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NEPUOJNYECKUE PEHIEHUSA
HEJIMHEWHBIX TU®PEPEHIIUAJIBLHBIX YPABHEHUI
C UMITYJIbCHBIM BO3JEHCTBUEM
U ABHBIV BUJ] TOYEK IOPSIIKA IIIAPKOBCKOI'O

Jna ypasnenus Jlvenapa ¢ umnynvcrvim 6030elicmauem 8 HepUKCUPOBAHHbIE MOMEHMbI 8PeMeHU NOKA-
3aHO, YMO 3a0ayd O CYWecmeos8anu e2o NepUoOUYecKUx peuleHull IK8UBANEHMHA 3a0aye O CYWecmeo8anuu ne-
PUOOUUECKUX MOUEK HEKOMOPO20 OMOOPANCEHUs. OMPe3Ka NPSIMOU @ cebsi. Jlanvl npumepsbl (QYHKYUL UMRYIbC-

Hozo eozoeiicmeus 1(X), npu komopwix ypaenenus Jlvenapa umerom nepuoduveckue pewienus u O KOMopoix
umeem Mecmo cocywecmeaosanue nepuooudeckux pewenul coenacno nopaoky Llapkoeckoeo. Ilociedunee obec-
nevuusaemcs usmenenusmu napamempa 6 pynkyuu 1(X).

B cBsi3u ¢ pa3BUTHEM COBPEMEHHOI'O €CTECTBOBEACHUS M TEXHUKH BO3HUKAET HEOO-
XOOJUMOCTh HCCICOOBAaHUA HEJIMHENHBIX AUHAMHUYCCKUX CHUCTCM, JI1 KOTOPBIX HNPUCYIIU
KpaTKOBPEMEHHbIE (MIOHOBEHHBIE) MPOLIECCHl WM KOTOpBIE HAXOIATCSA MOJ JEHCTBUEM
BHEUIHUX CHJI, [UIUTEILHOCTHIO KOTOPBIX MOXHO MPUHEOPEUh NMPU COCTABICHUU COOTBETCBY-
IOLUX MAaTEMaTHUYECKUX MOJIEIICH.

Takue cucTeMBbI BCTPCYAKOTCA, HAIIPUMCP, B MCXAaHHKC, XUMHYECKOU TCXHOJIOI'UHU, MC-
JTUIMHE U OMOJIOTHH, JUHAMUKE JIeTaTeIbHBIX annapaTroB, MaTEMaTHUYECKONH SKOHOMHUKE, T€O-
pPHUH YIPABICHUS U B UHBIX OOJACTSIX HAYKU M TEXHHKH, T€ MPUXOAUTCA U3y4aTh CUCTEMBI,
npeOBIBAIOIIME O] BO3JCHCTBUEM KPAaTKOBPEMEHHBIX (MMITYJIbCHBIX) BHEIIHUX CHJI, KOTO-
PBIC HA3bIBAKOT CUCTEMAaMU C UMITYJIbCHBIM BOSI[GfICTBI/ICM.

Kaxk okazanoch, Hamu4yue UMITYJIbCHOTO BO3ICHCTBUS MOMKET CYIIECTBEHHO YCIIOXK-
HUTH MOBEJICHUE TPACKTOPUN TAaKUX CHCTEM JaXKe JJISl CIIy4aeB CPABHUTEIBHO MPOCTHIX TU}-
dbepeHIMaNbHBIX YpaBHEeHUN. B 001emM ciydae mpu HalMYMUKU UMITYJIBCHOTO BO3JICUCTBUSA
MoBeJIcHUE pereHuid nuddepeHnnanbHbIX YpaBHEHUN (nake JIUHEHHBIX auddepeHIu-
albHBIX ypaBHEHUHN C MOCTOSHHBIMU KOd(uimeraMu) MOXKeT ObITh CYIIECTBEHHO HENH-
HEHMHBIM M 3HAYUTEIBbHO OTJIIMYATHCSI OT MOBCACHUA TAaKUX CHUCTCM IpU OTCYTCBUU HM-
MyJbCHOTO BO3/ICHCTBUS.

