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HEKOTOPBIE NPUJIOKEHMSI
TEOPUM JUPPEPEHIHUAJIBHBIX YPABHEHUU U UX CUCTEM
K ®PU3NYECKUM ITPOLHECCAM

Tpu uzyuenuu sagrenuii npupoosl, peuieruy MHO2UX 3a0a4 U3UKY U MeXHUKU, XUMuu u buorozuu, opy-
2UX HAYK, a maKoce npu peulenu NPUKIAOHbIX u3uieckux 3a0ay mpeoyemcs sHAHUe MAMeMamuKy Ha 00Cma-
MOYHO 8bICOKOM YposHe. [109momy npu uzyueHuyu Mamemamuieckux npeomemos y pusuxoe Heobxooumo mame-
MamudecKkue noHAmus pacCMampueams 8 MeCHOU Céa3U ¢ PU3ULeCKUMU RoOHsmusAMU. B nyonuxayuu npogodum-
¢ usyueHue ou@epenyuaibHblX YpasHeHull u ux CUCmeM Ha NpumMepax uauyueckux 3a0ay ¢ yenvto bonee 2uy-
00K020 YC8OEHUs IMUX NOHAMUIL.

dusnko-MareMaTHueCcKue (HaKyIbTeThl YHUBEPCUTETOB YICISIOT OOJNBIIOE BHUMAHUE
u3ydeHuo TudepeHIaIbHbIX YpaBHEHUH, TpeOyromux (GopMaIbHOro UX pelieHus, a TakK-
e PEIICHUIO TEXHUYECKHX M MPHUKIAIHBIX 3ajad, MPUBOIIIINX K COCTABICHUIO MU depeH-
LIMAJIbHBIX YPABHEHUM.

JuddepeHnnanbHble ypaBHEHUS! UTPAIOT 3HAUUTENBHYIO POJIb B MIPUIIOKEHUAX MaTe-
MaTHKN K TEXHUYECKUM HaykaMm. C IMOMOIIBIO TaHHBIX YPAaBHEHUI MHOTHE MPUKIIAIHBIE ITPO-
LIECChl OMMCHIBAIOTCA MosiHee. OHM MOMOraroT pelaTb MHOTHE BOIPOCHI OOIIETEXHUYECKUX,
a TaKk)Ke CHelMaTbHbIX MPUKIAAHBIX TUCHUIUIMH: (PU3UKH, TEOPETUUECKOW MEXaHUKHU, COTIPO-
TUBJICHUS] MaTepHUaJiOB, TUIPABIMKH, TEOPHUH MAIIMH M MEXaHU3MOB, XMMHHU, TEXHOJIOTUU
IPOM3BOJICTB, OMOJIOTHH, T. K. AU (epeHInanbHble ypaBHEHUs 4acTO BO3HUKAIOT B IpoIEcce
pelIeHNs JaHHBIX BOIIPOCOB.

MHorouuciaeHHble U pa3HOo0Opa3Hble TEXHUYECKHE MPUI0KEHUS TEOPUU OOBIKHOBEH-
HBIX JU(QepeHnanbHbIX YpaBHEHUH TpeOylOT TIIyOOKOro 3HaHMsI pa3HbIX (U3MUECKUX
Y MaTEMAaTUYECKUX 3aKOHOB.

[Ipu nmomonu 3aa4 MHXEHEPHO-TEXHUUECKOTO XapaKTepa MOSBISETCS BO3MOXHOCTh
OBJIAJIETh METOAAMHU pelIeHUs MU depeHIINATbHBIX YpaBHEHUH. Y IOMSHYThIE BBIIIE 33a4U
00JIeryaroT U3y4eHue psijia BaXKHEHIINX AUCIUILINH, KOTOpPbIE SBISIOTCS OCHOBOI 0Opa3oBa-
HUS CTICIIMAIIACTA JTF000M OTpaciy.

3apgava. Haiitu QopMmyny KpUTHUECKHX CKOpPOCTEH TOHKOI'O BpalIaroIlerocs Baja
nmanoi | . Paguyc nonepeunoro ceyenns Bana @, ec P u Moayns ynpyroctu matepuana E .

Pemenne.

