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DIRAC — KAHLER PARTICLE IN THE EXTERNAL MAGNETIC FIELD,
CYLINDRICAL TETRAD AND FEDOROV - GRONSKIY METHOD

16-component system of equations for the Dirac — Kdhler particle in the presence of the external uniform
magnetic field has been studied. This equation describes a multi-spin boson field equivalent to the scalar,
pseudoscalar, vector, pseudovecto, and antisymmetric tensor. On the searched solutions, we diagonalize
operators of the energy, the third projection of the total angular momentum, and the third projection of the linear
momentum. After separating the variables, we derive the system of sixteen first order differential equations in
polar coordinate. To resolve this system, we apply the method by Fedorov — Gronskiy based on projective
operators constructed from generator j** for the 2-rank bispinor. According to this approach, we decompose the
complete wave function into three 16-dimensional projective constituents, each expressed trough only one
corresponding function of the polar coordinate. There are imposed additional differential constraints which
permit us to transform all equations to algebraic form. Three basic variables are constructed in terms of the
confluent hypergeometric functions, at this a quantization rule arises due to the presence of the external magnetic
field. The 16-dimensional structure of solutions is determined by the linear algebraic system of equations. We have
found five lineraly independent solutions.

Key words: Dirac — Kdhler particle, external magnetic field, cylindrical symmetry, tetrad formalism,
projective operators, exact solutions.

Yacmuuya /{upaka — Kanepa 60 enewtnem maznummnom noie,
yununopuueckas mempaoa u memoo ®eooposa — I'ponckozo

Hccnedyemes 16-komnonenmuas cucmema ypaguernutl 01s ywacmuysl /fupaxa — Kanepa 6 npucymemeuu
BHEUIHE20 OOHOPOOHO20 MACHUMHO20 NOA. DMu YPAGHEHUs. ONUCLIBAOM MYIbMUCNUHOB0e OO30HHOE NOoJe,
9KBUBANIEHIMHOE CKAAPY, NCEB0OCKANAPHOMY BEKMOpY, NCe8008EKMOpPY U AHMUCUMMEMPUUHOMY MeH30pY.
Ha cmpoawuxcs peuwieHUAX OUa2OHATUSUPYIOMCA ONepamopsl dHep2uU, mpembvell NpoeKkyul NOJIHO20 Yel08020
MomeHma u mpemveud npoekyuu umnyavca. Ilocie pasdenenus nepemeHHbIX 8bl8eOeHd  cucmemd
uz 16 oughghepenyuanvuvix ypasHenuii nepeoco ROpsAOKA NO ROJAPHOU Koopouname. Umobvl pewiumsv 3my
cucmemy, ucnoavzyem memoo ®Pedoposa — IpoHckozo, KOMOpwI OCHOBAH HA NPUMEHEHUU  NPOEKMUBHBIX
onepamopos, cmposuuxca us eemepamopa | ons Bucnunopa 2-20 panea. Co2nacno smomy memoody, nojiHas
60IH08AST PYHKYUsL PAKNAObIBAemcst 8 CymMmy mpex 16-KOMNOHEeHMHbIX NPOEeKMUBHBIX COCMABIAIWUX, KadlcOds
U3 KOMOPBIX GbIPANCAEHICL MOIbKO Yepe3 00HY COOMBEMCMEYIOUYI0 (QYHKYUIO Om HOJISAPHOU KOOPOUHAMbL.
Haxknaowviearomess oononnumenvuvie ougghepenyuanvhvie 0epanuyeHus, Komopule No380JA10M NPeodpaz0eams
6ce ypasHeHus K aneebpauyeckomy 6uody. Tpu ocHogHvie nepemenHvie HAUOEHbl 8 MEPMUHAX GbIPOICOCHHBIX
2UnepeeoMempudecKux QYHKYutl, npu 5mom 603HUKAen NPASUN0 K8AHMOBAHUs Ol OCHOBHO20 CHEeKMPAIbHO20
napamempa, 06ycio8ieHHOe RPUCYMCMEUEM MASHUMHO20 NoJA. 16-MepHas cmpykmypa peweHuti Onpeoensiemcs
U3 aHanu3a 8O3HUKAIOWeEU cucmemvl aneedpaudeckux ypaswenutl. Haiioenvt 5 aunetino He3a8UCUMBIX peuleHUll
€ COOMBEMCMBYIOWUM CREKMPOM IHEP2UU YACTUY,.

Knwueevie cnosa: Yacmuya [upaxa — Konepa, enewnee mazHumuoe none, YuiuHOpuyeckas
cuMMempus, mempaonslii hopmanusm, NPoeKmusHvle ONepPamopbsl, MOYHbIE PeUleHUs.
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Introduction

As the Dirac equation was proposed [1], there appeared papers in which they tried to
reproduce Dirac’s results within the tensor representations of the Lorentz group [2; 3]. Later,
an equivalent approach within the other mathematical techniques was proposed by Kéhler [4].

