMHOMUANIBHOCTH @ =—n, n=0,1,2,... 1aeT CIEKTp SHEPTUU i COCTOsIHUI ¢ j =0 :
g -m+1=2+n)’, n=0,1,2,3,... (3.7
UroObl 3aBEPIINTH aHAINU3 3TOTO CIyyasi, CIEAYET ONpPEAeTUTh OTHOCUTENbHBINA KO-
¢urmment mexay yakuusmu M (r) u N(r):
N=Njx(1-x)F(-n-1,3+n;3/2;x),
M=M,x(1-x)F(-n,4+n;5/2;x), M/N,=—(2/3)(¢—m). (3.8)

4. AHaIM3 pauajibHbIX ypaBHeHuil 1 j =1,2,...
C noMo1IbI0 IepBBIX IBYX ypaBHEHUH cucTeMbl (2.24) uckmounm QyHkuuu L u N :
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J— (iK+ 4 Mj, JYp— (iM+ Loyre@ K) (4.1)
c+m\ dx sin x c+m\ dx tan x sin x

B pe3ysbTaTe TONy4YHM JBa yPaBHEHHsS BTOPOrO MOpSJIKA, CBs3bBaomue GyHkuun K u M
(cronb3yem obo3HaderHNe £ —m” = p>, p>0):

2 2 2 2
(d_erz_ a }KZZacost, [%er%rl_a +2JM=2GCOSXK. 42)
X

sin’ x sin’ x sin? x

VpaBHerus (4.2) mpeobpaszyeM K MEpeMEHHOH X = Cos” 7 :

2 2
(1—x)4xd—2+2(1—2x)i+p2— a K=2a\/;M, (4.3)
dx dx 1—-x 1—-x
2 2
A-x)drt20-2m Ly pr 1 4 F2 a2 (4.4)
dx dx 1-x 1-x

Oxkoino Touku x =1 acUMOTOTHYECKOE NOBE/ICHUE PELIECHUH 3a1aeTcs GopMyiaMu
M=M,(1-x), K=K,1-x)";
npu 3ToM (4.3) u (4.4) narot anredpanyeckoe ypaBHEHHE

(47> =2y -a’)K,—-2aM,=0, —2aK,+(4y’-2y—-a’-2)M,=0. 4.5)
Otcrona HaXOJIUM 4eThIpe BO3MOYKHBIX 3HAYCHUS TSt y:
y=jl2, (j+2)/2, (—j+1/2, (—j—-1)/2. Toinbko MOJIOKUTEIbHBIC 3HAYEHUS

y=j/2, (j+2)/2 MOTYT COOTBETCTBOBAaTh CBSI3aHHBIM COCTOSHUSIM (T.€. KOHCUHBIM M HE-
IPEPHIBHBIM B CPEPUIECKOM MPOCTPAHCTBE (DYHKIIHSIM).
Uckmrouass M (x) u3z (4.3)~(4.4), naiinem ypaBHenue mis GysHkmun K (x) :

4 3 2 2 2 2
x2d14<+(7x+5__5 jd]3<+ 10—lp2+p ta -8 15 2a2 d]2<+
dx 1-x) dx 2 2(1-x) 4(1-x)" ) dx
1 3p*-7 3p*+a’ -9 a’ dK
+| —+ - —+ o i
4x 4(-x) 4(0-x) 4(1-x)" ) dx
2 2 2 2 4 2 52 202 202
L pza p-a p+2p 30 _a(p §)+a(a 24)
8x 8(1—x) 16(1—x) 8(1—x) 16(1—x)
AHanorudHo, uckiouas K(x), momydum ypaBHenue s M (x) :
4 3 2, 2 h 2 2
xsz:[+(7x+5——5 jdﬂf+ 10—lp2+p ta —28 15 2a2 dA2/1+
dx 1-x) dx 2 2(1-x) 4(1-x)" ) dx
2 2 2 2
+L+3p 6 3p +a 29+ a : dM+
4x 4(1-x) 4(0-x) 4(1-x)" ) dx
2 2 2 2 4 2 2 2 2 2 2
L p-a 1+p a 1+p +2p 221 3 a(p §)+a(a 24) M=0.
8x 8(1-x) 16(1-x) 8(1-x) 16(1-x)

]K =0. (4.6

5. O0mee pemenune

[TonmyueHHBIE CIIOKHBIC YpaBHEHUS 4-TO MOPsAKA MOXHO PEIIUTh, IPUMECHUB METO]T
dakropmzanmu. O6a auddepeHInaTbHBIX oneparopa 4-ro MopsaKa MOXHO €IHHCTBEHHBIM
CHO0CcO0OM PA3JIOKUTh B MPOU3BEJCHUS ABYX ONIEPATOPOB MIEPBOTO MOPSIIKA.