1) Ilp yBenmM4eHUH YIIOBOH CKOPOCTH Bpallaromierocsi Bana or s3HaueHus @ =0
JI0 HEKOTOPOTO IPENENLHOTO 3HAYEHHS (¥ = (1) , HA3bIBAEMOTO KPUTHIECKOH yrIOBOM CKOPO-
CTBIO, BaJl COXPAHSAET CBOKO MPSAMOJIUHENHYIO OCh. B MOMEHT TOCTHMKEHUSI KPUTHYECKOU CKO-

pocTtn C()l BaJI UCKPUBJIACTCA U HAYUHACT OUTE. HpI/I JalbHEHIIIEM YBCIUYCHUN ) OueHue

MMPEKpalacTCd, a 3aTEM BHOBb BO3HUKACT IMPU BTOpOI71 KpHTH‘-ICCKOﬁ CKOpPOCTH 6()2 , 1 TaK IIC-

PUOJIMYECKH.
2) Ilpu BpalleHHH W30THYTOTO Baja Ha KaXKIbIi €ro 3JeMEHT ACHCTBYET IEHTPOOEK-
Hasl CUJIa, KOTOPYIO MOKHO CYUTATh HEMPEPHIBHO PACTIPEEICHHOM HArpy3KOH.
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. 2
Ha snement & Bana (pucynok) aeiicTyer nentpobesxnas cuia F =Ma 7, e m —
macca snementa (&, @ — yrioBas ckopocTb BpaleHHs, 7] — TPOrMO, paBHbIH pajguycy

BpalicHus 3JICMECHTA d é .

P
Bec snementa & pasen I—df ,aMacca M= —Idf . Takum 00pazoMm, sneMeHTap-
g
P 5 y
Hast neHTpobexnas cuna dF =—@° -77-d&. Mporu6 77 ssnserca Gpynxkumeit &, onpesne-

gl
P

o . 2
JAs€eMON ypaBHEHUEM ynpyrod iuHud. TakuMm oOpa3oM, BbIpakeHUE — -@'7) = f(f)

H OKOHYATCJIbHO 3JICMCHTApHAasA HeHTpO6C)KHa§I cujia
dF = f(g‘)déz%-a)zndg. (1)
g

MOMEHT 3TOM CHJIBI OTHOCHTEIBHO POU3BOJILHOTO ceuenus B Oymer:

dF -(x—&)=(x—-&) f (£)dE.

AHaNOTHUYHO MPEABIAYIINM PACCYKACHUSIM U3TUOAIOIINI MOMEHT

ez L e
X
—
Sy
-
X
0
; >
n ¥
B(x;y)
Yy
Pucynox

Juddepenunpys moa 3HaKOM MHTErpajia JIBaXJbl 3TO BBIpaKEHHE MO mapamerpy X,
MOJTYYUM:
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dM dx d
K_!;f(§)d§+(x—x)f(x)&—(x—o)f(o)&_
= [ (£)de;
0
d’M | dx d
™ _.([O-d§+f(x)&—f(0)&(0)—f(x). 0

P
T. x. Ha ocHoBaHuM paBenctaa (1) f (X) =— a)zy , TO BbIpakeHUe (2) MpuMeT BUI:

2 2 2 2
d’™M _d (Ejd y]:Pa) y

dx2  dx? dx® gl
[onyyaem nuddepennunanbHOe ypaBHEHHE YIIPYTOW JIUHUU:
d'y P’
- — y =0. 3
dx* EJgl
2
BBoaum 0003HaueHKE Elal =("*. Torna ypasrenue (3) npuMeT BHL:
g
dy
~—qy=0.
dx

Pemras 3T0 HenosmHOE MUHEHHOE ypaBHEHUE YETBEPTOTO MOPSIKA, MOTydyaeM XapaKTe-

PUCTHUYECKOE YpaBHEHHUE:

(r—a)(r+a)(r*+g°)=0.

KopHsamu xapakTepucTHIecKOTo ypaBHEHUS Oy IyT:

n=q,

r,=-q,
r, =qi,
r, =—qi.

