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UTEPAIIMOHHAS PET'YJISIPU3ALIAA JUHEHHBIX HEKOPPEKTHBIX
YPABHEHHUMU IIEPBOI'O POJA METOJOM HESABHOI'O THUIIA

B eunvbepmosom npocmpancmee Ona peuitenus ITUHEUHbIX ONEPAMOPHBIX YPABHEHUI Nepeozo pood
C NONOAHCUNENLHBIM OZPAHUYEHHBIM U CAMOCONPSNCEHHBIM ONEPamopoM Npeonazaemcs: HesgHulll UMepayuoH-
Hulll npoyecc. M3yyen cayuail HeeOUHCMEEHHO20 pelieHUs onepamoprozo ypasuenus. Tlokasarno, umo 6 smom
cyuae umepayuoHHblll Mmoo CXOOUMCs K PeUeHUur0 ¢ MUHUMATbHOU HOpMOU. [ npednosceHno2o memooda
00KA3AHA CXOOUMOCTb 6 IHEPLEMUUECKOU HOpMe 2UTbOepnosa NPOCMPaHCmed, HOYYeHbl AnpuopHble OYeHKU
noepewinocmu. HMcnonv3o6anue sHepeemuyeckoll HOpMbl HO3601em cOenams Memoo 3Q@PeKmusHbIM U moeod,
K020a Hem cgedeHuti 06 UCMOKOOOPA3HOU NPeOCMABUMOCIU MOYHO20 peuleHus ypaeuenus. [Iposedero cpas-
HeHUe OYEeHOK NOZPEUHOCIU PACCMAMPUBAEMO20 UMEPAYUOHHO20 MEMo0d U 6H020 Memoda Jlanosebepa.

1. IlocranoBka 3axaun. B ruisbepToBOM npocTtpanctse H pemaercs InHEHOE orie-
paTopHOEe ypaBHEHHUE MEPBOT0 poaa

Ax=y 1)

C OrpaHUYCHHBIM IOJOXKHUTCIbHBIM CaMOCOIIPSAKCHHBIM OIICPaTOpOM A, AJIs1 KOTOPOIro HYJIb
SIBJIIAETCA COOCTBEHHBIM 3HAYEHHEM o1eparopa A, T. €. 3aJa4a (1) HUMCCT HCCAMHCTBCHHOC

pewrenue. [Ipeanonoxum, 4to Y € R(A), T. €. IPU TOYHOW MPABOW YACTH y YPaBHEHHUS pe-
meHue (HeeAMHCTBEeHHOE) 3anau (1) cymectByet. s pemenns 3a1auu npeajiaraeTcsi HesB-
HBII UTEPALIMOHHBIN IIPOLIECC:

Xni1 = Xn +OA(Y —Axny1), %o =0 )

2. CX01MMOCTh HesIBHOTO MeTO/Ia UTepaluii B ciIyyae HeeJHHCTBEHHOI0 pelleHust
ypaBHenusi. O6o3HauuM uepe3 N (A) = {X eH |Ax = 0} , M(A4) — opToroHaspHOE TOTOTHEHUE

sapa N(A) no H. Ilyctes P(4)x — mpoeknus Xxe H na N(A), a [1(4A)X — npoekmust X € H
Ha M(A4). CripaBenBa

Teopema 1. ITycmv A>0, yeH, a e(O, +OO), mozoa 0Jis1 UMepayuoOHHO20 Memo-
0a (2) sepnbl credyrowue ymeepircoeHus.

a) Axg = I1(A)y, [ dxy =y =7 (4,7)= inf | 4x—y];

0) npubnusicenuss (2) cxoosmes moeda u  MOALKO Mo20d, Ko20d YPASHEeHUe
Ax=11 (A) Y paspewiumo. B nocieonem ciyuae X, —> P(A)XO +x°, 20e X* — munumansroe

peuienue.
JlokazaTenbCcTBO.
[Ipumenum onepatop 4 k (2), ymensmuB B opmyne (2) unjaexc Ha enquHuny. [lomy-

ynm  Axp =Axn_1+0cA2 (y—Axn), OTCIO/1a A(E+OLA2)Xn = AXn_1+ocA2y, rie

y=P(A)y+1I(4)y. T.x. AP(A)y=0, t10 wumeeM (E+ocA2)(AXn—H(A)y)=
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= Axn_1—11(A)y. O6osuaunm Axy—I1(A4)y=vy, Vy €M (A), Torma (E+(xA2)Vn =Vh_1.