Ypasuenue (4.6) mist K(x) dakropusyercs ciaeayonmM o0pa3om:
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2 22 22 2 _ )]
d_2+l(i_iji+l p—a 10+p a-10 a 62 ) =0, (.1
de 2\x l-x)dx 4 x l1-x (1-x)" )

rae

| (13 )\d 1fpi-a p-a &
f(x)_{dx2+2(x 1—xjdx+4( X i 1-x  (I-x) }K(x). (5-2)

MokHO MOCTPOUTH HEKOTOpbIe permeHus K (x), Hamoxum TpeboBanue f(x)=0. [e-

naem moactanoBky K (x)=x"(1-x)* F(x):

A:O,%, B:—%i%\/%z—i—l, F(x)=F(a, B;7;x), (5.3)
a:A+B+%—%\/p2+l, ,H:A+B+%+% pP+1, }/:%+2A. (5.4)

Kaxxnas napa 3nauenuil (A4, B) aaer HeKOTopoe pelieHue ypaBHeHus (4.6) B runepreomer-

puueckux (yHkiusax. ITockonpky mo (U3MYECKUM COOOpaKEHHSIM HWHTEPECHBI KOHEUHBIE
U HETIpEepBIBHBIE pelieHus B Toukax x =0 u x =1, nanplie aHATM3UPYyEM TOJIBKO JIBa CIIEeNy-
IOIIUX HE3aBUCUMBIX peleHus ypasHenus (4.6), K (x) u K,(x):

| 11 j
yA=—, B=——+—+4a’+1=+Z>0,
@ 2 4 4 2

K, =x" (l—x)j/zF(1+j/2—%\/p2+1,l+j/2+% P’ +1,3/2,x]; (5.5)

(i) A=0, B=—%+%\/4a2+1=+é>0,

K, = (l—x)j/zF(j/2+1/2—%\/p2 +1,j/2+1/2+%«/p2 +1,1/2, xj. (5.6)

MoxHo npoBepuTts, uto eciu K, (x) u K,(x) noacraButs B ypaBHeHue (4.3), TO B pe-
3yJIbTaTe MONyYnM JABe He3aBucumble GyHkumu M, (x) u M,(X) COOTBETCTBEHHO, KOTOpHIE
YIIOBJIETBOPSIOT yYpaBHEHUIO (4.7) st M (x) .

B cBoto ouepenp, ypaBuenue (4.7) ans M (x) daxTopusyercs Tak:

{dz 1(3 7 ]d(x)+l[p2—a2—9+p2—a2—9_ a’—6
X 1-x (1-x)*

ﬂ g(x)=0, (5.7

dx* 2\x 1-x) dx 4
rae
dZ 1 1 3 d 1 p2_a2_1 p2_a2_1 a2
S e R + - M(x). (5.8
&) [afx2 2()6 l—dex 4( X 1—x (1-x)* (x). (5-8)

VYpaBuenue g(x)=0 Taxxke pemaercs B runepreomerpudecknx pyHxmusx. C ucnoab3oBa-

HueM nojcTanoBku M (x) = x“(1—x)” F(x) nonyuaem:

1 1 1
c:o,E, Dz—zizx/4a2+l, F(x)=F(a,p7;x), (5.9)
, 1 p , 1 p , 1
a=C+D+——=—, =C+D+—+=—, =—+2C. 5.10
2 2 P 2 2 4 2 (5.10)

Tonbko aABa BbIOOpa MapamMeTpoB BEAYT K KOHEUHBIM B Toukax x =0, 1 pemeHusM:
C=1/2,D=+j/2,