Scientific literature concerned with this field is enormous — see the review and
references in [5-7]; also see [8-23].

Three most interesting points for this field are: in flat Minkowski space there exist
tensor and spinor formulations of the theory; in the initial tensor form there are presented
tensors with different intrinsic parities; there exist different views about physical interpretation
of the object: whether it is a composite boson or a set of four fermions.

In this paper we will examine the problem of this particle in external uniform magnetic
field. In Section 1, we specify the main equation in cylindrical coordinates and corresponding
diaogonal tetrad, and then separate the variables. As a result, we derive the system of 16 first
order differential equations in the polar coordinate. To resolve this system we apply the method
by Fedorov — Groskiy [24], the last is based on the use of projective operators constructed with
the use of generator J* for the wave function with the properties of 2nd rank bispinor under
the Lorentz group. Correspondingly. we present the complete wave function as the sum of three
projective constituents, each of dimension 16.

According the general method [24], each projective constituent is determined trough
one coresponding function of the polar coordinate, F(r),F,(r), F(r) . Besides, special
differential constraints consistent with the all 16 equations are introduced, they permit to
transform these equations to algebraic form. In section 2, we study the introduced differential
constraints for basic functions F,(r), F,(r), F;(r) . They lead to 2nd order equations for all three
functions, solutions for them may be found in terms of the confluent hypergeometric functions.
In usual way, we derive the quantization rule for some spectral parameter, which later will be
related with the possible energy values of the particle. In section 3, we study the 16-dimensional
matrix structure of possible solutions, which are determined by the linear homogeneous
algebraic system of equations. In this way, we find five linearly independent solutions for the
Dirac— Kéhler particle in the magnetic field.

1. Separating the variables
In Minkowski space and Cartesian coordinates, the Dirac — Kéahler equation may
be presented as spinor equation for a 2-rank bispinor [7]:

[iy*0,-m]JU(x) =0, 1)

or alternatively as the set of tensor equations for scalar, pseudoscalar, vector, pseudovector,
and antisymmetric tensor [7]:

o¥+m¥ =0, o¥+m¥, =0,
0¥ +0,¥,-m¥, =0,

al\if—% g§™o,¥, —m¥, =0,

)
o,¥, -0, +e,*0,%,-m¥, =0.

These two descriptions are related in the following way: let 2-nd rank bispinor be
parameterized as [7]

U(X)=[—i‘I’+y' Y, +ic™ ‘Pmn+}/5‘i’+i7/')/5 ‘i’, ]E’l. 3
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The quantity E is a bispinor metrical matrix with the following properties

& 0 8aﬂ O iO'2 O
E = .1 = . A = - 2 1
0 ¢ 0 &% 0 -lo (4)
E’=-1, E=-E, SpE=0, 6™ E=-Ec®;
the inverse transformation to (3) reads
1 - 1
Y(x) = “u Sp[EU(X)],  W(x)= 2 Sp [Er°U ()],
1 ~ 1
Y (x) = 7 5P [ExU], ¥ ()= 7P [Er*rU (X)], (%)
W1 (9 = - 59 [Eo, U (W],
i
In cylindrical coordinates and tetrad
X“=(t,r,¢z), dS®=dt>—dr’®-r’d¢*—dz?,
the Dirac — Kéhler equation [7]

[iy*(x)(D,+T, ®1+1®T, (x)-MU(x)=0, D, =0, +ieA,, (6)
in presence of the external uniform magnetic field A, =-—— (Iet Ux)=V(x)/r
and Be — B) takes the form

- 0 i1 1, A Bré, . 5 _

[iy 8t+|78r+F;/ Qo +T(|8¢+T)+|y 0,-MN(x)=0. (7)

We will search for solutions in the form
fll f12 f13 f14
— At qimg 4ikz — f21 f22 f23 f24
V(tr,¢g,z)=e“e™e™F(r), F(r)= , (8)
f3l f32 f33 f34
f41 f42 f43 f44
then the equation reads
[ +i : +17/ ®c +7 (—m+ﬂ) ky® ~MIF(r) =0. ©)
Recall expressions for Dirac matrices in spinor basis
0 010 0 0 0 -1 0O 0O O i
, 0001 , o0 -1 0 , 00 -0
hLooo "lo1r o of 7o o o
01 00 1 0 0 O i 0 0 O
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0 -1 0 1/2 0 0 0
0 0 -1/2 0 0
7/3 = ’ 0_12 - O~_12 -
1 0 O 0 0 1/2 O
0 -1 0 O 0 0 0 -1/2

Below we will apply the method by Fedorov — Gronskiy [24].
To this end, we present the complete wave function as the 16-dimensional column

Fl f11 1:12 f13 f14
F f f f f
F = Fz Fl — f21 , Fz — f22 , F3 — f23 F4 — f24
3 31 32 33 34
F4 f41 f42 f43 f44

Correspondingly we should present the third projection of the spin Y =S,
in 16-dimensional form

O O O O o

|
[REY
o O O O O o o

(10)