-1 -n
Otcrona vy, =(E + OLAZ) Vn_1, CIEIOBATENLHO, Vi =(E + OLAZ) Vg. Umeem A>0 m 4 —

MOJIOXKHUTEIBHO ompenerneH B M(A), T. e. (AX, X) >0 mis VxeM (A) T.x. ae (O, +oo),
-1
(E+an?)

TO <1, N03TOMY CIIpaBeIJIMBa LIETI0YKA HEPABEHCTB

Al Al

-n dE, v, ‘ T dE,v ‘ dE, v, K
”Vn“:H(E+OLA2) vol=| [ 270 | < 270 |+ JAOn <[ dEyvol|+
0 (1+om2) 0(1+ak2) T (1+ax2) 0
1A

+0" (v)| [ dExvo| <[Exvo+a" (x) o] -0

T
npu N —>o0, T—>0 (E, cunbHO ctpemurcs k 0 B crity CBOMCTB CrIeKTpanbHOH GyHKImH [1]).
-1
3nech (1+ ockz) <q (r) <l mpm Are [r, ||A||] . CnenosarensHo, V, —0, OTKyza

AXy > I1(A4)y u II(A)yeA(H). Otcrona CIIPaBEITHBO 3amucaTh
1A%, —y|| = ||H(A)y —y” = ||P(A)y|| =J(4,y) [2; 3]. Utax, yrBepk/eHue a) T0Ka3aHO.

Hokaxxem 0). Ilycte mpubmmkenus (2) cxomsarca. Ilokaxkem, dYTo ypaBHEHHE
Ax=TI(A)y paspemmumo. M3 cxomumoctn {X,}€H k zeH un u3s a) cruenyer,

qro AX, > Az = H(A)y, MIOATOMY H(A)y € A(H) Y ypaBHEHHE H(A)y = Ax pa3zpemmmo.
Iycrs Teneps I1(A)ye A(H) (ypasnenue [1(A)y=Ax paspemmmo), cienosa-

* *
TenbHO, [/ (A) y=Ax",rne X — MUHUMaJbHOE pemeHue ypaBHeHus (1) (OHO eTMHCTBEHHO

B M(A)). Torna Metox (2) mpuMeT BU:
Xp = Xn_1 + Ay — AXy ), (E +ocA2)Xn = Xn_1 +aAy,
(E +aA2)Xn =Xn_1+OAIT(A)y=xn 4 +od’xt = (E+ocA2)xn_1 -

—0A%X 1 + AKX = (E + ocAz)xn_l + oA (x* - Xn—l) :

2 2\
Otcrona X, = X1 +0A (E+(xA ) (X _Xn—l)-

[MocnenHee paBeHCTBO Pa300bEM Ha JIBA:
-1
P(A)X =P(A)kng+a(E+ah?) " APP(A)(X" ~xq_g)=P(A)p1=P(A)X.

11(A) 5y = 11(A) 5y g+ vl 201 (A)(x" =0 4) = 1(A) 50+
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+oE+on? )_l AP 11(A)x" = 11(4) v 1 |- H(A)xn_lm(EmAz)_lAz[x* ~11(4)p1 ],

T. K. X*eM(A).
OGosnaunm Wy = I7(A)x, —x", Tor/1a U3 paBeHCTBa

* * 2 -1 2 =
H(A)xn—x =H(A)xn_1—x +OL(E+OLA ) A [x —H(A)xn_lJ
HOJIY4YUM

-1 -1 -n
H(A)xn—x*=wn=wn_1—oc(E+0LA2) Azwn_1=(E+ocA2) wn_1=(E+0cA2) wy

¥, aHAJIOTUYHO V|, MOKaxkeM, 4yTo W —0,n —> 00,

T. k. OLE(O,—l—OO), (AX, X)>O i VXeM (A),To (E+ocA2)_1 <1, ¥ IO3TOMY
_ |A] 3 [Al g
||wn||=H(E+aA2) "o | | 2Bt | i cEwmo [ K dEwo | e L,
0 (1+ax2) 0(1+ax2) g (1+ax2) 0
IA
+q j- dE?\.WO <HE§WOH+C] )||W0||—)0

-1
mpu N—oo, £—>0. 3mech (1+(17L2) <q(&)<1 mpu Xe[&, ||A||] Takum 006paszom,

(A4)x, > x". Orcioma monyunmm X, = P(A)Xq+11(A)x, > P(A4)xq +x". Teopema 1
JI0Ka3aHa.

