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The Non-Relativistic Approximation in the Theory of a Spin /; Particle with Three Additional
Characteristics in Electromagnetic Fields

We start with the well-known Dirac-type four-component equation for a spin % particle with three
additional characteristics, which includes several interaction terms interpreted as related to certain additional
electromagnetic characteristics of a spin % particle. In this paper, we investigate the nonrelativistic approximation
for this theory in the presence of electromagnetic fields. It turns out that in the nonrelativistic approximation, the
derived equation takes the form of the standard Pauli-like equation for a spin % particle with an anomalous
magnetic moment, defined as the sum of three parameters (u+ o +n) interpreted differently in the relativistic case.

Key words: spin % particle, generalized Dirac equation, additional characteristics, external
electromagnetic fields, non-relativistic approximation.

HEPEJIATUBUCTCKOE ITPUBJIMNKEHUE B TEOPUU YACTHUIBI CO CIIMHOM 2
N TPEMSA JONOJHUTEJBHBIMU XAPAKTEPUCTUKAMM
B IPUCYTCTBHUHU JIEKTPOMATHUTHBIX IOJER

Hcxooum uz uzeecmnozo 4-KoMnOHEHMHO20 YPABHEeHUs. OUPAKOBCKO20 MUNA O YACMUYbL CO CHUHOM Y5
U mpems OONONHUMENbHbIMU XAPAKMEPUCMUKAMU, 8 KOMOopoe 8X00AMm HeCKOIbKO YNeHO8 83aumMooelicmsis,
UHmMeEpNpemupyemuvixX KaKk CeA3aHHble C HEeKOMOPbIMU OONOTHUMENbHLIMU JIeKMPOMASHUMHBIMU XAPAKmMepuc-
MUKamu 4acmuysl co CRUHOM %. B nacmosweu pabome ucciedoan 60RpoC O HeperAMUBUCICKOM npeoeie
07151 9O MeopuU 8 NPUCYMCIMBUU INEKMPOMAZHUMHBIX noael. OKa3anocs, Ymo 8 HepeismueUCmcKom npudiu-
JiceHuU ypagHenue npuxumaem 6uo o006viuno2o ypagnenus Ilaynu 0ns wacmuysbl o CNUHOM Y U AHOMATLHBIM
MAZHUMHOIM MOMEHMOM (i+0 +17), onpedersemMvblM Kak CyMMa mpex Rapamempos, UHMepnpemupyembix

NO-pAaA3HOMY 6 peIAMUBUCNICKOM cayuae.
Knrwuesvie cnosa: uacmuya co CHUHOM 1/2, 0606W€HHbl€ ypaeHeHus ﬂupam, O00NoIHUMeNbHbLE xapak-
mepucmuku, 6HeulHue 31eKmpomacHuniHbvle noJs, HepeiamueucmcKkoe npu@m:»ceHue.

Introduction

In [1], within the general method by Gel’fand and Yaglom, starting with the extended
28-component representation of the Lorentz group — it includes four bispiniors and one spinor
of the 3rd rank — for a spin % particle, it was constructed a relativistic P-invariant generalized
system of equations for a spin # particle with three additional to electric charge characteristics.
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First, this model was developed for a free particle, and the system of spinor equations
was derived; then it was transformed to spin-tensor form in presence of external
electromagnetic fields. After eliminating the accessory variables of the complete wave function,
it was derived the minimal 4-component Dirac-like equation, the last includes several new
interaction terms which were interpreted as related to some additional electromagnetic
characteristics of a spin % particle. For more detail see [2—4].

In order to get additional arguments for correct interpreting the physical meaning of
additional characteristics, in the present paper we have studied the non-relativistic limit for the
theory under consideration. It turns out that in the non-relativistic approximation, the
generalized equation takes the form of the ordinary Pauli-like equation for a spin # particle with
anomalous magnetic moment (u+o +n); detemined as the sum of three paremeters, which in

relativistic case were interpretted as different.

