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Calb — Ramond Field, Solutions with Spherical Symmetry, the Gauge Degrees of Freedom

In the present paper, the system of 10 equations for Calb — Ramond particle is studied in spherical coor-
dinates. For this particle, in contrast to Maxwell theory, the antisymmetric tensor represents gauge variables, and
4-vector relates to physically observable ones. After separating the variables we get the first order system
of 10 radial equations. By diagonalysing the space reflection operator, we get to more simple subsystems of 4 and
6 equations, related to states with parities P=(-1)"" and P=(-1)" respectively. For parity P=(-1)i"
the system of 4 equations has two independent solutions, they both describe two gauge states. For parity
P = (-1)!, the system of 6 equations has 2 independent solutions; one of them is purely gauge, and the other in-

cludes both observable and gauge variables. Therefore, for Calb — Ramond particle there exist only one physically
observable state with spherical symmetry, and three states are gauge ones. Recall that in Maxwell theory, exist
2 physically observable states, and 2 pure gauge states.

Key words: Calb — Ramond field, spherical symmetry, separation of the variables, exact solutions, the
gauge degrees of freedom.

IOJIE KAJIbBA - PAMOHA, PEHIEHUSI CO COEPUYECKO CUMMETPUEN,
KAJIMBPOBOYHBIE CTEIIEHHN CBOBO/IbI

Uccnedyemces cucmema uz 10 ypasnenuii ons 6esmaccosou yacmuysl Kamwba — Pamona é cghepuueckux
Koopounamax. /s amoii wacmuysl 8 omaudue om meopuu Maxceenia aHMuUCUMMEMPUYHbLL MeH30p npeo-
cmagnsiem Kaaubposounvle nepemennvie, a 4-eekmop coomeemcmayem Hadmooaemvim geaudunam. Ilocue pas-
Oenenus nepemennvix noayyena cucmema u3z 10 paouanvhvix ypasnenuti. C nomowspto ouazoHaiuzayuu onepa-
mopa npoCcmMpancmeeHH020 OMpPaXceHus noiyyaem 6oiee npocmeie noocucmemuvl u3 4 u 6 ypasnenuii, omuocs-
j+1 j+1

wueca K cocmosmuam ¢ wemunocmolo P=(=1)"" u P=(-1)) coomeemcmsenno. Hua uwemnocmu P =(-1)

cucmema u3 4 ypagHeHuil umeem 08a He3AGUCUMBIX pelleHUs, 0ba 4ucmo Kanudposouuvie. [[nsa yemuHocmu
P = (-1)! cucmema u3z 6 ypasuenuii umeem 06a He3A6UCUMBIX PeuleHUsl;, 0OHO YUCTNO KAIUOPOBOUHOe, 8MOpoe

eKaIOuUaem Habaooaemvlie U Kaiubposounvle nepemennvle. Cnedosamenvro, oas yacmuysl Kanwba — Pamona
cywecmeyem moabKko 0OHO pusuyeckoe Habmooaemoe cOCmosiHue, mpu OCMAIbHbIX YUCHO KATUOPOBOUHbIE.
B meopuu Maxcsenna cywecmsyiom 06a ghuzuueckux u 2 Kambpo8oUHblX peuleHusl.

Knroueewie cnosa: none Kanvba — Pamona, cghepuueckas cummempus, pasoeieHue nepemMerHbix, moyHvle
peuterus, KatubpogoyHvle cmeneHu c60000bl.

Introduction

The field of Ogievetsky — Polubarinov [1], now it is mostly called as Calb — Ramond
field [2], takes much attention in the current literature; for instance see in [3; 4]. In this theory,
in contrast to Maxwell theory, the antisymmetric tensor represents the gauge variables, and
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4-vector relates to physically observable ones. In the present paper, we focus on the problem
of finding in explicit form all independent solutions for this field with spherical symmetry.