Takum o6pazom, obmiee pemeHue AU EpEeHINATFHOTO YPaBHEHUS YIIPYTroW JIMHUA
Basa Oyzer:
y=Ce™ +C,e ™ +C,singx+C,cosgx. (4)
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Jnst onpenenerns nocrosuusix unrerpuposanmst C,,C,,C, u C,ucnomssyem rpa-

HHUYHBIC YCJIOBHUA 3aa4HU. Ha OIICPTBhIX KOHIAX Bajla HpOFI/I6 H KpUBHU3HA OCH BdJla paBHA HY-
0. MateMaTU4eCcKy 3TO BBIPAXKACTCA YCTBIPbMSA I'PAHUYHBIMU YCIIOBUAMU:

Dpux=0,y=0,
2

d
2)HpI/IX:O,W:O,

S)mpux=1,y=0,
d’y
4) npu X = I’W:O.
Huddepenuupys qBaxabl ooliee pemeHue (4), moryaum:
g—i =C,ge™ - C,ge ™ + C,qcosgx — C,qgsingx,
d 2

d_zl =C,q%e™ +C,q°¢ ™ - C,q”singx — C,q" cosgx.
X

FpaHI/I‘IHHC YCJI0BUS JAKOT CICAYIOIYHO CUCTEMY UYCTBIPEX ypaBHeHI/Iﬁ 1A oIIpeaciic-
HUS IOCTOAHHBIX HHTCTPUPOBAHUSA:

Ce™ +C,e " +C,sin(q-0)+C,cos(q-0)=0,
C.q%" +C,q% " -C,g°sin(q-0)-C,q*cos(q-0) =0,

Ce” +C,e ™ +C,singl +C,cosql =0,

C,g’%e” +C,q% ™ —-C,g*singl -C,q*cosql =0

NnIn
C,+C,+C, =0,
C,+C,-C,=0,
Ce” +C,e ™ +C,singl +C,cosql =0,
Cce” +C,e® -C,singl—C,cosql =0.
CKJ'IaHBIBaSI U BbIYUTAA IBa HepBBIX ypaBHeHI/Iﬂ CHUCTEMBI, HOHy‘IaeM:
C, =0,
C+C,= O,} ©
NIn

C,=-C,
C, =0.
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IlocTtynas aHajnOrM4HO € ABYMS IOCIEAYIOIIMMH YPaBHEHUSIMHU TOH K€ CUCTEMBI,
MOTY4YUM:

C,singl +C,cosql =0,
Ce" +C,e =0.
[Toncrasnss Bepaskenue (5) B (6), MOTydnM:
C,singl =0,
Cl(eq' —e ) =0.

T.x. mpu | #0 u q# Onocnennee Bripaxkenne B ckoOKax He MOKET PaBHATHCA

HYJII0, TO OKOHYATCJIbHO HMECCM:

C, =0,
C, =0,
C, =0,
C,singl =0.]

Ecimm C'3 =0, 1o ypaBHenue ynpyroii munuu sana 6yaer Y =0, 1. e. ynpyras nmunus
COBIAJACT C OCbI0 X M BaJl HE MCKpHUBJCH. IIpw MCKpWBJICHMH Baja HEOOXOIWMO, YTOOBI
C3 # 0. Ho Torxma, oueBHIHO, HEOOXOAUMO, YTOOBI

singl =0.

kz
Orcrona qI =Kz u q =T, e K=0,1,2,3,...
Ipu K =0 nonyuum (=0, u ypasaenue ynpyroii nunuu Bana 6ymer:
y=C, +C, +C, =0 - an npsimoii.

IIpu ocranbHbIX 3Ha4YeHUAX (] Ball MCKpUBIAETCA. B Takux cirydasx ypaBHEHHUE YIIPy-

r'oH JINHUU

T 3z
_,q:q3:_

y=C,sinql, npn =0, =2;q=0, = | |

VYupyrast nuHus Oyer CUHYCOU101:

N

y:C3sin|£x,
yzcgsinzl—”x,

y:CBSin?’Tﬂx,
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conepaiieit mo anuHe Bana 1, 2, 3 u Gombie noiayBosH. Takum 006pa3zom, MpH KPUTHUECKOM
3HAYCHHUU

yIpyras qunus Oyer cunycousoit ¢ K momysosnHamu 1o aimne.
BepHnemcs k panee BBEIEHHOMY 0003HaUYEHHUIO

s Pw’
EJgl

IloxcraBnsis B 3TO mOCIEHES PaBCHCTBO KPUTHUUYCCKHUC 3HAUCHUS q xp u a)Kp , HOJIYYHUM:

2 4 4 2
4 wap k®r _wap

T E)gl 1® Egl

0

nJIn

2_2
k7 |EJg
W, = —.
K]
v | PI
BrruuciumM MoMeHT HHCPLUHU IJIOMAaAu CCUCHHA BaJld. MowmeHnTt HHCpUOUH \] MaTCpHr-
AJILHOM TOYKH OTHOCHTENILHO OCH MPECTaBISICT cOOO0M, KaK U3BECTHO, IPOU3BEICHUE €€ MaCChI

