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1,2

Eigenstates of the Helicity Operator for a Particle with Spin 2
in an External Magnetic Field

The helicity operator for a symmetric tensor of the second rank describing a particle with spin 2 is de-
tailed in a cylindrical coordinate system and a cylindrical tetrad. First, the case of a free particle is investigated.
After separating the variables, a system of 10 differential equations of the first order for the variable r is obtained.
Itis divided into two subsystems of 4 and 6 equations. A system of 4 equations is solved using the exclusion method
and reduced to a single equation for the main function; its solutions are constructed in terms of Bessel functions.
A system of 6 equations is reduced to two related second-order equations for two functions, which give a 4th-order
differential equation; the latter is solved by factorization; exact solutions are constructed in Bessel functions.
The whole analysis is generalized to the case of the presence of an external magnetic field. Solutions are con-
structed in degenerate hypergeometric functions. The spectra for the eigenstates of the helicity operator are de-
scribed as the roots of polynomial equations of the 3rd and 5th orders.

Key words: spin 2; cylindrical symmetry, tetrad method, helicity operator, eigenvalue problem, exact
solutions.

COBCTBEHHBIE COCTOSAHUSA OIIEPATOPA CIIUPAJIBHOCTHU
JJISA HACTHUIBI CO CITMHOM 2 BO BHEIIIHEM MATHUTHOM I1OJIE

Onepamop cnupanbHOCmu ONisl CUMMEMPUUHO20 MEH30PA 8MOPO20 paHed, ONUCLIBAIOWe20 YACTNUYY
CO CRUHOM 2, 0emanusupyemcs 6 YUIUHOPUYecKol cucmeme KoopouHam u yunuopuyeckou mempaoe. Chauana
uccredyemcs cayuail c600600nou uacmuywl. Ilocne pazoenenusi nepemenHbix nonyuena cucmema uz 10-mu oug-
epenyuanvubix ypasHeHuil nepeoco nopsaoka no nepemennou r. Ona pazbusaemcs Ha 06e noocucmemvl u3 4-x
u 6-mu ypaguenuii. Cucmema uz 4-x ypaerenutl peuiaemcs ¢ NOMOWbI0 Memooa UCKIIOUeHUs. U C60OUMCs K 00-
HOMY YPAGHEHUIO 0J11 OCHOBHOU (PYHKYUU, €20 peweHus: cmposamcs 6 mepmunax Qyuxkyuti beccens. Cucmema uz
6-mu ypasHnenuil npusOOUMCs K 08YM CEA3AHHBIM YPAGHEHUSIM 8MOP020 NOPAOKA OJisl 08YX (DYHKYUL, KOMOopble
oarom ouppepenyuanvroe ypasnenue 4-20 nopsoka, nocieonee peuwaemcs Memooom axmopusayuu, moyHvle
pewenusi cmposamcsi 6 Qynkyusix Beccens. Becv ananuz 060ouaemcs na cayyatl Rpucymcmeus HeuHe20 mae-
HUmMHo20 nous. Pewenus cmposmcs 6 6bipodicoennvix eunepeeomempuyeckux @yuxyusix. Cnekmpol 01s coo-
CMBEHHBIX COCMOSHULL ONEPAMOPA CRUPATLHOCMU ONUCLIEAIOMCSL KAK KOPHU NOTUHOMUATLHBIX YpasHeHul 3 -1
u 5-u cmeneneltl.

Knrouegvle cnosa: cnun 2,cummempudtvlii men3op 2-20 paned, YuiuHOPUHeCKas CUMMempus, mempao-
HbIll Memo0, ONnepamop CNUpaIbHOCMU, 3a0a4a Ha COOCMBEHHbIE 3HAUEHUS, MOYHbIE PEUUEHUS].
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Introduction, helicity operator in cylindric basis, separating the variables

It is known that the eigenvalues states of the helicity operator play a substantial role
in studying any spin particle in external electromagnetic (or gravitational) fields with cylindric
symmetry. In the present work we specify this problem for a spin 2 particle in Minkowski space-
time, starting with the following relations in Cartesian coordinates

anrt - \]23£+J31£+J122

ECart H cart H cart (1)
Ox oy oz’

H%"(x,y,z) consists of 10 components of the symmetric tensor referring to the spin 2 particle.
We will apply description of this field in cylindric coordinates x* =(t,r,¢,z) and the

corresponding tetrad
dS? = dt> —dr® —r’d¢® — (2)

Transition from Cartesian tetrad to cylindric one is performed by means of the local
transformation (belonging to the Lorentz group)

1 0 0 O
a,n_|0 cosg sing O

L (0= 0 —sing cosg O @)
0 0 0 1

Therefore, the tensor of the second rank H transforms according to the rule
H cart — [H(caag;]’ H oyl — (L ® L)H cart — LH cartI:.

