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ON A FINITE GROUP FACTORIZED BY CONDITIONALLY SEMINORMAL
SUBGROUPS*

The subgroups A and B are said to be cc-permutable, if A permutes with B* for some x € (A, B).

A subgroup A of a finite group G is called conditionally seminormal in G , if there exists a subgroup T of G
such that G = AT and A is cc-permutable with all subgroups of T . The groups G = G,G,...G, with

pairwise permutable subgroups Gl, cees Gn such that Gi and G ; are conditionally seminormal in GI.G ; for any

i,jel{l,...,n}, i# j, are studied.
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O KoHeunol zpynne, haxmopuzyemoil ycio6Ho NOIYHOPMATbHLIMU ROOZPYRNAMU

X

Iooepynner A u B naseieaiomes ccC-nepecmanosounvimu, ecmu A nepecmanosouna ¢ B
ons nexomopozo X € (A, B). Iloozpynna A roneunoii epynnor G nasvisaemcs ycnosno nonynopmanvhoti G
ecu cywecmeyem nooepynna 1 epynnwit G maxas, umo G = AT u A ccC-nepecmanosouna ¢ xasicooii

nodzpynnoti uz 1 . B pabome uzyyenv epynnor G = Gle e Gn ¢ NONapHo nepecmano8oHbLIMU NOOZPYRNAMU
Gl,...,Gn maxkumu, 4mo Gl. u Gj YCA08HO NOJYHOPMANLHBL GiGj ona mobwix I, j€{l,....,n}, i# .

Knrwouesvie cnosa: koneunas pakmopusyemas 2pynnd, YCio6HO NOJYHOPMALbHbIE NOOSPYNNbL.

Introduction

Throughout this paper, all groups are finite and G always denotes a finite group. We use
the standard notations and terminology of [1; 2].
It is well known that 4B is a subgroup of G if and only if AB = BA, that is, if the subgroups
A and B permute. Should it happen that 4B coincides with the group G, then G is said to
be factorized by its subgroups A and B. A group G is said to be the product of its pairwise

permutable subgroups G,,G,,...,G, if G=GG,...G, and GG, =G,G, for all integers i and
j with i,je€{l1,2,...,n}. In many of the most relevant results in group theory structure

properties of a product of pairwise permutable subgroups are deduced from properties of the
factors. For example, a group is soluble if and only if it is the product of pairwise permutable
Sylow subgroups; if a group is the product of pairwise permutable nilpotent subgroups, then it
is soluble; a group which is the product of pairwise permutable cyclic subgroups is
supersoluble.

*Paboma gvinoanena npu Qunancosoti noodepicke BPODPU-PH®D (epanm Ne @26PHD-101).
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We say that two subgroups A4 and B of G are mutually permutable [3]if A permutes
with every subgroup of B and B permutes with every subgroup of 4. The following definition
give a very special case of a product with pairwise permutable subgroups G,,G,,...,G,.

A group G=GG,...G, 1s said to be the pairwise mutually permutable product of the
subgroups  G,,G,,...,G, if G, and G, are mutually permutable subgroups for all

i,j€{1,2,...,n}. The monograph [1] contains detailed information on the structure of groups

factorized by finitely many pairwise mutually permutable subgroups.
In this direction, the results given in the following theorem are well known.
Theorem A. Let G=G,G,...G, be the product of the pairwise mutually permutable

subgroups G,,...,G,. Let {5 be a saturated formation such that 1l < (5 . Then:

1) if G, belongs to (5 forall ie{l...,n} and G is nilpotent, then G belongs to {5,
see [1, Theorem 5.2.21];

2)if G, is supersoluble and G, is nilpotent for every ie€{2,...,n}, then G is
supersoluble, see [1, Theorem 4.1.35].

Recall that a subgroup 7 of a group G is said to be a supplement to a subgroup A
in G if G=AT. A subgroup A4 of a group G is called seminormal in G, if there exists
a supplement B such that G= AB and AX is a subgroup of G for every subgroup X of B.
A weaker condition for permutability was given in [4]: the subgroups 4 and B are said to be

cc-permutable, if A permutes with B* for some x € (A4, B). It is quite natural to study the

cc -permutability between subgroups of A4 and subgroups of supplement to 4. Using this
approach, the concept of conditionally seminormal subgroups was introduced in [5].