O O O OO OO O o o o o o

|
[
O O O O OO O O O o o o o o o

O O O O O O OO O O o o o o o o

O O O OO OOk, OO0 O o o o o o

O O O OO OO O O o o o o o o o
o

O O O OO FrPr OO O O O o o o o o

O O O OO OO OO o o o o o o o

O OO OO0 OO0 OO0 OO0 O oo o o
oooooooo||_\
O O O OO OO0 OO0 OO0 O o o o o

O O O O O O OO O O O o o o o -
O O O OO OO O O o o oo o o o
O O O OO OO O O o o oo o o o
O O O O O O O O O o o o o prr o o
O O O OO OO O O O o o o o o o

O O O O O O o o o o

0

|
=

Let us note the eigenvalues of the matrix Y :

det(Y —Al,,) = A°(27-1) =0 =
A=-1 multiplicity 4, A=+1 multiplicity4; A=0 multiplicity 8.

(11)

We readily verify that the minimal equation for this matrix has the form Y®-Y =0;
correspondingly, we may introduce three projective operators

a:%Yw+n 2:%Yw—n P =1-Y?,

R+R+R=1, R'=R, P =R, R'=Py
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explicit form of them is
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Therefore, three projective constituents are defined by the formulas (according

to Fedorov — Gronskiy method [24], each projective constituent should be determined through

one function):

(12)

o [0

0

f21

0

fa
f,
0
f3

0

f23

0

f43
f14

0

fas

0

(fls - f31)/2

1 [FO. w0

/2

o O o o

(fo+fu)/2

f44

_ (f42+ f24)
(flS_ fsl)

fll

0

(fa+f5)/2

o O O o

PRIACIRAG

( f13 + fSl)

f33

(f,— )12

| (f—Tfu)/2
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It is convenient to introduce the following notations

1

1 1 1
E(f13+f31):A’ E(f13—f31):B, E(f42_f24):Cv E(f42+fz4:Dv

13
f,=A+B, f,=A-B, f,=D+C, f,=D-C, (13)
f, 0 0
0 0 f,
A B 0
0 0 f41
0 0 f,
0 ) 0
0 0 f,
C D 0
lPl(r) = A Fl(r)v \Pz(r) = B h Fz(r)a lPs(r) = 0 Fs(r)-
0 0 fy
fy 0 0
O O f43
O 0 f14
_C D 0
0 0 f34
0 f,, 0
2
Now we turn to the system of equations after separating the variables (let z=m _BTr ):
(%+ﬂ_llz)f41—iMfll—igf3l+ikf31 = o,(%+ “+1/2)f42 —iMf,, —igf,, +ikf, =0,
(%+ p- 2) o —iMf,, —ie fyy +ikfy, =0, (%+L1/2) f,, —iMf, —ief,, +ikf, =0,
d u-1/2 . . . d u+1/2 . . .
(E_ ad ) f,, —iMf,, —icf,, —ikf,, =0, (E_ i ) f,, —iMf,, —ief,, —ikf,, =0,
d -1/2 . . . d +1/2 . . .
(E_ﬂ ) fpy —iMf, —ie f,, —ikf,, =0’(E_ﬂ ) fy —iMf,, —igf,, —ikf, =0,
d u-1/2 . . . d u+1/2 . . .
_(E+ﬂ ) f,, —iMf,, —igf,, —ikf, :0’_(E+ﬂ )f,, —IMf,, —ief, —ikf, =0,
—(%+ p- 2) f, —iMfy, —icf, —ikf, = o,—(%+ ptl 2) f,, —iMf,, —icf, —ikf, =0,
d -1/2 . ) . d +1/2 ) . .
_(E_ﬂ ) £, —IMF,, —ie f,, +ikf, =o,—(§—“ ), —iMf,, —ief,, +ikf,, =0,
d u-1/2 . . . d u+1/2 . . _
(- A oy f, —iMf, —ie Ty +ikfy, = 0,4~ ATl 2y 8, —iMf,, —ief,, +ikf, = 0.
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With the shortening notations

d u+1/ 2 _ d u-1/2 _

dl’ -t r u+1/21 d r - “u-12 (14)
d ,u+1/2 d wp-1/2 —b

dr ¢ Tmv2 4o r 120

the above equations read

8, 1, fy —iMfy + (s +iK) f,, =0, @y, f,, —iMfy, + (—ig +ik) f,, =

)

8, 1, fio —iMfy, + (s +iK) T, =0, @,y —IMF, + (s +ik) f,, =

0
0’
b, yo fa —IMf,, + (—is —iK)f,, =0, b, f, —IMf,, +(—is —ik) f,, =0,
b 0

u=12

—a, 4, Ty —iIMfy + (e —ik) f,, =0, —a, ., f,, —iMf, +(-ie—ik) f, =0,

foy —iMf,,+(—ie—ik)f,; =0, b, f,, —iMF,, +(=is—ik) f,, =0,

—a, ), fpy —iMfy +(-ie —iK) f, =0, —a,,, f,, —iMf,, + (g —ik) f,, =0,
b,y fi —IMf, + (s +iK) f,, =0, =D, 1, —IMF,, +(—ig+ik) f,, =0,
b, 1, Fig —IMfg + (-l +iK) foy =0, —b,,, f,, —IMF,, +(-ig+ik) f,, = 0.