Correspondingly the helicity operator transforms to cylindric tetrad as follows (we apply
10-dimensional representation for S)

Hcyl - (L@ L)H cart . Hcyl SH cart

ol — 23 o 5m¢ 0 31 C05¢i
7 =S8 (COS¢6 ¢) +J7(sin ¢ Y

)+ 372 §JS(—¢), (@)
z
whence we get
59 = [S(¢)J %S, (~p)cos g+ sz<¢)J3ls(—¢)sin¢]§
+%[—S(¢)J238(—¢)sin¢+sz<¢)a3lsz(—¢>cos¢]a%
1 52 35(—¢) 2 35(-4) ey 0
+ r[ singS(¢)J —8¢ +coS ¢S (¢)J —6¢ 1+ S(¢)I“S(—¢) ™

Taking in mind the structure of the field function (it contains the multipliers ™ and
e') we can transform the last relation to the form

5o =[S(¢)J238<—¢)cos¢+S(¢)Jsls(—¢>sin¢]%+i7m[—s<¢>J238(—¢>sin¢+s<¢>a318(—¢>cos¢]
+1[—sin #S(9)I % B(H) +c0s ¢S ()J* _68(—¢)]+ S(¢)I*?S(—p)ik.
r 0¢ o¢p
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Let us find expression for 10 components of the field function H®' in the cylindric tetrad

basis. We will apply the following notations
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the inverse matrix equals S =S(-¢). After simple calculation we derive the following

expression for helicity operator in cylindric basis
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taking in mind explicit form of generators for tensor we obtain its shorter form
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0 00 2000000
0 00 0 0O0O0GOOO
0 00 2 000000
1100 000000
ot gm0 im s Lop 310000020000 )
drr 110 00 0 100000
0 00 0 0O0O0GOGOHO
0 00 0 0O0O0GOOO
0 00 0 000100
0 00 0 0O0O0GOGOHO

We will use the cyclic representation, in which the generator J** becomes diagonal, this
leads to

0 0 0 0 0 W2 0 0 0 O
0 0 0 -2 0 -2 0o 0 0 o
0 0 0 2 0 o 0 0 0 O
0 0 -iW2 0 0 O 0 0 0 ©0
i i
: 0 0 0 -— 0 -— 0 0 0 o
son =g 4 Mya g, 1 2 V2 :
arr V2 o o o0 0 0 ©0 0 0 0
0 0 O 0 0 O 0 0 0 O
i i
0 0 O 0 0 0 —-— 0 — 0
J2 J2
0 0 O 0 0 O 0 0 0 O0
0 0 0 0 0 O 0 0 0 ©0
where (see [29])
2
—2i —2i
. =2
—i i —i
_ e e
JZS:L ) ) ) , (6)
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-2 o =2i
-2 . 2 . . .. o .
2 .. .. H2i
1 -1 .1 .. . +oo
j3lzi" B P S I S ICR .O... .o (7)
21 -1 -1 . —i
-1 . . -l
1 -1 . 0 .
1 +Hoo.
0

The eigenvalue equation TH =oH gives the following differential system of 11
equations

2¢, =20 e i B2k 8, 2(c + 6y )= —Z(mr”) ¢, + Z(mr‘l) ¢, +iv2ot,,
2¢, =iv2@k+ o) b+ 2D e okt = i2(k+ o), + + e+ 1) mr+2f3,
c1,+c3,=—mT+1c1+iJ§ac2+mT_1c3,c2,+f1,+fz,:iﬁ(a—k)c3+m‘2fl—m(cznz),
dz,=i«/§(o-—k)dl—?d2,d1,+d3,=mT_1d1+i«/§Jd2—m—+1d3,d —iﬁ(k+a)d3+?d2,

the 10-th equation is trivial, \/Eofo =0. It is convenient to apply special notations for 8
operators:

1 d + 1 d m+1 + m_l +

—)=al, —(—+—)=a’,, —+ =at,,
NA dr r) mof2dr T ) U2 ( r - ! @®)
L4 me2 1 d m-2._ _

) ) =8,

_) = a , _
J_ arx m2 J2dr oo
Then the above system is presented as three independent subsystems:
| a,d, =i(c—k)d,, a,,d +a;,d;=iocd,, a,d,=i(c+k)ds; 9)
N alc= |( —K)fy, al.C +anC, = i% f,,
a,,,C = i(—+ k)f;, a.c,+a,f,+a,,,f;=i(c+k)c, (10)

ar.C +a, C;=ioC,, a;c,+a.,f+a.f, =i(c—k)c;
m of,=0 = o=0,f,=0. (11)

Consider the system [; after eliminating the variables d, and d, we get one 2-nd order
equation for the primary function

1 1 .
——a .a +——a ,a - d,=0. 12

Similarly, in the system 11 one can eliminate the variables f,, f,, f,:
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2. 2 )
f,=—an.¢ +—a,4C, AaGyps
lo lo

=————a’ C,, fo=——
Yi(e—2k) ™ > i(o+2k)

this results in the system for c,c,,c;:

2 2 2 ..
amCZ +- amam+lcl +- am"’:lm—lc?, +- am+2am+1C1 - I(G+ k)Cli
ic ic i(o+2k)

2 2 2 .

+ - + + At + A —

amCZ +- a‘m—Zam—lc?) +- amam+1C1 +- ama'mflce) - I(G - k)C3’
i(o—2k) ioc ioc

+ _ .
an1C +a,,4,C3 =10C,.

With the use of third equation we may eliminate the variable c,, so deriving the system
for c,c;:

[3a,a5., + Z—O-ar;+2ar;+1 +o(o+k)c, +3a,a,4¢; =0,
(o +2k) (13)
[3a,a, ,C; + _20 a, ,ar ,+o(oc—k)lc;+3a,a,.,¢ =0.
(o—2k)
In order to take into account the presence of external magnetic field, it suffices to make
one change, m=m-+eBr?/2, this leads to new 8 operators instead of operators (8).

The system I, the free particle
Let us turn to the case I, first consider eq. (12) for the free particle. Allowing
for the identities

a- a*—ld_2+ii_m_2 a" a’—li_ii+—(2_m)m
" 2dr? 2rdr 2r? " 2dr? 2rdr 2r?
we get
d2 k d mk+m(m-o /.,
— 7 _(k?—5?)|d, =0. 14
dr2+ardr or? ( O-) 2 (14)

Near the point r =0, this equation becomes simpler

d? _ A _ k
[P+;a—0—r]d2—o, d2—r , A—m,—;—m+1.

At infinity, r —» «, we have

2
4 L Kd -6, =0, d,=e¥r, (15)

_+___
[dr2 or dr

Therefore, solutions should be searched in the form d, = r*e™

restrictions on A and C, we get

f . Imposing the known

2
A=m,—£—m+1;C=ii az—kz,rd I+(2A+£+2Cr)£+(2AC+£C)f =0. (16)
dr o dr o

O

Changing the variable, z=-2Cr, we reduce the equation to hypergeometric form

(let C = +ivo? —k?):
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2
a-f +£—z)£—(A+L)f:O,
o dz 20

k k (17
d, = z%¢?®(c,a,2), a=A+—, c=2A+—=2a.
20 o
Solutions will be regular in the point r =0, if we take positive A; we should distinguish
two cases:

(a) m>0, d,~z"=2z"->0;
K (18)

() m<0, d,~z*=z °, 1-m>k/o.

Solutions under consideration may be presented in terms of Bessel functions. Indeed,
starting with the equation (14), let us make the substitution d,(r) = ¢(r)d,(r) , then we obtain

A +(22+—)d pEg, o0 mrmnobo e oy, =0,
(0] or or 0] (] or
The function ¢ is fixed as follows
2%+£- i = g=rtkz (19)

accordingly the above equation takes the form

[EEY

f— 2 —_—
J';+F<T2+(—(k2—oz)—(m 1/2;“2") )d, = 0.