Definition. A subgroup A of a finite group G is called conditionally seminormal
in G, if there exists a subgroup 7 of G such that G= AT and 4 is cc-permutable with all
subgroups of 7.

In this case, we say that T is a conditionally supplementto A in G.1f G=A4B is a
product of mutually cc-permutable subgroups A4 and B, then 4 and B are conditionally
seminormal subgroups of G. The converse is false. An example is the dihedral group
G=(a)yx{c)~D,,, |al=12, |c|=2, considered above. In [5] the structure of a group with
given systems of conditionally seminormal subgroups was established.

In present article, we continue our research in this direction and extend the above-
mentioned results of Theorem A. The groups G =GG,...G, with pairwise permutable

subgroups G,...,G, such that G, and G, are conditionally seminormal in G,G; for any
i,je{l,...,n}, i # j are studied.

We prove the following

Theorem B. Let G =G,G,...G, be the product of the pairwise permutable subgroup

G,,...,G, such that G, and G, are conditionally seminormal in G,G, for any i, je{l,...,n},
i# j.Let (Y be a saturated formation such that 1l c {5 .

1. Suppose that G, belongs to (5 forall i€ {l...,n}. Then G” <(G)”.

2. Suppose that G, belongs to 5 for all ie{l...,n}, 5 <D and (G, ||G,;|)=1 for
any i,je€{l,...,n}, i# j. Then Ge .

3. If G, is supersoluble and G, is nilpotent for every ie{2,...,n}, then G is

supersoluble.
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That the condition of being nilpotent in Theorem B (3) cannot be weakened to being
supersoluble for at least one of the factors G, i € {2,...,n}, is demonstrated by the following.

Example. A non-supersoluble group 7 =VxQ, where V =<a,b>~ E52 and

0 =<ux,y>~(Q,, was constructed in [6]. The group T is representable as a product of two
normal supersoluble subgroups 4=V <x> and B=V <y>. Consider a group G=TxC,
where C~Z . Obviously, the group G =ABC is non-supersoluble and is a product of
subgroups A, B, and C normalin G.

Preliminary results

In this section, we give some definitions and basic results which are essential
in the sequel.

If H<G and H # G,we write H <G . The notation H << G means that A is a normal

subgroup of a group G . Denote by G, Z(G), F(G) and ®(G) the derived subgroup, centre,
Fitting and Frattini subgroups of G respectively, and by O ,(G) and O .(G) the greatest
p

normal p - and p -subgroups of G respectively. Denote by 7(G) the set of all prime divisors
of order of G . The semidirect product of a normal subgroup A and a subgroup B is written
as follows: AxB.

A group whose chief factors have prime orders is called supersoluble. Recall that a
p -closed group is a group with a normal Sylow p -subgroup and a p -nilpotent group is a
group with a normal Hall p -subgroup.

The monograph [7] contains the necessary information of the theory of formations. The
formations of all nilpotent, p -groups, supersoluble groups and all groups which have an ordered
Sylow tower of supersoluble type are denoted by 91, 91, 4l and D, respectively. A formation

& is said to be saturated if G/®(G)e F implies Ge /5. Let P be the set of all prime
numbers. A formation function is a function f defined on P such that f(p) is a, possibly
empty, formation. A formation /5 is said to be local if there exists a formation function f
such that G € /5 if and only if for any chief factor H /K of G and any p € #(H / K), one has
G/C,(H/K)e f(p). Wewrite (y =LF(f) and f is a local definition of {5 . A chief factor
H/K of a group G in this case is called f-central. It is clear that
O =LF(f)={G|G/F,(G)e f(p)}. Here F,(G) is the greatest normal p -nilpotent
subgroup of G . By [7, Theorem IV.3.7], among all possible local definitions of a local
formation /5 there exists a unique f such that 1 is integrated (i.e. f(p)< & forall peP)
and full (i.e. f(p)=2, f(p) forall peP). Here N, is the formation of all p -groups. Such

local definition f is said to be canonical local definition of (5 . By [7, Theorem 1V .4.6],
a formation is saturated if and only if it is local.