1. The non-relativistic approximation
Extended relativistic equation for a spin % particle with three additional characteristics
M,0,n has the form [1]

. e u eo . .
{iy Dc_M+ﬁ’uF;dJkl+W(7 DC)F;(ZJH+

n

v (DPF, 4 FIE 2R, F e L E P L i gy,
M 2 4 (1)

where
: 1
D. =0, +ied, D’=(0, +ied )0 +ied"), J" = Z(}/"j/l )
F,, is a electromagnetic tensor, and J¥ are the Lorentzian bispinor generators.
Let us make the (3+1)-splitting in eq. (1):
{i(y"Dy+y'D,) =M +
+2e’u(F O L 02 0 3 3 o
M 01/ ) T A Fu T+ EyjT A FL )+

2 ,
LD, 47 D) F "+ P 4 Fig 4 o 4 P+ By ™)+

# T 2D} =D, D, )(Fy 4 Fj + B+ Foy ¥ 4 Fy 7+ F 2+

n mn

1 1
+F"F' +2F F' j* +55,Fk’ +Z;/56’””"’F E )Y =0.
2)

Taking in mind the identities (we apply the notations E, = F,,B, = F,;,...)
FLF = 2} + 2R 4 2R ~2F 2K 2R = AE - ),

F;{IFlnjkn = 0’ %E(IFU — E2 _EZ’ %}/Sé_mnle Ed _ ]/SE E;

mn

)

and the notations

K=" %)) =G2 71
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we can present eq. (2) differently
{i(y'Dy+7'D)—M +

2eoc

2ep = 5 s= ; = = =
+7ﬂ(EK+BJ)+ ("D, +7'D,)E K + BJ)+
e - — — — — — [
+—773(2(D§ —-D,D))(E K +BJ)+(E*-B*)+yE B)¥ =0.
M 4
For the following, it is convenient to use the Pauli basis for the Dirac matrices:
I 0 A 0 o, 0 -7
0 _ Lyl = R ,
/4 0 —I‘ /4 o, 0 4 rvrvvy ‘_1 0
1 0 0 1 0 —i 1 0
o, = , O, = , O,=|. , O3= .
0 1 10 i 0 0 -1 )
. .ab 1 a. b b_ay : . .
Also we need expressions for generators j* = Z(}/ y” —y’y") in this basis:
0 o 0 o 0
K1:J01_l(71 ’ Kzzjoz_l 2 ’ K3:J03_l 3 ’
210 -0 210 -o, 2|0 -o,
J, = n_ 10 O’ J2=j31=—io-2 0, J3=j12=—i63 O.
2|10 o 210 o, 210 o, 6)
Further, we apply the method of projective operators [3]:
© 17 0 -7 10 0
P=p=T=l | p=p=Tel
2 0 0 2 0 7
X 0
w70y _py [P ‘P2=P2‘P=‘ ;
¢_(x) ¢_(x) 7

in the non-relativistic approximation, the component @, (x) should be considered as large, and
@_(x) as small one.
Taking this in mind, we present the main equation in the block form

(iD,-M) Do, |o. L eH (EG —iB&) 0 2N
~iD,o, (=iD,—~M)||p.| M 0 (-E& —iB&)||¢.
" eo DO Dko-k (EO_:—ZB&) 0 (/8 n
M*|-D,o, -D, 0 (-E& —iB&)||p.

EG —iB& 0 A
+e_773[(D§—Dij)( g-ige) 0 e,
M 0 (~EG —iB&)||-

E? — B> 0 -]~ -
+(E B #0# Pl s B](p*=0;
0 (E>=BY)|lp.| |-I O o

(8)
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whence it follows

(E6 — zBJ)(p+
M (- EO'—zBO')(p
D,(EG —iB&)p, + D,o,(~EG —iB&)p.
-D,o,(Ec —iBo)p, —D,(~Ec —iBc)¢._
(D; —D,D,Y(EG —iB&)p, +(E* - B*)p, —(E B)g.
(D2 D,D)(—-EG—iB&)p_+(E* - B*)p_—(E B)go+

(D,-Mp. D7 | e
—iD, 0@, +(—iD, —M)¢_

eo
+M2

+

Thus, we arrive at the following two equations:

(iD,-M)p, +iD,o, ¢ + (E(r—zBa)go+
ec o= oL s
+W[DO (Ec —iBo)p, + D,o,(-EG —iBo)p ]+
+ LD} = D,D,(EG~iB&)g, +(E* ~ B)p, ~(E Bp 1= 0.
. . e, =. .=._
—iD,o.¢, +(=iD,—M)p_ +ﬁ(_EO- —iBo)p_+
eo - = .=
~[-D,0,(EG —iBG)p, — Dy(-EG —iBo)p_]+
en 2 =_ R~ 72 p2 D _
—[(Dy =D,;D,)(—Ec —iB6)p_+(E"—B")p_—(E B)p,]=