Let us transform these equations to other variables

=(A+B), f,=(A-B), f,=(D+C), f,,=(D-C); (15)

then we get

1 a,,f, —iMf11+(—ig+ik)(A—B)=0

2 a#+1,2(D+C) IMf, + (—ie +ik) f,, =0,

3 a,,f-IM(A+B)+(- |g+|k)1‘33 0,

4 a,y, f44 IMf,, + (—ie +ik) f,, =0,

5 b,,(A-B)-iMf, +(-ie-ik)f, =0,

6 b, f,—iMf, +(-ie-ik)(D+C) =0,

7 b, Ty —iMf, +(-ie—ik) f,; =0,

8 b,y,f, —IM(D-C)+(-ie-ik)f, =0,

9  -a,,f,,-IM(A-B)+(-ie-ik)f, =0,

10 -a,, f22 —iMf,, + (-ie —ik) f,, =0,

11 —a,y, Ty —iMf; +(-ie-ik)(A+B) =0,

12 -a,.,(D-C)-iMf, +(-ie-ik)f, =0,

13 -b,, T, —iMf, +(-ie+ik)f, =0,

14 =b,.y, f, —"IM(D +C) + (-ie +1k) f,, =0,
15 -b, ,(A+B)—iMf,, +(-ie +1k) f; =0,

16 —b,.,,f, —iMf, +(-iz+ik)(D-C) = 0. (16)
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It is convenient to apply (temporally) the shortening notations
a"_llz =a, a/l+1/2 =ay, b,u—l/Z = bu b,u+1/2 = bza

further we derive

2)+12)
a,(D+C)—iMf, +i(—e+k) f,, —a,(D—-C)—iMf,, +i(-e—k) f, =0,
2)-12)
a,(D+C)—iMf, +i(—e+k) f,, +a,(D—-C)+iMf,, —i(-e—k)f, =0;
3)+9)
af,+i(-e+k)f,—af,+i(—s—k)f,-iIM(A+B)-iM(A-B) =0,
3)-9)
af,+i(-e+k)fy+af, —i(—e—k)f,—iIM(A+B)+iM(A-B)=0;
5)+15)
b (A-B)—iMf,, +i(—e—k) f,, —b (A+B)—iMf, +i(—e+k) f,, =0,
5)—15)
b (A-B)—iMf,, +i(—e—k) f,; +b, (A+B)+iMf, —i(-e+k) f, =0;
8)+14)
b, f,, +i(—e—k)f, —b,f, +i(-s+k)f,, —iIM(D-C)-iM(D+C) =0,
8) —14)

b, f,, +i(-e—k)f,, +b,f,—i(-¢+k)f,,—-iIM(D-C)+iM(D+C) =0;
equations 1) and 11)
1)  af,+i(-e+k)(A-B)—iMf, =0,
11)  -af,, +i(—e—k)(A+B)—iMf,, =0,
give
ia (fak+e)+ f(k-8))+ fuM(k—g)— f M (k+¢)

A= Z(kz—gz) ’

. ia, (fu(k+8)+ fu(e—K))+ fuM (s —k) - fuM (K +¢)
- 2(k —&)(K +€) ’

equations 6) and 16)
6) b, f,+i(—e—k)(D+C)-iMf,, =0,
16)  —b,f,+i(-e+k)(D-C)—iMf,, =0,
give
M (f,(k+&)+ f(k—&))+ib, (f,(k—&)—f,(k+¢))
Z(k2 —52) ’

C=
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b, (s (k—&)+ fip(k+8))+ M (K+2)+ F,,M (6 — Q.
2(k —)(k+)

p=_]

the remaining equations preserve their form
4)  a,f,+i(-e+k)f, —iMf, =0,
7)  bf,+i(—e—k)f,—iMf, =0,
10 —a,f, +i(—e—k)f,—iMf,, =0,
13)  —bf,+i(-e+k)f, —iMf, =0.
Recall dependence of 16variables on the three basic functions

¥, f,f., AC=>F; W, f, f,BD=>F,;

(17)
lII3’ f12’ f21’ fl4’ f41’ f23’ f32’ f34’ f43 = FS'

convenient to collect equations in three groups (follow the variables at the mass parameter M ):
|