If a group G contains a maximal subgroup M with trivial core, then G 1is said to be
primitive and M is its primitivator.

Lemma 1. Let § be a saturated formation and G be a group. Assume that G ¢ §, but
G/ N € § for all non-trivial normal subgroups N of G. Then G is a primitive group.

Lemma 2. ([2, Theorem I1.3.2]) Let G be a soluble primitive group and M is a
primitivator of G . Then the following statements hold:

(1) ©(G)=1;
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(2) F(G)=C;(F(G))=0,(G) and F(G) is an elementary abelian subgroup of order
p" for some prime p and some positive integer n;

(3) G contains a unique minimal normal subgroup N and moreover, N = F(G);

(4) G=F(G)xM and O,(M)=1.

Lemma 3 ([8, Lemma 6]). Let G be a soluble group. Assume that G g I, but
G/ K € ll for every non-trivial normal subgroup K of G . Then the following hold:

(1) G contains a unique minimal normal subgroup N, N =F(G)=0,(G)=C;(N)
for some p e n(G);

(2) Z(G)=0 (G)=2(G) =1,

(3) G is primitive; G =N xM , where M is maximal in G with trivial core;

(4) N is an elementary abelian subgroup of order p", n>1;

(5) if M is abelian, then M is a cyclic group of order dividing p" —1 and n is the
smallest positive integer such that p" =1(mod | M |).

Lemma 4 ([9, Theorem 2]). Suppose G is the product of pairwise permutable
subgroups G,,...,G,, n>2, such that GG, is a soluble subgroup for any i,je{l,...,n},
i# j. Then G is soluble.

Lemma 5. Let G=GG,...G, be a group with pairwise permutable subgroups
G,...,G, and H<G N...NG,. If H is subnormal in G, for every ie{l,...,n}, then H is

subnormal in G .
Proof- We argue by induction of . By [10, Theorem 1], the result is clear when n = 2.
Let K =G,G,...G,,. By induction, H is subnormal in K. Then by [10, Theorem 1], H is

subnormal in G = KG, .
Lemma 6. Let G be soluble. If G has a subgroup H of prime index, then G/ H is

supersoluble.
Proof. Suppose that H isnotnormalin G . Then H, # H and G/ H 1s primitive with

stabilizer 4/ H . By [7, Theorem 15.6],
G/H.,=(P/H)x(H/H;), P/H,= CG/HG (P/H,).
Let |G:H |= p, where p is prime. Then
\G/H,:H/H,|F|G:H|=p, |P/H; = p.

The subgroup H / H_ is cyclic, as the automorphism group of P/ H of prime order.
Hence G/ H, is supersoluble. If / isnormalin G ,then H = H, and G/ H; is supersoluble.

Lemma is proved.

Lemma 7. Let A be a conditionally seminormal subgroup of G and Y be a
conditionally supplement to A in G . Then the following statements hold.:

(1) A is a conditionally seminormal subgroup of H for any subgroup H of G such
that A<H ;

(2) AN/ N is a conditionally seminormal subgroup of G/ N for any N 1G;
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(3) for any XY there exists yeY such that AX’<G. In particular, AM<LG for
some maximal subgroup M of Y and AH<G for some Hall r-subgroup of H of soluble Y
and any & < 7(G);

(4) AKLG for every subnormal subgroup K of Y ;

(5) AK*<G for any g € G and any subnormal subgroup K of Y ;

(6) A* is a conditionally seminormal subgroup of G and Y* is a conditionally
supplement to A" in G forany xeG;

(7) if A is a maximal subgroup of G, then |G : A| is prime;

(8) if Y is soluble and A is r-closed, then Sylow r-subgroup A, of A is subnormal in
G, where r is the greatest prime in 7(G);