DI3IKA 23

M, = x" (l—x)j/zF(l+j/2—§,1+j/2+§,3/2, xj, (5.11)
(v)  C=0, D=+//2,
= (1-x)" F(j/2+1/2—§,j/2+1/2+§,1/2, xj. (5.12)

Jlerko mpoBepuTsh, uTo, noacraBuB M,(x) u M,(x) B ypaBHeHuUe (4.4), MOIy4UM JBE
HE3aBUCUMBIX (YHKLUH, COOTBETCTBEHHO K,(x) n K, (x), KOTOpbIE yIOBIETBOPSIOT ypaBHE-
HUtO (4.6) 1 K(x). 3aTeM MOXXHO yOCIMThCS, BBIUUCISAS BPOHCKHAH /I YETBEPKH pellie-
HuM, yto pewenus K, K,, K,, K, ABIAIOTCA JUHEWHO HE3aBUCHMBIMM, U, CJIEJOBATEIILHO,

OHHM 00pa3yroT cucTeMy (hyHIaMEHTAIbHBIX PEIICHUN ypaBHeHUs (4.6), T.e. Har0T ob1iee pe-
HIeHHe 3aJa4d. AHAJOTMYHO YTBEP)KIEHHE BEPHO M JUJII UYETBEPKU pELICHUI
M, M,, M,, M,, naromux obuee penieHue ypapaenus (4.7).

HaknagpiBast Tpe0OBaHUS TOJTMHOMUAIBHOCTH PEIICHUH (3TO JOCTUTACTCS OOphIBAaHU-
€M TUTIIEPreOMETPUYECKHUX PSAIOB 10 TOJIMHOMOB C TIOMOIIBIO YCIIOBUS & =—n ), TIOJy4aeM
SIBHOE ONMCAHKE YEThIPEX THUIIOB CBSA3aHHBIX COCTOsIHUM dacTuilsl J{upaka — Kanepa B chepu-
YECKOM IpocTpaHcTBe PuMana:

(@) p(l) (j+2+2n)Y -1, n=0,1,2,..,
K, (x)=~x (1=x)" F(=n, j+2+m;3/2;x), M,(x), (5.13)
(i) p(z) (j+1+2n)’ -1, n=0,12,...,
K,(x)=(1—-x)" F(=n, j+1+m;1/2;x), M,(x), (5.14)
(#ii) pm (j+2n), n=0,1,2,...,
M (x) =~[x (1=x)"? F(=n, j+2+m3/2; x), (5.15)
(iv) p(4) (j+1+2n)°, n=012,..,
M, (x)=(1-x)" F(-n, j+1+m;1/2; x) ; (5.16)
conmyTcTBytomue pyHkuun M (x), M,(x) u K;(x), K,(x) 3a1ar0TCs1 COOTHOIIEHUAMHM:
Jjl2
@) M, (x )—&(Zn(x—l)2F{1—n,j+n+2;£;x)—
VG +D) 2
—-(jx+2n(x-1)+x-1) ,F (—n,j+n+2;%;xjj, (5.17)
j/2
@) M,(x)= &[211()(—1)2E(l—n,j+n+l;l;xj—
VG +Dx 2
—-(jx+2n(x-1)) K (—n,j+n+l;%;xn, (5.18)
_ Jjl2
(#ii) IQ(x)z%(Zn(x—l) ,F (1—n,j+n+2;§;xj—
NJG+D 2
—((j+2)x+2n(x-1)-1) ,F (—n,j+n+2;%;xjj, (5.19)

(1-x)""

K4(X) :—W(Zn(x—l) ZF; (l—n,j+n+l;%;xj—
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—((j+Dx+2n(x-1)),F (—n,j+n+l;%;xjj. (5.20)

Bri6pannsie pemienus (5.13)—(5.16) onpenenstor yeTbipe HaboOpa peuieHu, KOTOPHIM
COOTBETCTBYIOT AMCKPETHBIE CIIEKTPBI SHEpPruu yactuubl Jupaka — Kanepa. Haiinennsie pe-
HIeHUs! (BOJIHOBBIE (DYHKLUHM U CIIEKTP SHEPTHM) JAEMOHCTPUPYIOT CYIIECTBEHHbBIE OTIUYUS
OT CiTydasi OOBIYHOM TUPAaKOBCKOM YacTUIIBI B CheprUIecKOM MpocTpaHcTBe Pumana.