18, FFy (K +8) =18, 1, F Py (k—8) + 2AF, (K2 &%)+ f,FM (s -K) + ,EM (k +2) = 0,3, ,,,F, =C/F,,
—iaﬂfﬂ2 fF(k+e) +|a# o fuFk—€)+2BF,(k-¢)(k+&)+ f,FEM(k-¢g)+ f,FEM(k+£)=0; B=0,
—a, 4, TR+, ), fF —2IAFM —if , F (k — &) +if R (k+£) =0,

b,y FoFs 0,0, T3y F —if,, F (K + &) +if,F (e —k) +2IFCM =0, C=0, b, ,,F, =C,F,

I
a4, R +a, , f,F—2IBEM +if | F (k—¢) +if;F(k+£) =0, B=0,

b, fuF(k=g)+ib,,, TR (k+&) + f,,F,M(k+&) + f,FM(k-g)+2FC(k*~£*)=0,C =0,

b, T B +0,,,0, T3 R +if,, F (K + £) +if, F, (6 —k) — 2IF,MD =0,

=ib, ., R (k=&)—ib ., fpF(k+&) - f,,EM (k+¢&) + f,,FM (k- £)+2F,D(k*-£*) =0;

o
1l
—Zb}HIZBF2 +if R (k + &) +if,,F (e — k) —if ,FM —if ;,F;M =0, B =0,
_b,u7112 f,F+if,F(k+¢)-if ,FEM =0,
2ay+1/2 FC—if ,F(k—¢&)+if,F(k+¢)—if ,FEM —if,FEFM =0, C=0,
—Q,2 f,,F, +if ,F (e —k)—if,,F;M =0,
bﬂfl,2 f.F +if ;R (e —k)—-if ,FM =0,

2Ab, . F —ifxF(k+&) —if, F(k— &) —if,,F,M +if ;F;M =0,
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a1, fuF, +ify, R (k+&) —if ,F;M =0,

2a,,,,F,D+if F,(k—&) +if,F(k + &) —if ,F;M +if ,F;M = 0.
In accordance with the general method by Fedorov — Gronskiy [24], we should impose the
relevant differential constraints which will permit us to transform all equations to algebraic form

B=0,C=0, a,,RR=CH,b, ,,F=CF,b, ,,F=CF,a,,,F =CF; (18)
in this way we obtain
I
—if,,C,F, (k +&) —if ,C,F. (k —&) + 2AF, (k* —£*) + f,FEM (e k) + f,FM (k + &) =0,
—if,CF(k+¢&)+if, CF(k—&)+ f,FEM(k—¢&)+ f,,FM(k+¢) =0;
—f,C,F + f,,CF —2IAFM —if ,F (k— &) +if,F (k + &) =0,
f,C,F, + f,,C,F, —if ,F,(k+ &) +if ,F,(¢ —k) =0,

f,,CF + f.CF +if ;R (k—¢&)+if ;R (k+&) =0,
—if ,C,F,(k—&)+if,,C,F,(k+&)+ f,,FM(k+ &)+ f,,FM (k—¢) =0,
—f,C,F, + f,,C,F, +if,,F, (k + &) +if ,F, (6 —k) — 2iIF,MD = 0,
—if ,C,F, (k — &) —if ,C,F,(k + &) — ,F,M (k + &) + f,,F,M (k —&) + 2F,D(k? — £?) = 0;
1l
if ;5 (K + &) +if  F, (e —k) —if ,F;,M —if ,F,M =0,
—f,CF, +if R (k+¢)—if ,FEM =0,
—if R (k—¢&) +if, R (k + &) —if ,F;M —if,,F;M =0,
—C,k f,, +if ,F, (e —k) —if,,F;M =0,
f,,CsF; +if R (e —K) —if ,F;M =0,
2AC,F, —if,,F,(k + &) —if ,F,(k — &) —if ,,F;M +if ,F;M =0,
f.C,F +if,R((k+¢&)—if ,F;M =0,
2C,F,D+if ,F(k—¢&)+if,F(k+¢&)—if ,FM +if,,F;M =0;
reducing the total multipliers in each equation we arrive at the algebraic system

|
—if,,C (K + &) —if,,.C,(k — &) + 2AK® — £%) + .M (e —K) + T ;M (k + &) = 0,

—if,,C, (K + &) +if,,C,(k— &) + M (K —&) + T .M (K +£) =0
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—1,,C,+ ,,C, — 2IAM —if, (K — &) +if 5 (k +&) =0,

£,C, + £,C, —if,, (K +&)+if, (¢ —k) =0,

£,C, + ,,C, +if, (k—&) +ifyy (k+&) =0,
—if,C, (k — &) +if,C,(k +&) + f,,M (K+&)+ f,M(k—&) =0,
—£,C, + £,C, +if, (K + &) +if , (6 —K) — 2IMD =0,
—if,C, (k — &) —if,C, (k + &) — T,,M (k + &)+ f,,M (k — &) + 2D(k? — £?) = 0;

1l
if, (k + &) +if, (¢ —K) —if ;M —if,;M =0,

—1,C, +if,, (k+&)—if,M =0,
—if, (K — &) +if, (K + &) —if ,M —if,M =0,
—C, f,, +if, (e —k) —if,M =0,
£,,C,+if 5 (6 —K) —if,sM =0,
2AC, —if 5 (k +&) i, (K— &) —if ;M +if,;M =0,
f,,C, +ify, (k+&)—if ,M =0,
2C,D +if,, (k — &) +if, (k + &) —if ,M +if,M =0,

2. Differential constraints
Let us study the above differential relations

a,,,R=CR, b,,R=CF,letC,=C,

§%
- _ _ (19)
b,u+l/2F3 - C2F21 a,u+l/2F2 - C4F3, let C4 - CZ'
We readily derive the 2nd order equations
(@, 12D, 22 -C/)R =0, (b, 128, 4 -C/)FR, =0, (20)

(by+112ay+l/2 _sz) Fz = O’ (aﬂmzbﬂu/z _sz) Fa =0.