(9) if A is 2 -nilpotent, then the derived subgroup A is subnormal in G .
Proof. The validity of statements 1-8 directly follows from [5, Lemma 6]. We prove
statement (9). We proceed by induction on | G |. By (3), for every p € 7(Y) there exists a Sylow

p-subgroup Y, of ¥ suchthat AY, <G. Suppose that AY, <G forevery p € z(Y). Then by
(1), 4 is a conditionally seminormal subgroup in AY, and by induction, A is subnormal in
AY,. It is clear that for every p € 7(G) there exists a Sylow p -subgroup R of G such that
R<AY,.Since A <(A4,R)< AY,,wehave 4 issubnormal in (4, R).By[11, Theorem], 4

is subnormal in G .
Hence we consider that G = 4Y, for some g € 7(Y). By (4), 4 is seminormal in G .

Since A4 is 2-nilpotent, 4 is soluble by [12, Lemma 10]. Hence G = AY, = AGYq is soluble.
By (4), Y, is a minimal conditionally supplement to 4 in G and A7 <G for some maximal
subgroup 7' of Y, . Because 4 is a conditionally seminormal subgroup in AT, we have by

induction, 4 is subnormal in AT . Since |G : AT |= g, it follows that by Lemma 6, G/ (AT),,
is supersoluble and hence the derived subgroup

(G/(AT),) =G (AT), / (AT),
is nilpotent. Since 4 <G, we have
A(AT), /(AT), <G (AT), / (AT),

and hence 4 (AT), is subnormal in G. It is clear that 4 < A (AT), < AT . Since A is

subnormal in AT, A is subnormal in 4 (AT), and A is subnormal in G .

Lemma 8. 1. Suppose that A and B are conditionally seminormal subgroups of a
group G and G= AB.

(1. 1) If A and B have Sylow towers of supersoluble type then G has a Sylow tower of
supersoluble type.

(1.2) If A is nilpotent and B is supersoluble then G is supersoluble.

2. Let G=G,G,...G, be a group with pairwise permutable subgroups G,,...,G, such

that G, and G, are conditionally seminormal in G,G, for any i,j€{l,...,n}, i # j.
(2.1) If a Sylow p -subgroup P of G is normal in G and is abelian, then PN G, is
normal in G for every i.
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(2.2) If G,,...,G, have an ordered Sylow tower of supersoluble type, then G has an

ordered Sylow tower of supersoluble type.

Proof. 1.1. Assume that the claim is false and let G be a minimal counterexample. Let
N be a non-trivial normal subgroup of G. The subgroups AN/N~A/ANN and
BN /N ~B/BnNN is conditionally seminormal in G/ R=(AR/R)(BR/R) by Lemma 7 (2)

and have an ordered Sylow tower of supersoluble type. By induction, G/ N has an ordered
Sylow tower of supersoluble type.

We show that G is soluble. By Lemma 7 (9), 4 and B are subnormal in G . If 4 and
B are abelian, then by Theorem Itd, G is soluble. Hence we consider that either 4 #1 or
B #1.Suppose that 4 #1. Since 4 has Sylow towers of supersoluble type, (4 )¢ is suluble.
If (4)° =G, then G is soluble. If (4)? <G, then G/(A4)° has Sylow towers of supersoluble
type. Hence G is soluble.

Let r € 7(G) and r be the greatest. It is clear that a Sylow 7 -subgroup 4, is normal in
A . Then by Lemma 7 (8), A, is subnormal in G . Similarly, a Sylow r-subgroup B, of B is
subnormal in G . Since R= 4 B, is a Sylow subgroup of G, we have G 1is r-closed. Since

G/ R has an ordered Sylow tower of supersoluble type by induction, it follows that G has a
Sylow tower of supersoluble type.

1.2. Assume that the claim is false and let G be a minimal counterexample. If N is a
non-trivial normal subgroup of G, then the subgroups AN/ N and BN /N are conditionally
seminormal in G/N by Lemma 7 (2), AN/N~A/ANN is nilpotent and
BN/N>~B/BNN is supersoluble. Then by induction, G/N=(AN/N)BN/N) is
supersoluble. By (1.1), G has an ordered Sylow tower of supersoluble type. By Lemma 3,
O(G)=1, G=NxM, where N=C;(N)=F(G)=0,(G) is a unique minimal normal
subgroup of G . Besides, N =G, is the Sylow p -subgroup for the greatest p € 7(G). Since
G = 4B, it follows that N =4 B, , where 4, and B, are Sylow p -subgroups of 4 and B
respectively.