3ameuanue 1. 7. k. y nac Xg=0, mo X, — X", m. e. umepayuonnwiii npoyecc (2)

CXooumces K HOPMAJIbHOMY DEULECHUIO, M. €. K PEUEHUIO C MUHUMATILHOU HOpMOZZ.

3. CxoaqumMocTh MeTO/1a B JHEPreTHYecKoii Hopme

Hwxe npennonaraercs, 94To HyJIb HE SIBISETCS COOCTBEHHBIM 3HAYEHHEM Oreparopa A,
clenoBaTensHO, ypaBHeHHe (1) mMmeer eauHCTBeHHOE pemieHre. OIHAKO HYJIb MPUHAJICKUT
CHEKTpy omeparopa A, modTomy 3agaya (1) HeycToWuuBa W, 3HAYUT, HEKOppeKTHA. J|J1s1 OThIC-
KaHUS PELIECHUs UCTIONb3YEeTCS METO (2).

[IpaByto vacts ypaBHeHus (1), Kak 3T0 OOBIYHO OBIBaET Ha MPAKTHKE, CUUTAEM W3-

BECTHOU HPUOIIKEHHO, T. €. BMECTO ) U3BECTHO O — HpUOIIIKEHUE Y, ||y— y5||38. Torma

UTEPALlMOHHBIN Ipo1ecc (2) 3anueTcs B BUE

Xn+1,6 =X%n,5 t OLA(YS - AXn+1,8)1 Xp.5 =0. (3)

Cxomumocts MeTon1oB (2) u (3) B UCXOAHOM HOpME MpocTpaHcTBa H Obula M3ydeHa
B [4]. Tam mokazano, uTo MeTo (3) CXOIUTCS TPU YCIOBUU OL € (O, +oo) , €CJTH YHCJIO UTepa-
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Uil N BBHIOMpATh B 3aBUCUMOCTH OT YPOBHS NOTPEHIHOCTH O TaK, YTOOBI Jns -0
npu N — oo, 8 — 0. B npeanonoxennn, 4ro ToUHOE peieHre ypaBuenus (1) uctokooOpa3zno

npescTaBuMoO, T. e. X= A%z, >0, B pabore [4] moaydeHa OLEHKA MOIPEUIHOCTH METO/A

—s/2
utepauit (3): HX_Xn,SHS SS/2 (4na) * ||Z||+2x/ﬁ8, N>1. MuHuMu3anus Mo N MOJTy4eH-

HOM OLICHKH JA€T ONTUMAJIbHYIO OLICHKY IIOTPEIIHOCTH

[x=%n5 Hom < (1+3).5 5/ )5/ (s+1) ”2”1/ (s+D)

KOTOpAst MOMyHaeTes mpH Nopry = 024(s+2)/(s+1) 0L-1”Z”2/(s+1) 52/(s+1)

s/(s+1)
OnTuMalibHas OlEHKA IMOIPEIIHOCTH MMeeT mopsaok OO , M, KaKk cjenyer

13 MOHorpaduu [5], oH sIBIseTCS ONTHMAIBHBIM B KJacce 3a[ad ¢ MCTOKONPEICTaBUMBIMU
pemenusmu X = A%z, $>0. CpasHenne MeTona (3) ¢ MMPOKO M3BECTHBHIM ABHBIM METOJIOM
utepatmii Jlanasebepa Xn.15 = Xn § +oc(y5 - AXn,S): X0,6 =0 [2; 3; 5-14] noxasbiBaer,

YTO MOPSIIKM UX ONTUMAJIBHBIX OI[CHOK OJIMHAKOBBI.