Ha KBaJpaT PacCTOSHUSA TOYKH OT OCH. MOMEHT MHEPLUHU BCEH IUIOIIAAU MONEPEYHOIO ceue-
HUS Bajla BhIpaXkaeTcst popMyJIIou:

J=lim ZRZAmszzdm,

Am—0

rae AM — Macca >aeMeHTapHOl yacTuipsl; R — paccTosHue Kakoi-1ubo TOUKH >IeMeHTap-
Hoit wacTuisl oT ocu, dM — nuddepeniman ogHOPOIHOIH Macchl, UMetomel GopMy Kpyra
(mnst Bana) ipu wiotHocTH P =1,

B o6mem ciyqae dm=pdo u J = pJ. R*dv.
MowmeHT uHepuui J BCei MIOIAM TIONEPEYHOTO CEYEHHs Bala OTHOCUTENBHO J1a-
MeTpa OyzerT:
_ pra’
4

3Ty BCJIIMYMHY MOKHO ITOJIYUUTH U3 CIIPABOYHBIX Ta6J'II/II_[ HJIN BBIYUCIIUTH IIPHU IIOMO-
IH OIMPCACIICHHOI0O MHTETpaja, pCIIMB 3aaa4y OMPEACICHUA MOMEHTA MHECPIIMU Kpyra OTHO-
CUTCJIbHO €ro JuaMeTpa.

J

Macca Bana pasaa M = prra’l = —,

g
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2
Pa
Takum 00pa3oM, MOMEHT HMHEPLHMHU CE€YEHHS Bala J =——, M I8 ONpeaelIeHus

49l

2_2
. Kz a
KPUTHYECKOH CKOPOCTH MONy4MM BBID@KCHUE (), = \VE.

212
rla

MuHauMaabpHast KpUTHYECKast CKOPOCThb 6yz[eT: COl = T

BreraucnmumM MOMEHT HHCPpLUUU IIomaan IOIICPCYHOro CCUYCHUA CTAJIbHOI'O Bajla J

JUI KOHKPETHBIX ~ JAHHBIX: p=18 10° (%j, | = O,5(M), R=a=05-10" (M)

2

H
u st Moy ynpyrocru cramu E = 21-10% (—)
M

p-314.a* 7,810°-314-(0,5-10%)
4 4

Jlnist onpejieieHus KPUTHIECKOi ckopocTH Bo3bMeM K = 2.

2 2 -2
w0, =2 3’124 0%25 10" /21.10" ~180720,44.

J =3,82-10°.

Torga MuHMMaIbHAs KpUTHUYCCKast CKOPOCTb 6y):[eT paBHa

2 -2
@ = 3’142 (()),2210 \J21-10" = 45182,36.

3arem juIs onpesieleHns KpUTUIeCcKoil ckopocTu BozbmeMm K =1.

2 2 -2
_1-3147-05-107 51700 _ 45180 36.

Do 2.0.5°
2 2 -2
o, = 3 3’124 0%25 107 [21.10° = 406641, 26.

33}13‘11/1 HO)IO6HOFO TUIIa MOT'YyT OBITH TOJIC3HEI npenoaaBaTeiiAiM CTapIInuX KJIACCOB
CpCI[HCfI IOKOJIBI MTPU MTPOBCACHUU 3aHATHI B MaTeMaTHYECKUX KpPYKKax, a TaKKC CTYACHTaAM
BBICHINX TEXHUYCCKUX y‘-Ie6HI)IX SaBeI[eHI/II\/’I.
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Pykamnic mactymiy y paaakmsiro 25.10.2019

Melnikova 1. N., Voytovich V.V. Some Applications of the Theory of Differential Equations
and Their Systems to Physical Processes

When studying natural phenomena, solving many problems of physics and technology, chemistry and biol-
ogy, other sciences, knowledge of mathematics at a sufficiently high level is required, as well as the ability to use
this knowledge in solving applied physical problems. Therefore, when studying mathematical subjects at physi-
cists, it is necessary to consider mathematical concepts in close connection with physical concepts. The publica-
tion studies differential equations and their systems using physical problems as examples to better understand
these concepts.