1. Exact solutions

We start with the known radial equations [5] for massive Stueckelberg field [6; 7], re-
stricted to the ordinary spin 1 particle:

2 1la . 1 1 a
-E,——E,-=—(E,+E,)=Mh,, ieE —B;—=B,+ B,=M
r r 6( 1 3) by 1€E, — B3 ; 3 T r ﬁz h,
la , 1 1la
|€E _Fﬁ(Bl_Ba):Mhz, |€E +B+ B rﬁBZ:Mhs,
—|5h1+— h, = ME,, —ieh,—h; =ME,,
\j_ 2 0 2
) 1a 1 1 a
—ieh +——h =ME;, h;+=h,+=—=h, =MB,,
elly I’\/E b 3 5T 3+ rJo 2
1 1la
h =MB,, —-h'—=h —=—=h, = MB,.
r\/—hl r\/_ 2 hl rhl rﬁ 2 3

The variables h, refer to 4-vector, and E,, B, refer to antisymmetric tensor. In massless
Calb — Ramond case, this system becomes slightly different

2 1la . , 1 1la
—EZ—FE r\/E(E E) hO’ IgEl_Bs_FBs_l—FEBZzhl’
1la 1
ieE, — B,—-B h,, ieE,+B/+= B B, =h,,
‘ r«/2( )= hy, e ra\/ 3

Lieh+1% 0 =0, —ich,—h =0,

r«/Z
. 1la 1 1la
—ieh, +=—=h, =0, h.+=h,+=—h =0,
€h, rgz ° s r® r«/2 ?

1la la, _ _
—F%hﬁFﬁhg-o, -h/' - h1 rJ_ =0.

These equations substantially differ from the corresponding equations for Maxwell theory.
There exists possibility to diagonalize the space reflection operator, this results in two

types of restrictions depending on the parity:
P=(-1)", h,=0h=0h=-h,E,=-E,E, =0,B,=+B;
P=(-1)!, h,=+h,B,=-B,B,=0,E,=+E,.
Taking them into account in the radial system, we obtain two subsystems of 4 and 6 equations.
Let P =(-1)"", then we have 4 equations

B aB,_

N eh=0 _p o _ah_g
I6E1—BI—T+ET—hl, —ieh =0, —hl—?—O, —T—O,

note that vector variables vanish hy=h =h, =h, =0 identically; whereas 3 gauge
components obey the equations
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. d 1 a
=-E, E, =0, B,=+B,, icE,=(—+=)B,——B
E 2 3 o leE (dr r)B1 o °
Here two independent solutions are possible:

1. B,=0,B,=B, isarbitrary,E, = —E,,icE, = (%+%)Bl;
1)

a
2
It is evident, that in (1) we describe two gauge solutions, because each of them is de-
termined by an arbitrary function (correspondingly by B, and B,). Thus, for states with parity
P =(-1)'", any physically observable states do not exist.
For states with the opposite parity P =(-1)’, we have 6 equations:

2. B,=B,=0,B, isarbitrary, E,=-E, E,=0,icE, =——=B,.

1) _Eé _EEZ_MEl = ho’
r r
2) h’+ieE2—ﬂBlzh2,
r
1a\/_ B,

3 ———h+| E,+B+—==h;
) -5 2 =h
4) —|eh2—h’=0

5) —ich + 1aJ_h =0,
6) h1+hl+%i 0;

three last equations contain only variables related to the 4-vector.
Let us consider the first 3 equations, in which the gauge variables E;,E,,B, are linked
to the variables h,h,,h,h,:

2 a2
1) _EZ_?EZ_TEl:hO’
1 a2

2) Ez = E[hz +T Bl]v

3 E=-lh-B-]

Let us substitute expressions for E, and E, into equation 1):

d a«/i 2 a«/§ +a«/§[ d B
r

i+ 2481+ L, + N B — B, ——]=-ich,;
e L R e [ S

whence it follows

d a2 av2 d 2 2«/2a a2 a2 d a2 .
Sp _Neg ANl 2y, B, + _ANe g ANp — .
ar 2 2 ' rodr *r?* 2 ' or n rodr + > ! ety

Note that all terms with the variable B, cancel each other, so we arrive at the equation
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i h, + ( = —ieh,; (2)

only the variables hy,h, =h,,h, enter into eq. (2). Besides, remain two equations which relate
the main variables to the gauge ones

) E=im22e) 3y £=lnom-B

Now consider equations 4), 5), 6):

B ichs Eih C0m _iilho
27T
. , 1,
5)  —iech,—h, =0 = h,=——H,,
le
h1 1a\2

6 +—= +——h =0;
) W

let us substitute expressions for h, and h, into equation 6), which yields the identity
d1a1+1£i}ho alld
drlt,f\Er0 rie2r ° 2riedr °