Bearing in mind the definitions

d u+l/2 _ d u-1/2 _
E r = Gusy20 a r = G20
d wu+1/2 _ d ,u—1/2_b
E_ r T Nus20 a_ r = Mu-120
we can find the needed products of operators
_ A (4u-2)u+3) _d (14
a,u—l/Zb,u—I/Z - F_ 4r2 ) b,u—l/Za,u—1/2 - drz + 4I’2 ’
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_d? (Bu(u+2)+3) d>  (1-44°)
b/Hl/za/Hl/z - drz - 4r2 ’ ay+1/2b,u+1/2 dr 1.2 -2t 4r2 '

So we arrive at four differential equations for 3 functions:

d2  (4(u-2)u+3) L (1—4ﬂ)
(drz_ ar? —Cf)Fl—O, (dr2+ C)F 0,

) 2 (1-4
(%_(4;1(;14—!;22)4-3)_(:22)':2:01 (%+w C2)F, =0.

The second and fourth equations agree only if C2 =C? =C?.
Thus, we have only three different equations:

(d_z_(4ﬂ(ﬂ—2)+3) _CYF, =0,

dr? 4r?

d?> (Gu(u+2)+3

a2 (1-44°
(52 +%—CZ)F3 =0.

Allowing for that z=m+Br?/2, we arrive at

m?> 2m 3
(——ZB Bm+B——2+r—2—P—C2)F1=O,
d? 1 m?> 2m 3
— _ZB-Bm-B-— -2 > _C?F, =0, 22
dr? 4 r2 r?  4r? )Fs 22)
2
(——%BZZ Bm—%+4—i2—C2)F3: .

In a new variable x =r?, the above equations read

2 2
xS 29 g ppep M 2M 3 copag
d “dx 4 X X 4x
2 2
(4Xd—2+21—18 X — Bm B_m__z_m_i_(:z)lz2 =0, (23)
dx dx 4 X X 4Xx
d? d 1 m* 1
(e T2 g BX Bty mCOR =0

We use the needed substitutions for three functions:
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2 2
(4x—2+21—1 B?x—Bm+ B—m—+2—m—i—C2)xAleDX f.(x) =0,
dx dx 4 X X 4x
2 2
xS 129 Ll gy op M _2M_ 3 coymeong ()=,
dx dx 4 X X 4x
2 2
(4x—2+21—1 B?X — Bm—m—+i—C2)xA3eDX f,(x)=0.
dx dx 4 X 4x

this results in

3

2

8AD-Bm+B-C?+2D A "2A-(M-2)m-— g2
+

——+4D%)f, +
( X X 4 )
+BA*2 gDyt vat” =0,
X
_ —C? —4 2m+3)(4 2m+1 2
(BAD-Bm+1)-C +2D (—4A+2m+ )5 A, +2m+ )_B_+4D2)f2 N
X 4x 4
+RF2 gDyt vaf) =0,
X
2 4A§—2A3—m2+£ 2
(BAD-BmM-C"+2D 4 By BBT2 eyt 44t =0,
X X 4 X
Let us impose the evident constraints
) 3
B2 AN -2A -(M-2)m——
~ 2 4+4D% =0, i 4-0,
4 X
—B—2+4D2:O, (—4A2+2m+3)2(4A2+2m+1): |
4 4x
——+4D% =0, - =0,
4 X
their solutions have the form
B >0, D:—E,
4
1 1
Alzz(—2m+3)>0, m=0,-1,-2,...; A:Z(Zm—1)>0, m=1,2,3,...;
A2=%(—2m—1)>0, m=-1,-2,-3,...; AZ:%(2m+3>O), m=-1,0,+1.,...; (24)
AS:%(—2m+1)>O, m=0,-1,-2,..; AB:%(Zm+1)>0, m=0,+1,42,...

Taking into account these conditions, we get more simple equations
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4xf,, +(8A +2-2Bx) f, + (~2BA —B(m-1)-C? —g) f,=0,
4xf,, +(8A, +2—2BX) f, +(—2BA, —B(m+1)—C? —g) f,=0,

4xf, +(8A,+2—-2Bx) f, +(-2B —Bm—CZ—E)f =0,
3 3 2 3

In the variable y=ax,a= g , they take the form

d? 1 d m-— 1 c?