Let Y be conditionally supplement to 4 in G . Suppose that 4, =1.Then N=B <B.

We choose a minimal normal subgroup N, of B such that N, < N. Since B is supersoluble,
we have | N, |= p. Since N, <N <Y, it follows that there exists a subgroup AN, = N, x4 and
N, is normal in G, a contradiction. Thus the assumption 4, =1 is false and 4, #1.

Assume that B, =1. Hence N=4,<4 and N=4. Then BAN=1 and B is

maximal in G . Since B is conditionally seminormal in G , we have by Lemma 7 (7), the index
of B in G is prime, a contradiction.
By Lemma 7 (3), AY<G for some Hall p'-subgroup Y of Y. It is clear that

Y, <N;(4,), since G is p-closed. Since N is abelian, a Sylow p -subgroup Y, of ¥
centralizes 4, and 4, is normal in G , hence 4, = N . Because 4 is nilpotent and by Lemma
3 (1), it follows that 4= N . Since B is supersoluble, we have B, is normal in B. In this case,
B, isnormal in N = A4 and therefore is normal in G . Thus B, =N and G=A4B=NB=1B is

supersoluble, a contradiction.
2.1. We consider the following representation

G=(GG)...G,...(G,G).
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Since G, is conditionally seminormal in GG,, there exists a subgroup H, such
that GH, =GG,. Let (H,), is a Sylow p -subgroup of H,. By Lemma 7 (3), H, has a Hall
p -subgroup (H ;). of H, such that G;(H,) . is a subgroup of G . It’s obvious that PN G,
p p
isa Sylow p -subgroup of G;. Denote by (G,), =PNG,. Hence PNG,(H;) . =(G,), and
p
(G,), is normal in Gl.(Hj)p,. Therefore (Hf)p’ <N;((G,),). Since (H;), and (G,), are
contained in abelian subgroup P, we have (H,), <C;((G,),). So (G,), is normal in
G=(GG)...G,...(GG)=(HG)...G....(H,G)=
=((Hl)p(Hl)p, Gl.)...Gl....((Hn)p(Hn)P, G).

2.2.If n=2, then Lemma is true by (1.1). Hence n > 3. By induction, every product
G,G; has an ordered Sylow tower of supersoluble type. By Lemma 4, G is soluble. Let

r € 7(G) and r be the greatest. It is clear that a Sylow 7 -subgroup (G,), is normal in G,. Then
by Lemma 7 (8), (G,), is subnormal in G,G, forany i #1. By Lemma 5, (G,), is subnormal in
G=G,(GG,)...(GG,). Hence (G,), is subnormal in G for every ie{l,...,n}. Since
R=(G)),...(G)), is a Sylow subgroup of G, it follows that G is r-closed. The subgroups
GR/R~G,/G;NR and G,R/R>~G,/G, "R are conditionally seminormal in G,G,R/R

by Lemma 7 (3) and have an ordered Sylow tower of supersoluble type. By induction, G/ R
has an ordered Sylow tower of supersoluble type, hence G has an ordered Sylow tower of
supersoluble type.

Proof of Theorem B
1. We consider the case when the derived subgroup G is nilpotent. Then G is soluble.
Assume that G g (¥ . Let N be a non-trivial normal subgroup of G . The quotients

G/N=]](GN/N),GN/N=~G,/G NN.

Hence the subgroups G N/ N €5 forall i andby Lemma 7 (3), GN/N and G,N/N
are conditionally seminormal in G,G,N /N forany i# ;.