S0 equation 6) may be ignored. Thus we have only three independent equations

a2 d 2 ) 1 al 1
——h+—h+=h, =—ich,, h==—==h, h=-=h. 3
r ar 2 p 2 e n |e\/2rh° 2 e ? )

h,=0 = 0=0;

Eliminating the variables h_and h,, we get

a\/_]_ a 1h0 d1d ho_g.lihoz—ifho,
r 2r ° driedr ° riedr

whence we obtain the second order equation for h:

d2 2 d a’
—+——+¢"——)h, =0.
( rdr rz)ho
Therefore, instead of (3) we get the equivalent system
d> 2d a’ 1 a 1 1
+——+¢€ h, =0, =——=h, h =-=h/; 4
(dr rdr r) h= 2r0 2 e’ )
recall two equations
2) Ez=_i[h2—h'+¥51], 3) E——[hl lih B/ - E:.
ie

Two last equations may be rewritten differently
a2 lav2

ieE,———B, =h,—h", icE; +B'+—— ——h
2y b r o+ 2 r



26 Becnix bpacyxaea ynisepcimoma. Cepuisi 4. Dizika. Mamamamuixa M 172025

In accordance with eq. (4), we may express h and h, through the variable h,,
then we obtain

igez-ﬂsl:—_ih(;—h':—(_ih(;m'),
r
icE +B'+5_li1h0 1a*/_ ( ~hy +h).
r 271 2 r

Therefore, the problem is reduced to 3 equations:

d> 2d a’
(WJrrdr 62__2)h°:0’
ieEz—iB 41y
dr ie
|5E1+Bl'+5:i_l

For the last system, we can see 2 independent solutions:

d> 2d a’
h, =0, — 4+ = —+6e*—=)h, =0,
| ° (drz rdr r2)0
isz—ﬂa:—i 9y g+ Bz 1y,
r ie dr r J2rie
a2 . B

I, hy=0, iE,~=—=B,=0, iE,+B+1=0.

Thus, the system of 6 equations with the parity P = (-1)' has 2 independent solutions;
the first one | includes both the gauge and the physical variables; the second one 1l is purely
gauge. Recall that in the case of the parity P = (—1)’"* we had found 2 pure gauge solutions (see

(1))

Recall the initial substitution for field function [5]

El(r)Dfl

(1), E,()D,

~ ool o LEmD,
" o "7 B, ©)

(1), B,(1)D,

B,(r)D,,

From (5), for solutions with the parity P = (1), we get
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ElD—l
0 0
— — — — — — T et th—l T — et _E1D+1 .
h,=0,h,=0,h,=-h,E,=-E,E, =0,B,=+B, H,=e ,H,=e ;
0 B,D,,
|"l1D+1 BZDO
B1D—1
here we can see two independent purely gauge solutions
. d 1
1. h=0, anyB,B,=0, E, icE = (d—+—)Bl;
rr
: a
2. =0, B =0, any B,, , leE, =——B,;
hl 1 2 El 1 \/E 2
each of them is determined by an arbitrary function: by B, and B, .
From (5), for states with the parity P = (=1)! we obtain
ED,
hy(r) Dy E,Do
I —i th—l I —i E1D 1
=+h,B,=-B,B, =0,E, =+E,, H,=e™ , H,=e™ “l;
h3 h’l 3 Bl 2 3 El 1 hz(r)DO 2 BlD+l
h1D+1 0
-B,D,
here we can see two independent solutions, which are determined by relations below
d> 2d , a?
—+——+¢"——)h, =0,
| (dr2 rdr r2)0
E_22g_ 1d, e g,B_ a1
r i dr r Jorie
a\/f B

I, hy=0, icE,—~2B =0, icE +B/+-2=0.
r r

the first one I includes both the gauge and physical variables; the second one Il is purely gauge.

Conclusions

The system of equations for Calb — Ramond particle has been studied in spherical coor-
dinates. After separating the variables we have derived the system of 10 radial equations.
We have constructed exact solutions of this system. It is shown that for the Calb — Ramond
particle there exist only one physically observable state with spherical symmetry, and three
states are gauge ones. This situation correlates with what we have for solutions with Cartesian
and cylindrical symmetries. Recall that in Maxwell theory, there exist two physically observ-
able states, and two pure gauge states, so the Calb — Ramond field substantially differs from the
Maxwell theory.
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