Now, we should separate the rest energy, by using the formal changes
D, = (D,-iM), iD, = (iD,+M), D; = (D;-2iMD,—M?),

then we obtain

. . e = .=

(iD,+M -M)p, +iD,c, ¢ + V(EO' —iBo)p, +

+22 (D, —iM)(EG —iB&)p, + Do, (~EG —iB&)p. ]+
e : R, O = =
+V773[(D§ —~2iMD, - M* - D,D,\EG ~iB&)p, +(E* — B*)p, —(E B)p.]1=

. . el , -. .=

—iD,o,@, + (=D, —=2M)p_+ W (—Ec —iBo)p_ +

eo

+W[—Dk0'k (EG —iBG)p, —(D, —iM)(—~EG —iB&)p. ]+

Z[(D} - 2iMD, ~M* - D,D,\~EG - iB&)p_+(E* - B*)p_—(E B)p,]1=

©)
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Dividing both equations by M, we get

1 1 el = .o

zﬁDO(/)+ +lﬁDkak¢— +W(EG—ZBG)¢+ +

ec 1 - S 1 =S
+W[(MDO —i)(Ec —iBo)ep, +ﬁDk0k (—Ec —iBo)p_ |+
e 1 1 1 = I = 5 | QR
+M—’72[ WDj —21HD0 —1—WD_,DJ.)(EJ—zBa)go+ +W(E2 ~B%)op, —W(E B)p 1=0,
1 1 ey . = .m.
—lﬁDkO'kq)+ + (—ZHD0 -2)p. +W(_EG —iBo)p_ +

ec 1 =L m 1 Ny D= D=
+W[—HDkak (Ec—iBo)p, _(MDO —i)(—Ec —iBo)p_]+
1 1

e | ) - = ~ = | QR
+V772[(WD02 —ZZEDO —I—WD].DJ‘)(—EO'—IBU)Q +(E*-BY)p. —W(E B)p,1=0.

It is known (for instance, see in [3]) that we should assume the following orders of
smallness for the involved quantities (magnetic components B, arise from commutators D,,,,,

electric components E, arise from commutators D,,,, whence follow their smallness orders
shown below):
E

~1, ~x, —D. ~x, —D,~Xx", L~ X7, L~ X,
¢+ w— M J M 0 M2 M2 (10)

In both equations, we will equate to zero only the terms of the primary orders, x and x’;
in this way, we obtain two approximate equations:

o1
X, 73 Z_ZWD/{U/(% =0;
o1 o1 el = eo = .en =_.
X’ lﬂDo% +1MD/<U/{(P_ —ZW(BU)% —W(BU)(A +ZW(BU)(P+ =0.

Further, eliminating the small component ¢_, we derive an equation for the large

component

o1 o1 1 el = eo - .en =

i—Dop +i—(D,c,)(-i—D o —i—(Bo)p, ———(Bo)p, +i—(Bo)p, =0,

M 0¢)+ M( k k)( 2M n n¢+) M2( )¢+ Mz( )¢+ Mz( )¢+
or shorter

1 e -
iDp, +——(D,0 )D o +—(-iu—oc+in)(Bo)p, =0;
0¢+ ZM( k k)( n n)(0+ M( :u 77)( )¢+

it is convenient to change the notations: —u = u,ioc = o . Taking in mind the multiplication

rules for the Pauli matrices, we get
(D,c,)D,c,)=D,D,(3, +ie,,o,)=D,D, +ieB,c, = D’ +ieB,oc,;

n n

so we arrive at the equation (let p=Y¥).
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1 e - ' =
DY, +——D¥ +——B6 W + - (u+0+3)B5 ¥ = 0.
2M 2M M (11)
Thus, in the non-relativistic limit, the generalized equation takes the form of the ordinary
Pauli equation for a spin % particle with anomalous magnetic moment (u+oc+7).

Conclusion

For the theory under consideration, we have studied the non-relativistic approximation
in the theory of a particle with 3 additional characteristics. It is shown that in this limit, the
generalized equation takes the form of the ordinary Pauli equation for a spin % particle with
anomalous magnetic moment; detemined as the sum of three paremeters (u+o+n).
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