JIOCTOMHCTBO SIBHBIX METOJIOB B TOM, YTO OHHM HE TpeOyloT OOpalieHus onepaTopa,
a TpeOyIOT TOJILKO BBIYMCICHHS 3HAUSHHUI OTlepaTopa Ha MOCIE0BATEIbHBIX TPUOIMKCHUSX.
B sToM ciydae siBHBI MeTOJ mpeAnodtuTenbHee HesiBHOro merona (3). OnHako HesBHBIN
MeTon (3) obmajzaeT ClAEAYHOLIMM BaXXHbIM JOCTOMHCTBOM. B yka3aHHOM SIBHOM METOJE

5
4|A

JKET TPUBECTH K HEOOXOAMMOCTH OOJIBIIOTO uMciia BeUMcIeHUW. B HesBHOM metone (3)

Ha MapaMeTp O. HaKJIaJbpIBa€TCs OrpaHHuYEHuE CBepXy — HepaBeHCTBO 0 <o < , UTO MO-

) . ) -
OIrpaHUYCHHHU CBEPXY Ha O € (0 +00) HET. DTO MO3BOJISICT CYUTATh O € (O +OO) IMPOU3BOJIb

HO OOJIBIITUM (He3aBI/ICI/IMO oT HAH ) B CBA3U C YEM ONTHMAJIBHYIO OOCHKY NOTPCHIIHOCTH IJIA

MeTo/1a (3) MOXKHO MOJTYUUTh yXKE Ha IIEPBOM LIare uTepalui.

B cnyuae, xoryia HeT cBeJleHUI 00 MCTOKOOOPA3HOW MPeACTaBUMOCTH TOYHOTO pelle-
HUS, 3aTPYAHUTEIBHO TONYYUTh AlPHOPHBIE OIEHKH MOTPENIHOCTH W alpUOPHBII MOMEHT
ocraHoBa. U, Tem He MeHee, MeToA (3) MOXKHO clenarh BHOJHE 3(P(PEKTUBHBIM, €CIH BOC-

IIOJIB30BATHCA 3HepreTquCKOﬁ HOpMOﬁ FI/IHb6epTOBa MMpOCTPAHCTBA ”X”A = A f(AX, X) )

rne Xxe H [3, 8]. ITokaxem cxoaumocTh MeToaa (3) B SHEPreTHUECKOH HOpPME W MOJIYYUM
JUTSL HETO allpUOPHbBIE OLIEHKH MOTPEIIHOCTH B SHEPreTHYECKONH HOpME.
Paccmotpum pasHocTh

x—xn’5:(x—xn)+(xn—xn’5). (4)

—Nn —Nn
3anumieM IMepBoe cllaraeMoe B BHIE X—Xp = Al ( E+ ocAZ) y= (E + ocAZ) X.

Kaxk Obu10 nokasano B [4], X—X, Majlo B UCXOJHOI HOpMe rmibOepToBa NMpOCTpaHCTBa [

pu N —> 00, HO CKOPOCTh CXOJIUMOCTH IPH ITOM MOKET OBITh CKOJIb YTOJTHO MAJIOH, U JUTS €€
OIICHKH JIeTIAJIOCHh JOMOTHUTENBHOE MPEANOI0KEHHEe 00 HMCTOKOOOPa3HOW MPEeICTaBUMOCTH
TOYHOTO pelnreHus. [Ipu HCITONb30BaHUK YHEPTCTHUSCKONH HOPMBI HAaM 3TO TPEITOJIOKECHUE
HE IIOHAI00UTCHL.
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M
JlelicTBUTENBHO, C MOMOIIBI0 HHTErPaJIbHOTO Mpe/ICTaBIeHus oneparopa A = I AdE,
0

roie M =||A|| u E) — coorBercTByromas cnekrpaibHas QyHKLUS, UMEEM

||x—xn||i :(A(E +aA2)_n X,(E-i-OLAZ)_n xj: '\j/l x;md (Epx.X).
0 (1+0c7»2)

Jns OLIEHKM MHTEPECYIOLIEd Hac HOPMbI HAaWJAEM MaKCUMYM IOIBIHTErPATbHOMN

dynxuun f (1) :;2n npu A €[0,M]. @ynxums f (1) — gacrasiii cyqait npu s=1

(1+02?)

dbyHk1Mi, oneHeHHbIX B paboTte [4]. Tam mMmoka3aHo, 4YTO MPHU YCIOBHUU ae(0,+00)
max |f (1)< (8no) 2.
ke[O,M]