SIBHBINM B ypaBHEeHMs Jlupaka B 3TOM Nr€OMETPUUECKON MOJEIU CHEAYOLIUNA:

0 0 1
V' —+iy —+—3, —m |¥=0. 5.21
(U/ ot v or sinr * mj (5-21)

OO0mrast cTpyKTypa BOJHOBBIX (DYHKIMH, OTBEYAIOLINX JAMArOHAIM3ALUKN ONepaTopa MOJHOTO
MOMEHTA JUPAKOBCKON YaCTULbI, UMEET BUJL

fi(r) Dy,
G = et S (r) D, ’
f3 (r) D—l/z

J.(r) D,
rae ¢yHkuuu Burnepa [35] o603HaueHsl kak D = D_JW7 (¢,6,0); J npuHUMaeT MoJIylebie

(5.22)

sHauenus: J =1/2,3/2,... Omyckas aetanu BEIYUCICHHH [34], mpuBeaeM CIIEKTp SHEPTUN JTS
JTUPAaKOBCKOW YacTULIbI B CPEPUUECKOM ITPOCTPAHCTBE
g —-m’=n+J+1)>, (5.23)

WA B OOBIYHBIX CAMHNIAX U3MECPCHUA
2.2

E*—m’c' = (n+J+1)*, (5.24)

2

rae p o603HavaeT paaAnyc KpUBU3HBI C(eprUUIecKOoro npocTpancTsa Pumana.

Bce uethipe cepun sHEepreTHuecKux ypoBHEH s yactuibl Jupaka — Kanepa (5.13)—
(5.16) oTnMYarOTCS OT CHEKTPa YHEPTUU TUPAKOBCKOM yacTullbl (5.24). MOXKHO Takke OTMe-

2 2 2 2 . Lo .
TUTb, YTO Py —> Py» Pay —> Py » €CIM j CABUIaeTCs Ha eauHuy: j —> j+1. OxHako coot-

BETCTBYIOIIME BOJHOBBIC (DYHKLMHU pa3IMyarOTCs U, CIE€A0BATENbHO, IPEACTABISIIOT pa3iny-
Hble cocTosiHusA. Takum oOpa3oM, criekTp 3Hepruu yactuubl upaka — Kanepa cocrout u3 nsyx
Pa3IMYAIOLIUXCS CEpUN YPOBHEN 3HEPrun. HaliieHHbIN CEKTp dHEPTUM U1 YacTuubl Jupa-
ka — Kanepa B chepuueckoM mnpoctpaHcTBe PrMaHa CyIIECTBEHHO OTJIMYAETCS OT CIIEKTpa
SHEepruu oObIYHOMN AUPAKOBCKOM YaCTHIIbI B 3TOM IpocTpaHcTBe. CHEKTp SHEPIUHU IJIs 4acTH-
bl J{upaka — Kanepa cymiectBeHHo 6osiee cinoxxubiii. Hu oauH U3 HaliIeHHBIX YPOBHEH SHEP-
I'MU HE COBMAJAeT C YPOBHEM 3HEPruu oObIYHOM yacTulbl Jupaka B cheprueckoM mpocTpaH-
cTBe Pumana.
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Ishkhanyan A.M., Florea O., Ovsiyuk E.M., Redkov V.M. Dirac — Kihler Particle in Riemann
Spherical Space: Boson Interpretation, Exact Solutions

We construct the exact general solution of the Dirac — Kdhler equation for the case of the spherical
Riemann space of constant positive curvature. In the case of the minimal value of the total angular momentum,
j =0, the radial equations are reduced to second-order ordinary differential equations, which are solved in

terms of the hypergeometric functions. For non-zero values of the total angular momentum, the radial equations
are reduced to a pair of complicated fourth-order differential equations. Employing the factorization approach,
we derive the general solution of these equations involving four independent fundamental solutions written in
terms of combinations of the hypergeometric functions. The corresponding discrete energy spectrum is then de-
termined via termination of the involved hypergeometric series, resulting in quasi-polynomial wave-functions.
The constructed solutions lead to notable observations when compared with those for the ordinary Dirac parti-
cle.