In the variable y =ivk®—o?r, it has the structure of Bessel equation

- = 1__d =0, v=m-=+—, d =r 2 d,(2). 20
dy2 —_— y dy+ )d', v > o0g 2(Y) 2(2) (20)

The case I, particle in magnetic field
In presence of the magnetic field, the equation for d, takes the form (let eB = B)

d2 k d -20(B@m-1)+2k*)+2Bk+40° B2 , _km—(m-D)mo.. _
[+t =4 > 1d,=0. (21)
dr® rodr 4o 4 rloc

Near the point r =0, we get

which coincides with that in the case of a free particle. At infinity we have

2
d_+Li_ler2)d2:0, dZ:eCrz, C:iE.
dr? rodr 4 4

In the new variable, r? = x, the above equation reads

_ 2 2 _ 2
[_ (k+6)i_i32+8(k 2m0+0)_(k 0')+m(0 2k)—m—2]dz:0- 22)
dx? 20x dx 16 8oX 4x 4oX 4x
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Its solutions are searched in the form d, = x"e*f (x) , imposing the known constraints

A=— ———— and C=——,+— (23)

(below assume C = —%, B >0), we reduce equation for f(x) to the form

B(k—-2mo +o0)+4C(k +0) 3 (k?*—o?)-8AC
8o 4

In the variable 2Cx=-z, it reads as an equation of confluent hypergeometric type

1f =o0.

xf"+(2A+—= (k+0)
20

+2Cx) ' +[

d2f"” k+o m k?-¢o?

A7+ (- ~al =0, 2=+ (2A+ - )——(— +AF=0.  (24)

20

Imposing the usual constraint to get polynomials

+A=-n, n=0,1,2,3,..,

we find the quantization rule for o :

azi\/k2+(A+%+n)ZB. (25)
Depending on the sign of m, we distinguish two cases:

m>0, o=+J/k*+(m+n)2B, m<O0, azi\/k2+(n+1_|;/0-)28, (26)

the second equation determines o in inexplicit form. Assuming that solutions are regular at the
point z =0, for function d, we have two different representations depending on the sign of m

m>0, d,~z"% "’®(-n,c,z), c=m PN (27)
2 20
1-m k
m<0, d,~z2 20 "2®(-n,c,2), c=§—m,1 m >L (28)
2 2 20

Note that the second equation for o in (26) leads to a cubic equation
o®—o[(k®+B(@2n+1)]+Bk =0, B>0:; (29)

in the dimensionless variables o /k = X, B/k? =b it reads simpler, X* - X[1+b2n+1)]+b=0.

The case 11, free particle
Let us turn to the case 1l for the free particle. The system (13) in explicit form reads

20 . d? 1d (m+1)

(1 2m) d (m 2—1))C3 -0,

[(B+ 2k)(—Olr PFi— )+20(o+K)]c, +3( — 3 "
20 ., d? 1 d (m- 1) (1+2m) d (m 1)
[(B+ —2k)( Ta o )+20(o—K)lc, +3(— —ar " ), =0.

This system may be considered as linear with respect to the variables c/’c} :
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3+ 20
2k+o ¢’ ‘
3 3_ 20 ||cg
k-0

26 ,1d (m+1)

(1- 2m) d (m —1)
_ [(3+W)(Fa— )+20'(k+0')]c1+3( dr r ) 3
1+2m) d -1 26 . 1d 1 ’
(( +r m) dr (m )) +[(3+ _sz)( ——%)—ZG(k—G)]Cs

evidently it is symmetric under the change c, < ¢, m<-m, o < —o. Its solution has the form

" |

1(9m 8)o- —36k? m_
8 o’r
180k® +12k® —-96°k —56° 1(m+1)(-176°m—8c” +36k’m)
8 - 8 o2r? I
_ 3m(—4ok +12k* -50° ) 3(2k* + o2 —=30k) (o + 2k)
8 o’r [8 o
L3m(-= —4omk +12k’m + 507 + 4ok —12k? — 50‘2m)]c
8 o’r? ¥
., 3m(4ok +12k? - 50)
G =
8 o’r
3 (o +k)(—o? + 4k?) . 3m(6k +50)(- o-+2k)(m+1)
8 o 8 o’r? I
136k’m-90’m-80"
8 o’r G
1-90°k +50° —8ok® +12k* 1(-17c°m+807 +36k’m)(m -1)
8 o 8 o’r?