-1/2
||

Cnie0BaTebHO, CHOPABEUIMBA CIEAYIOIas OLEHKA ||X—Xn||,2AS(8n0L) x||2. Or1-

-1/4
||

cro1a ||X— Xn || AS (8noc) X|| TakuMm oOpa3om, epexo] K SIHEPreTUYECKO HOpMe Kak Obl

3aMCHAACT IPCAIIOJIIOKCHHUC 00 HCTOKONPEACTAaBUMOCTH IIOPsAKA S =]/2 JIA TOYHOI'O peHic-

HUSL.
Ouenum BTOpoe ciaraemoe B (4). Kak mokaszano B [4], crpaBeiMBO PaBEHCTBO

-n
Xn —Xn.5 = AL { E- ( E+ OLA2) } (y—Ys5). BOCIONb30BaBIINCE MHTErPANBHBIM IIPECTAB-

JICHUCM CaMOCOIIPS’)KCHHOT'O OIlepaTropa, NoJIyuumM

2 M 2\ " ?
%0 =%na], = [ 2 {1—(1+0¢k ) } d(Ey(Y-Ys), Y- Vs)-
0

2
-n
O6o3HauuM  yepe3 @ (k) =71 {1— (1+ (xkz) } MOJIBIHTETPANIbHYIO (D YHKIIHUIO,

-N

-1 2\ ™" 2
a uepe3 gl(k)zk |:1—(1+OL7\,) }, TOTa g(k)zgl(k){l—(l+ak) } OyHKIUS

gl(k) ObLTa olleHeHa B [4], Tae MOoKa3aHo, YTO MPH YCIOBHH O e(O, +00) gl(K)S 2\/@ .

-Nn
Ipn o €(0, +0) umeem <1, VA e[0,M ], mosromy 1—(1+ akz) <1.

1+oc7»2 -

Orcrioma g(A)< 2Jno.. Takum oGpazowm, Hxn —Xn, 5”1 <2Jnad?, crenoarensHo,
o 5], < Y 1.

[Tockonbky ||X— Xn”A —>0,n—>wu

HX_XH,SHA £||x—xn||A+Hxn _XnﬁHA s||x—xn||A+i‘/m6,
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TO JUIA CXOAUMOCTHA HX— Xn,5HA — 0, N —> o gocTaTouHO, YTOOBI %8 —-0,n—>x,8—>0.

Hrak, noka3ana

Teopema 2. Ilpu ycrosuu o € (0, +oo) umepayuonnwiii memood (3) cxooumces 6 snep-
2emuyeckol Hopme 2ulbbepmosa NpPOCMPAHCMEA, eciu Hucio umepayuti N uvlOupamv
u3 ycnosus $ns -0 npu N —> 0,6 —0.

3anumieM Tenepb OOIIYH0 OLIGHKY MOTpPEelHOCTH i Merona urepauuit (3)
B DHEPIreTUYECKOU HOpME

HX—XH,SHA &4,(8“0()—1 X[+ ¥4nas,n>1. (5)

OnTtumusupyem oueHky (5) mo Nn. s sToro npu 3agaHHOM O HaiiJleM Takoe 3Haue-
HUE YHCIa UTEpalMid N, IpU KOTOPOM OLEHKA IOTPEIIHOCTH CTAHOBUTCS MUHUMAJIBHOM.
[TpupaBHSB HYJIIO IPOU3BOJIHYIO IO N OT MPaBOM YaCTU HEPABEHCTBA (5), MOIyYUM

2

o =27 207 (874 (6)

IToncraBuB Ng . B OLEHKY (5), HaliieM €€ ONTUMAJIbHOE 3HAYCHUE

[x=xn 8] <278 5[] 7)

Takum oOpazom, cripaBeIMBa
Teopema 3. Onmumanvras oyenxka noepewnocmu 011 memooda (3) npu ycrosuu

a € (0, +) 6 onepzemuueckoii nopme umeem 6uo (7) u nonyuaemes npu Nopy u3 (6).