— L +QRA+=-y)—f — —+—+)f, =
ydy2 1+ ( At+s y)dy —(A+ > 355 4)

d? m+l, C2

f,+|2 +—— —+)f, =

v [ A, yj (At )
y— d f +(2A3+——y] d (A3+m C—2+—)f =0.

dy? ° dy ° 2 2B 4

Here we have three confluent hypergeometric equations,
d? d
— f.+(c—y)—f, —af =0,
ydy2 i ( y) dy 1 il
the quantization condition is a =-n,n €{0,1,2,..}; whence we derive (recalling
Xx=r%y=Br?/2)

f,, C?=-2B(n + A1+mT—1+E), F = xAle‘BX’4F(2A&+%,—n1, y);

f,, C?=-2B(n, Az+m—+1 E) F2=XA2eBX’4F(2Az+%:—”z'Y)? (25)

f,, C?=-2B(n,+A +E+Z)’ F, = x5 ™ F(2A, +%,—n3, y);

evidently, the parameter C is imaginary. Besides, the values for A, A,, A, should be positive;

depending on the sign of the quantum number m, we have two different possibilities in each case.
Depending on the values of the quantum number m , we have the following
quantization rules

F, m=0,-1,-2,..; A:M,
2
c?=—2B(n+A+M 1 Ly= op(nM+3/2, m-1 l)_—2B(n+ 2
2 4 2 2
F, m=-1-2-3.: A=_m-1/2
2
m+1 1 —-m- 1/2 m+1 1

C?=-2B(n, + A2+— —)——ZB(2 5 5 _)__23( +)
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F,, m=-1,-2,.. Aaz—m;ll2

.
czz—zs(n3+A3+g+%):—2B(n3 m+l/2, E 1) —ZB(n3+%);

and

F, m=+1,42,43,..; A= 21/2

CZ=—ZB(nl+A1+mT_1+%)=—ZB(n1 m-1/2 m21 L= 28(n, +m——)

F, m=0,41,42.. A= m+23/2,

C?=-2B(n, A2+m—+l 1)_—23(2 m+3/2 m2+1 Ly = oB(n, +m+ )

F,  m=0+1,42,..; Ag_m”/2

CZ:—ZB(n3+A3+%+%):—ZB(n3 m+1/2 % L= opn, +m+—)

3. Solutions of the algebraic equations
Let us turn to solving the algebraic system, where C,=C,=C,=C
It is convenient to apply the matrix presentation.

We can note that the number of equations, 16, does not coincide with the number of the
variables, 14.
First, consider three equations that contain the variable A:
—if,,C(k + &) —if ,C(k —&) + 2AK* —&*) + f,M (e —K) + f,,M(k+£) =0
—f,,C+ f,,C—2IAM —if ,(k—&) +if,(k+£) =0,
2AC —if,,(k+ &) —if,, (k—¢&)—if ;M +if ;M =0,

Expressing from the third equation the A, and substituting it two remaining we obtain

if,,(k+2)(C°—k*+&%) if, (k—g)(C* -k +&°)

C C
. if,MKk-&)k+e) if,MK-s)k+e) F T M (—K)+ f M (k+2) =0,
C C
f..MK+e) f,Mk-¢ M 2 M2, . .
23 C(: )+ 41 ((: )+ 21(C —C)+f43(c—T)—ufll(k—g)+|f33(k+g):o,

so instead of three equations we get two ones.
Now, let us write down three equations that contain the variable D:
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—£,C+ f,C+if,, (K +&)+if, (6 —k)—2iIMD = 0,
—if ,C(k — &) —if,C(k+&) — T,,M (K +&)+ f,,M(k — &)+ 2D(k> — &) = 0;

2CD +if,, (k — &) +if, (K + &) —if,,M +if,M = 0.

Expressing the D from the third equations and substituting in two remaining, we get

f M(E-k) f32|\/|(k+8)+ le('\g —C)+ f34(C—M?)+if22(k+e)+if44(8—k):0,

C C
if, (k—e)(C?+k* —&?) if,(k+e)(C?+k*—¢?)
_ _ +
C C
N |f12M (k E:g)(k +€) _ |f34M (k ;8)(k +€) _ f22M (k+8)+ f44M (k_g) =0,

again instead of three equations we get two ones.
Therefore we have derive a new system, let us present it in the matrix form

Ap1o X120 =0, X =the column{f,,, f,,, Ty, 50 T, Top, T fag fuas T faa T}

A rank of the matrix A equals 12. If one removes the rows 1 and 2, the rink does not
change. Determinant of the resulting matrix A, ., is

16iM (k2 —£2) (C? +Kk? ~M? —£2)(C? ~K* ~M? +£2)
o2 :

Equating this determinant to zero, we find possible values for C:

C=+ive?—k*~M?2, multiplicity 5,

C= im, multiplicity 2.