+

+-

+[- Ic,.

Shortly we can present the above equations as follows

2

L=k Lo (zamye+ (2L S,

dr dr r rdr r (30)
d? d L, Fd G
WC:;:K3EC3+(I’—2+M3)C3+(TSJ+"—23+H3)C1.

Let us eliminate from this system the variable c,(r). To this end, first we present this
function as c,(r) = ¢(r)c,(r), and impose the constraints

Fd G Fd_
—+—+—+H,)¢C 1 —
(r dr r2 l)¢)3 q) dr 3
Whence it follows
Fe_ F_ G_ ., . Fd_ F., F¢ G F, d
Lre +Ltg+=2c+Hc, =—2—cC, or T +(E-+=2+H,)c =2L—c
ro°> r > 2% " rdr’ r3(r(p r2 HS rdr >

Further we derive equation for determining the function ¢(r):
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ﬂ:—%—Hl = In(p=—ﬁ|nr—irz = In(pr'1)= H_Z’
o r F 2F, 2k,

- |,:|'|

M2
whence it follows o =r %/fre 5" Therefore, the initial system may be re-written differently

d? Fd_ _
ar —¢ =K Cl+(iz+Ml)C1+¢_laCS’ C; = @C3,
(31)

d? d d G,
d2€03 Kd_¢C3+(L3+M3)¢Cs+(_E+r +H;)e,.

From eqg. (31), we express the derivative diQ:
r

d_ _1r,d? d L
— == (—C —K,—¢ — (2 +M,)c),
ar® F go(dr2 R e (rz tMa)

below we will need the second derivative as well

d? d 1r d? d L,
—C -K,—¢ —(=+M .
er 3 dr{Fl 0 drzcl 1drCl (rg_ 1)Cl)}

Expression for function c, itself is found by integrating

_ _(lr,d? d L

=|=—(— —¢, — (= +M,)c)dr.
3 R oo dr 1drcl (rz 1)C)
Now we turn to the second equation from (31)

d? _ d _ d G,
P(/}CB = KSE(/)CB +(L3 + M;) e, +(—a+ " H,)c;

taking into account two identities

d2 — d = —1 "= = —1f d — = —1
Frﬂcs =a[¢cs +@C3] = @"'Cy + 29Ty + T, Ksa(PCs = K;[p'C; + 9],

we transform the above equation to other form
9'Cy+ 29Ty + T = KTy + KT’y + (rﬁz +M3)pC; + Cl + > ¢+ Haey.
Whence after re-grouping the terms we obtain
F3

—f ' = " ' — ' G
T + (29— K30)T + (9" — Ky _(%Jr M;)@)C; _Tcl _r_23C1 —H,c, =0,

which is equivalent to

. ! o i ' _ 1K, 1G 1

[0+ @2~ KT T+ (B~ K L (24 MG ~[ 26+ = 26+ Hyg] =0
@ @ ¢ T pr pr @

With the help of temporary notation

!

A(r)zq)__Ksﬂ_ %+M3),
4 p T
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we re-write the last equation differently
o 1 1F 1G 1
— [+ (2= - K,)T,]+C ———[=—c¢] +——2¢, +—H,]=0.
A()[ (¢7 3)C3]+C, A(I‘)(prcl qorzcl ) 3Gl

After differentiating this equation we derive

—-r ¢'_ = = ___3 !
a{m[ (25 Ks)Cs}+C5 - dr{A(r)[(pr 2‘31+ H3C1]} 0, (32)

this is the fourth order differential equation for function c,(r) . In similar manner, we can derive

a 4-th order equation for function c,(r).
Equations of the 4-th order for functions c,(r) and c,(r) in explicit form read