3ameuanue 2. 13 nepasencmea (1) epimexaem, umo onmuManbHAs OYeHKA NOSpeul-
Hocmu He 3aeucum om napamempa O.. Ho Ngyny 3a6ucum om O u, nOCKOAbKy Ha O. Hem

02PaHuueHull ceepxy (OLE(O, +OO)), mo 3a cuem @vloopa 0. ModicHo noayuume Ny, =1,
m. e. OnNMUMAIbHAsl OYEHKA nocpeutHnocnmu 6ydem 000mu2ambc}l yorce Ha nepeom uiace ume-

3 52 (s-1yy)\?
payuil. s 9mo2o 00CmamouHo 83amv Oy, = 2 ¥ -

PaccmoTpuM Bompoc 0 TOM, KOrja U3 CXOOUMOCTH B SHEPreTUYECKON HOPME CIIEAyeT
CXOJMMOCTb B 00BIYHOM HOpME THIIbOEpTOBa pocTpaHcTBa H. OTH ycioBus gaer

€
Teopema 4. Ecnu evinoanenst ycnosus 1) Egxp5=0, 2) E.x=0, 20e E, =j‘dEk,
0
e — urcuposantoe noroxcumenvroe uucio (0<e<||A]), mo us cxodumocmu X, g
K X 8 DHepaemuuecKkoll Hopme ciedyen cXOOUMOCMb 8 OObIUHOU HOpMe 2unbbepmosa npo-
cmpancmea.
JloKa3aTenbCTBO
T.x. mo ycnoBuro Teopembl Egxp5=0 u E.x=0, 1o mmeem Eg(x,5—x)=0

€
u (Eg(xn@ —X), X5 —x) =0, T.e. jd (Ex(¥n.5 =X): Xp 5 —X)=0.  CnenosareibHo,
0

e
j% d(Ej (X 5 —X), A(Xy 5 —X)) =0. Torma nomy4um, 4to
0
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M
s =X =T 5 (B (x5 = X0 AR5 =
0
€ M
= [ d(E 03 =) A5 =0+ | = 4(Ex (5=, Alkn 5 ~X) =
0 €

M
_ j% A(E; 0605 =), A5 =) < =05 =X}

Teopema 4 nokazana.

-n
3ameuanmne 3. T. k. Xn,5:A_1{E—(E+aA2) }yg,, mo 0 mozo, umoosl Xn §

yoosnemeopano yciosuio E.xp 5 =0, docmamouno nompedosams, umobul E.ys =0. Takum

obpasom, ectu E.x=0 u E.y5=0, mo us cxooumocmu memooa umepayui (3)

8 dHepeemu4ecKol Hopme ciledyem e20 CXOO0UMOCMb 8 00bluHOU Hopme npocmpancmea H,
C1e008amenbHO, 015 OYEeHKU NOZPEeUHOCIU He NOmpeOyemcs NPeonoLoNCeHUs UCOKO0Opa3-
HOU NPe0CcmaguUMOoCmu MoOYHO20 peuleHUs.

Jnst  pelieHuss yYpaBHEHHMM C  HECAMOCOIPSDKEHHBIM HWJIM  HEIMOJIOKHUTEIbHBIM,

o * *
HO OIpaHUYEHHBIM omnepatopoM A4 ciuenyer nepetu k ypaBHeHutro A AX=A"y. Torna

IpU NPUOIMKEHHOM JJIEMEHTE Yg MeTOJ (3) IpuUMeT BUJ
* * *
Xn+1,6 = Xn,5 T4 A(A Vs —A Axn+l,6)’ xg,5 =0.

[IpemyioxKeHHBIN METOI MOXET OBITh MPUMEHEH JJI PEUICHUs MPUKIATHBIX HEKOP-
PEKTHBIX 3ajla4, KOTOpbIE BCTPEUAIOTCS B TOMOTpaduu, MaTeMaTUYecKOol SKOHOMHKE, aKy-
CTUKE, CEUCMUKE, CIIEKTPOCKOIMNH, JUArHOCTUKE TJIa3MBbl.
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Matysik O. V. The Iterative Regularization of Linear Incorrect Equations of the First Kind
by the Method of Implicit Type

In the Hilbert space for solving linear operator equations the first kind with affirmative limited and self-
conjugate operator the implicit iteration method is proposed. The case of non-uniqueness of solving operator
equation is investigated. It is shown, that in this case the iteration method converges to the decision with the
minimal norm. In energy norm of Hilbert space for the proposed method convergence is proved and a priori es-
timations of this method error have been received. Use of energy norm allows to make a method quite effective
even then when there are no data about source representability of exact solution of the equation. The compari-
son of the error estimations of the given iteration method and the evident method of Landweber has been done.