Since
(G/IN)=GN/N~G /G NN,

it follows that the derived subgroup (G/N) is nilpotent. Thus the hypotheses of the theorem
hold for G/ N . By induction, G/ N €¢5 . Since ¥ is saturated, we have that G is primitive
by Lemma 1. Hence ®(G)=1, G=NxM and N=C;(N)=F(G)=0,(G) is a unique
minimal normal subgroup of G by Lemma 2. Because G is nilpotent, we have N =G and
G/ N is abelian. Let P be a Sylow p -subgroup of G. Then PN/N =P/ N isaSylow p
-subgroup of G/ N .Hence P isnormalin G, N=P and M = Gp, is abelian.

Without loss of generality, we assume that p divides the order of G,. By Lemma 8
(2.1), N<G,. Since G, is normal in G, it follows that N = F(G,) = F,(G,). Since 5 is
saturated, there exists the canonical local definition 7. Hence 5 =LF(f), f(p)< ¢ and



38 Becnix bpacykaea ynisepcimama. Cepuvis 4. Qisika. Mamamamuixa MNe 172026

f(p)=2,f(p). By hypothesis, G, €5 . Then by definition of formation function,
G /N=G/F,(G)e f(p).

Let K =G,G;...G, and p divides the order of K. Hence p divides the order at least
one of the subgroups G,, i €{2...,n}. By Lemma 8 (2.1), N <K . By induction, K € {5 . Then,
proving as above, K/ N € f(p).

Suppose p does not divide the order of K. Since for every ie{2...,n} G 1is
conditionally seminormal in G,G,, it follows that there exists a subgroup 7 such that
GT =G,G, and G,.X is asubgroup of G for every subnormal subgroup X of 7 by Lemma 7
(4). Because N<T and G is p-closed, we have G, < N, (U) for every subgroup U of N.

By [13, Lemma 2.6], K is cyclic of order dividing p—1. Then K € g(p), where g is a

canonical local definition of a saturated formation /. Since {/ /¥, we have by
[7, Proposition IV.3.11], g(p) < f(p). Hence K € f(p).

Thus G/ N 1is the product of normal subgroups G,/ N and KN /N such that each of
them belongs to f(p). Since G/ N is Abelian, [GN/N,KN/N]=1 and G/ N € f(p) by
[13, Lemma2.4]. Because N € o, wehave Ge ' f(p)= f(p)< & . Hence the assumption
1S wrong.

Let (G')” #1. We show that the quotient G /(G')™ belongs to F . Since

(G/(G)) =G (G /(G =G /(G)",
we have the (G/(G)™) is nilpotent. The quotients
G/(G)" =TTG(G) (G,

G,(G)" /(G ~G, /G, (G,

hence the subgroups G,(G')" /(G)™ for any ie{l...,n} belong to 5 and by Lemma 7 (3),
G.(G)"/(G)" and G,(G)"/(G)" are conditionally seminormal in G.G,(G)"/(G)".
Arguing as above, we see that G/(G)” belongs to (3 .

2. Assume that the claim is false and let G be a minimal counterexample. Let N be a
non-trivial normal subgroup of G . Since

(GN/NLIGN/N)=(G,/GNANLG, /G AN)=1

for any i# j, it follows that G/ N satisfies all the requirements of the theorem and by
induction, G/ N €5 .
Let p be the greatest prime number of 7(G) . Since (| G, |,| G, |) =1 forany i # j, without

loss of generality we have that p € 7(G,). Let Y be a conditionally supplement to G, in G .
By Lemma 7 (3), for every g €7z(Y) there exists a Sylow g -subgroup Y of Y such that
GY, <G. Since G, e <D, G is p-closed. If ¢# p, then by Lemma 7 (8), (G), is
subnormal in G\Y, and consequently (G,), is normal in G\Y, and ¥, <N, ((G),).If ¢=p,
then ¥, <N;((G)),) . So, (G)), isnormal in G =G/Y, since ¥, <N;((G,),) forany g ez(Y).
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It is clear that (G,), is the Sylow p -subgroup of G. Let P=(G,),. Then G is soluble,
because G/ Pey < D.
By Lemmas 1 and 2, G is primitive and G = N xM , where

N =C,(N)=F(G)=0,(G)=P-

is a unique minimal normal subgroup of G and M is a Hall p -subgroup of G. It can be
assumed that M =(G,) ....(G,) . for some Hall p -subgroups (G,) .,...,(G,) . of G,,...,G,,
p p p p

respectively. Let K =G,G,...G,. Since (|G, |,| K|)=1 and P<G,, it follows that K isa p -
subgroup and M = (Gl)p,K .