d'c  2d%¢ , 5 2_2k2+—3—4m—2m2)d2c1+(1502—8k2+3+4m+2m2 de
art rdr 4 r? ar> 4 r r dr
567 +8k? m+12 m+3)(m-=1)(m 12
+[—%o-2k2+%o-4+k4+i( 2)( ) +( +3)( . )(m+1) Ic, =0,
r r
d“c3+gd3c3+ 5.2 o2, 3+4m—2m2)d2c3+(15o-2—8k2+3—4m+2m2 deg
dr*  rdr? re dr2 4 r r dr
—502+8k2 m—12 m-=3)(m+1 m_12
+[—§02k2+la4+k4+1( )( ) +( )(m+1)(m-1) Ic, =0.
4 4 r r E
Both equations may be factorized:
d> 1d 1 (m+1) ol2 1d (m+1)
R Wil k2 2 -2 k2 2 O
{ Tt ot +[- 2° " ]}{ e +[- I3e =
2 2
{d—+ﬂ ke + 22 - (ML) ]}{d R (m D e, -
rdr 4 r? rd
where two multipliers are permutable. It suffices to solve 2-nd order equations for c; :
a2 1d ,, (m+1) d> 1d ,, 1 , (m+1)?
— ==k 0; Il [—+=——k?*+=c?—+—=L ¢, =0. 33
o e e o =0+ K+ e ! (33)

They reduce to Bessel equations

| x=ik o, [d—2+11 1—"“”)] (x)=0;
dx®  xdx

o’ d> 1d (m+1)? (34)
I, y=ifk?®—=—r, [—5+=—+1- "(y)=0.
y I,/ 2 [0Iy ay ¥ —le (Y)
Similarly, for function c, we get
2
I, x=ivk*-o’r, [d—2+li+ - 1)] c3(x) =0;
dx xdx
(35)

2 2
I, y:i,/kz—"—r, a°1d (m 1) 1! (y) = 0.
4 dy ydy
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The case 11, presence of magnetic field
In this case, we obtain the following system of equations for the variables

(let eB = B):
20 ,d> 1d (m+Br’ /2+1)

— = +(3- B+2 +k
[+ +2k)(dr rdr r? )+ 2k) olo+hle
2 2 _
+ﬂd 1- ﬂm+Br/2x1+(m+Br!a ;_m%:o,
r dr r
20 ., d? L1d _(m+Br?/2-1)? 20
3 -3+——)B+2 -k
I +a—2k) rdr r? )+ +0'—2k) +20(o=kley

Whence it follows 4-th order equations for ¢, and c,:

l!ll II!

_e’B*r? . 50° —8ok® —80mB +805B+12kB  2m* +4m +3
2 4o r2
3., 150°-80k®-8omB+80B+12kB 2m?+4m+3_ ,
+(-=Br+= + 3 )C,
2 4 ro r
i Lpaa 1 B?(50° —8ck? —80mB +80B +12kB)r?
16 16 o
_1(m+1)*(50° —8ok® —80mB +85B +12kB) (m+3)(m-1)(m+1)?

4 r’c r4

c +( )G

—%(—05 +50°Bm—50°B +505°k? — 216°kB — 60m?B? +
o}

+40B*m +16B°0c —80ck*Bm +80k’B — 4ok +12kB’m —12kB? +12k*B)]c, = 0;

150° -80k” -80mB-85B+12kB  2m’ —4m+3
4 o r2 G
». 1506°-80k?-8omB-80B+12kB 2m?—4m+3
+(——B r+=— + 3 )C;
2 4 ro r
+[iB4r4—i B?(50° —8ok* —8omB —80B +12kB)r*
16 16 o2
~1(m-1)°(5c° —8ok* —8omB —80B +12kB) _ (m=3)(m+1)(m- 1)?

4 r’c r4

”’4‘ Cél_'_(_%BZrZ

—4i(—a5 +50°Bm+56°B +50°k? — 215°kB — 60m?B?
O

~40B°m +16B°c —80k’Bm - 8ck’B — 40k * +12kB? +12kB’m +12k°B)]c, = 0.
Both equations can be factorized. For the variable ¢, we get

(@10 Lgao ()
dr? rdr 4 r2

o(50” ~8k*) -8B (M ~1)+12kB £3,0° — 24kBo” +16(207 + k* ) B?

+

}

8o
0> 1d 1., (m+1)

{F rdr 4 r?

GG
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0(552 _8k2)_8Ba(m—l)+12k88¢ 3\/06 —24kBo> +16(202 + kz)Bz oo
o

To get the equation for the variable c, it suffices to make one formal change
m+1l< m-1, so we omit its explicit form. It suffices to examine one 2-nd order equation

+

(L 1d Lgn (il
dr> rdr 4 r?