According to eq. (25), we have restriction C*<0.
Therefore, the roots from the first line are appropriate.
For definiteness, we take

C=+ive?—k2-M?2 = g -k®*-M2=_C2 27)

Remembering on the quantization rules for C?, we will use the formula

dEt A.leZ =

(26)

£ —kP—M? = 2B(n, + A + M+ D), (28)
24
where

ASZ%(—2m+1)>O, m=0,-1,-2,... A3:%(2m+1)>0, m=0,+1,42,...

Now we are to study the above system at C = +ive? —k*—M? =iE : its rank equals 7.
One may eliminate the row 1, 2, 4, 6, and 9.
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Then remove on the right side the columns 1, 2, 4, 7, 10.
As a result, we obtain the nonhomogeneous system

A7><7X7><l = I:z7><l’

where

A, =|-ME=2)

0

o O o

i(k—¢)

0 0 0
0 ik +¢) 0
0 0 iE
0 0 0
0 0 ik +¢)
itk +¢) iM(';”) 0
K+6)(2k? + M? - 252
Mkrs) ( +) (2K + &)
E
iM 0
0 iM
0 0
0
+ 0 f+ 0
i(k=¢)k+eg) )
— Lik=e)(k+2)
0 E
.  M(k=g)(k+e)
E

M(k-¢)

E

(k—¢)(2k* +M? -2¢7)

E

=~
=

N
N

)
bS]

~
[

o«
r

Let us write down independent solutions; we write down their 16-dimensional form

1,

f
f
f

f,=1,1,=01,=01,=01,=0 |5
f
f
f

—h o h h o h P h h
&

=
=
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kK+e&
|
f22 o
b2 (k-¢)E
2, f,=0,f,=11f,=0,f,=0f,=0, |fg|= VE
e k?+M?-¢g*
ful |- YE
fas 0
0
0
fu E
f22 K+¢
fa, M
3, f,=0,f,=0f,=1f,=0,f,=0, |f,|=|k+s[;
fis 0
fy 0
fa 0
0
0
fur 0
fr 0
f32 E
4, f,=0,1,=0,1,=0, 1, =1 f,=0, |fo|=| M|
ful |kK+e
fa M
faq 0
0
0
far 0
f22 0
fa 0
S5 f,=0,1,=01,=0f,=0f,=1 |f =] o
fis e—k
fa M
fi E
Y

Recall that
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e i(fruk + fuk+ f,M — f,,M + fe— f,6)
2C
(= fuk = fok+ F,M = f, M+ fe— fe)
- 2C

so we can find expressions A and B for each of five solutions

Aizgl\;k’ AZ:_&’ %:O’AA:O'A\S:O;

D,=0, D,=0, D,=0, D,=0, D,=0.

(29)

Finally, we obtain 16-dimensional presentations for five solutions (let

Je?-M2-Kk® =E):

Fi(r) 0
0 Fy(r)
G I R =
21 21
fa 7£F3(I’) fa k+gF3(r)
fu M fu M
f 0 f 0
f1z 0 f1z 0
f22 0 fzz 0
faz 0 f32 0
43 43
(0 = = &— k ¢ = = E s
Yol v FE 7 |, _ﬁFl(r)
fl f
0 23 0
f33 (k _5)2 f33 (k — E)E
fo| | gz D fol [z (0
ful |(k-e)E fia E?
fo M2 Fa(1) fo WFS(r)
fa 0 fa 0
f44 O f44 0
0 0
0 0
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0 0 0
f11 0 f11 0 f11 0
le 0 f21 0 f21 0
f31 0 f31 0 f31 0
fu F,(r) fay 0 fu 0

f f f
12 E K1) 12 0 12 0
fzz k+e fzz 0 fzz 0
faz M F3 (r) f32 0 faz 0
_ f43_ k+e _ f43_ 0 _ f43_ 0

P = il 0P = £ 17 195 = £ :

13 13 F3(r) 13 0
fzs 0 f23 E fzs 0

f 0 f __Fl(r) f
3 3 M 3 0
fus 0 o [k+ep oy fus F(r)
f14 0 f14 M f14 0
f24 0 f24 0 f24 c—k E (r)

fa 0 fa 0 fa M
faa 0 fia 0 faa —EF (r)
0 0 M 2
Conclusions

16-component system of equations describing the Dirac — Kahler particle in the
presence of the external magnetic field has been solved. On the searched solutions we
diagonalize operators of the energy, third projection of the total angular momentum, and the
third projection of the linear momentum.

After separating the variables, we derive the system of sixteen first order differential
equations in polar coordinate. To resolve this system, we apply the method by Fedorov —

Gronskiy based on projective operator constructed from generator J** for the field under
consideration. According to this approach, we decompose the complete wave function into
three 16-dimensional projective constituents, each expressed through only one functions of the
polar coordinate. In the present system, these three basic functions are constructed in terms of
the confluent hypergeometric functions, at this a quantization rule arises from the polynomial
requirement. The 16-dimensional structure of solutions is determined by the arising linear
algebraic system of equations. In this way, we find five independent solutions for the Dirac—
Kahler particle in the magnetic field.
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