Since G . is conditionally seminormal in G, j>1, we have that G = GJ.HA ;» Where H i
is a conditionally supplement to G, in G and P<H . Let X be an arbitrary subgroup of P.
By Lemma 7 (4), G,X <G .Since G is p-closed, G, < N;(X) forany j>1 and K <N (X)
.By [13, Lemma 2.6] K is a cyclic group of order dividing p—1 and [(Gl)p, ,K]=1.

Since K is a cyclic group of order dividing p—1. Hence K € g(p), where g is a

canonical local definition of a saturated formation {/. Since I/ </, we have by [7,
Proposition IV.3.11], g(p)< f(p), where f is a canonical local definition of a saturated

formation /5. Hence K e f(p). Because G e and F,(G)=P, we have that

G,/F,(G)=G,/P=(G) € f(p). Since [(G) .KI=1, (G).ef(p), Kef(p) and

f(p) is a formation, it follows that by [13, Lemma 2.4], G/ P= M =(G,) .K € f(p) . Because
p

Pedi,, wehave G e /5, acontradiction.

3.If n=2, then Theorem is true by Lemma 8 (1.2). Hence n>3. By Lemma 8 (2.2), G
has an ordered Sylow tower of supersoluble type.
Assume that the claim is false and let G be a minimal counterexample. Let N be a

non-trivial normal subgroup of G . The subgroups G;N/N and G,R/R are conditionally
seminormal in G,G,R/R by Lemma 7 (3), GN/N~G,/G,nN is nilpotent for all
i€{2,...,n} and GN/N =~ G,/ G NN is supersoluble. By induction, G/ N is supersoluble.
By Lemma 3, G is primitive, G contains a unique minimal normal subgroup N such that
N=C;(N)=0,(G)=F(G) forsome pen(G) and N is an elementary abelian subgroup of
order p", where n>1. Since G has an ordered Sylow tower of supersoluble type, we have
N=G,, where p is the greatest in 7(G).

Suppose that the order of G, is divisible by p for some i. By Lemma 8 (2.1), N <G..
If i>1, then G, is nilpotent and hence G, = N. Thus G, either coincides with N, oris p -
subgroup for each i €{2,...,n}.

If G,G,...G, isa p -subgroup, then N <G,. Let N, be a minimal normal subgroup of
G, such that N, <N. Then |N,|= p, because G, is supersoluble. By hypothesis, G, is
conditionally seminormal in G,G,. Hence there exists a subgroup R such that G.R=GG,.
Since G, isa p -subgroup, N <R and G,N, is a subgroup of G by Lemma 7 (4). Because G

is p-closed, we have G, <N (N,). Therefore N, is normal in G, a contradiction. Thus
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G,G,...G, isnota p -subgroup and G has the representation G = G,N (GS1 ...G, ), where G,
r J

is a nilpotent p -subgroup of G and N is coincides with all nilpotent subgroups G,, whose
order is divisible by p .
Since G, is conditionally seminormal in G, N, it follows that there exists a subgroup
J J

T suchthat G, T =G, N and G, X is asubgroup of G for every subnormal subgroup X of
J J J
T by Lemma 7 (4). Because N <T,we have G, <N, (U) for every subgroup U of N . Since
J

G,N 1is supersoluble by Lemma 8 (1.2), G;N has a normal subgroup V' of order p. Now V'
is normal in G, a contradiction. The theorem is proved.

Conclusions
In present paper we studied the groups G =G,G,...G, with pairwise permutable

subgroups G,...,G, such that G, and G, are conditionally seminormal in G,G, for any

i,je{l,....,n}, i# j. In particular, we obtained a number of conditions for such groups to
belong to a saturated formation containing formations of supersoluble groups.
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