(507 ~8k?) -8B (M -1)+12kB +3,0° - 24kBo” +16(207 + k* ) B?
8o

+

3¢, =0,
In the variable x=Br?/2, it reads

d' 1dg o 1 1(m+1)°
dx* xdx 4 4 X2
o(50° —8k*)-8Bo(m—1)+12kB 13\/0— —24kBo® +16(20° +k* | B?

160Bx

+ ]Jc, =0.

With the use of substitution ¢, (x) = e”*x“F(x), we obtain the following equation for F(x):

sz 14C2 (m+1)2

+(2Ax + 2(:+1)— {(AZ——)

+%i8[16Aa(1+ 2C)B + o(507 —8k?) —8Bor(m—1) +12kB
(o2

i3\/0'6 —24kBo® +16(202 +k2) B2 J}F =0.

Imposing restrictions on parameters, A= —% and C= +|mT+1| , we simplify the above
equation

d?F
dx

+(2C+1—X)C(Ij|; %i[ 80 (1+2C)B + o(50° —8k*) —8Bo(m—1) +12kB

i3\/0' - 24kBo® +16(20° + k? ) B? JF = 0;

X

it may be identified with the confluent hypergeometric equation with parameters

az—%i[ 86(1+2C)B + o(502 —8k?) —8Bo(m—1) + 12kB

+3,/0° — 24kBo® +16(202 +k?)B?], y=2C+1.

The known polynomial condition gives the following quantization rule

%i[ 80B(1+2C) -8Bo(m—1) + o(505> —8k*?) +12kB

iB\/U ~24kBo® +16(20% +k?)B?]=n, n=012,..,

or differently
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(562 —8Kk?) +12kB +3\/5° — 24kBo® +16(202 +k?)B? =85B(2n+m+| m-+1]). (36)

With the use of notation N =2n+m+|m+1|, we get

isJaﬁ —24kBo? +16(202 + k?)B? =80BN — o (50° —8k?) —12kB. (37)
After squaring the above equation we obtain algebraic equation with the structure

0[&50'5 +a,0t +..+ ao] =0,
or explicitly

o® —5(BN +k*)o* + 21kBo” +[4(BN +k2)2 —1882}02 ~12kB(BN +k*)o =0. (38)

So we arrive to 5-th order equation (let BN +k* =y : the root o =0 is nonphysical)

0° ~5y0° +21kBo” +[ 4y” ~18B” |0 —12kBy =0. (39)
In dimensionless variables X =o/k,b=B/k?* I'=y/o?=bN +1, it reads

X® —5IX® +21bX? + (4T% —18b°) X —12bI" = 0; (40)

this equation may be studied numerically.
To the spectra for o defined by (39)—(40), there correspond the following explicit
solutions

|m+1]

c(x)=e*x°G(x), C=+ >

(41)

When solving the equation for function c, we obtain similar result with formal change
m+1< m-1. In this case, we have the following solutions

c;(x)=e*x°G(x), C'= +¥, m=m-2,

2n+m+|m+1=N’, bN’+1=T", (42)
X"® —5I"X "3 + 210X "2 + (4% —18b%) X' —12bI"" = 0.

Solutions (42) and (41) provide us with one the same spectrum for o .

Conclusions

Explicit form of the helicity operator for symmetric 2-nd rank tensor describing the spin
2 particle is specified in cylindrical coordinates. After separating the variables the system of 10
first order differential equations is derived. It is split into two independent subsystems of 4 and
6 equations. The system of 4 equations is solved straightforwardly in terms of confluent
hypergeometric functions, there are found corresponding eigenvalues and eigenfunctions.
Subsystem of 6 equations leads to one ordinary 4-th order differential equation. Corresponding
operator is factorized into permutable 2-nd order operators, so the problem reduces to solving
two differential equations of the 2-nd order. Their solutions are constructed in terms of Bessel
functions. This analysis is extended to presence of external uniform magnetic field, when
solutions are constructed in terms of confluent hypergeometric functions. The helicity
eigenvalues are found in inexplicit form, as solutions of polynomial equations of 3-rd and 5-th
orders.
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