PaccMoTpuM OuMHAMHUYECKYIO CHUCTEMY, IABM)KEHHE B KOTOpPOH omuckiBaeTcs nudde-
pEHLMAIBHBIM YpaBHeHUEM JIbeHapa BUaa

X+ f(x)x+g(x)=0, (1)

3
(xeM c R, M — @da3zoBoe npoctpancTBo cuctemsbl (1), £ € R— Bpems) U KoTopas IMoj-
BEPIKEHA BIIMSIHUIO MTHOBEHHBIX CHJI, KOTOPbIE ONpPEEISIOTCA HEKOTOPBIM OMNEPATOpOM 4, .

B MOMEHTHI MPOXOXKICHUS ABWXKYIIEHCS TOYKOW HEKOTOPOro (PMKCHPOBAHHOTO TTOJIOKECHUS
X =X, OH JEHUCTBYeT cOINacHO npaBuiy (x, t) — (¢, 4,x). mmynbcHoe Bo3aeHcTBHE B Ta-

KO CHCTeME MPOUCXOIUT B HE(PUKCUPOBAHHBIE MOMEHTHI BPEMEHU U YBEIUYMBAET KOJIUYe-
CTBO JBMKCHHSI B CHCTEME HAa HEKOTOPYIO BeNWYHMHY /(X), KOTOpas 3aBHCHUT OT CKOPOCTH

JBUKYLIEHCS TOYKM B MOMEHT MPOXOXKICHMS €10 TMOJOXKEHHS X = X,. Jlajmee Moyoxum,
yro /(y),Tae y =X Kak (yHKLHUS CBOEro apryMeHTa HelpepbIBHA.
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Ecnu ¢. HEKOTOPBII MOMEHT BPEMEHHM, B KOTOPBIM JBHKYIIASCS TOYKA JOCTUTAET I10-
JIOKEHUS X = X,, B KOTOPOM IOJBEPraeTcsi MMITyJIbCHOMY BO3ICHCTBHIO, TO HMILYJbCHBIE
BO3MYILIEHUS ABMKYLIEHCS TOUKH 3anKChbIBatOT [1]:

Ay _dx _dx
dt| __ dt dt

=X« t=t«+0 t=t«—0

=Ax-x=1(x). (2)

Onucanust GU3NYECKON MHTEpIIpETAIlluu ypaBHEeHUs JIbeHapa W XapaKTepUCTHUKA €ro
¢dazoBoro moprpera eTanbHO U3ydeHa B [3].
VYpaBuenue (1) 3anucbIBaeTcsi 3KBUBAICHTHBIM 00pa30M B BUJE CUCTEMBI

X=y,

3
y=-g(x)=f(x)y. ®

B nanpHelimeM ncnonb3yoTcs 0003HAYCHUS:
F(x)=[f(s)ds,  G(x)=[g(s)ds.
0 0

Onpenenenue. Judgepenyuanvroe ypasnenue (1), yoosnemsopsrowee yciosuro

xg(x)>0 ona x#0 (4)

f(0)=-f(x), g(-x)=-g(x), )
Haszvleaemcs coenacno Onsnio ouggepenyuanvHvim ypasHenuem muna S.

O603HauuM y, =,/2G(x.) . JdomycTum, 4TO:

1. Iuddepenunansuoe ypasuenue JIbenapa (1) siBsenrtcst ypaBHeHHEM TUIa S U yJI0-
BJIETBOPSIET YCJIOBHIO CYIIECTBOBAHUS U €IMHCTBEHHOCTH PEILICHUSI.

2. [Ipsimast x = x, TpaHcBepcaibHa MOTOKY (1) Be3me, KpoMe TPaeKTOPHUH, AJS KOTO-
poii mpsimasi x = X, ABIIETCS KacaTesabHOH. B 3ToM ciryuae cunrtaem, uto /(0)=0.

3. Oneparop UMITYJILCHOTO BO3JICUCTBUS SIBISIETCS HETEPEPBHBIM OTHOCUTEIBHO CBO-
WX ITEPEMCHHBIX.

Jomyctum Taxoke, uto | min G(x)|>1.

[Ipu uzyuyennn neuxenue (hazoBoit Touku cuctemsl (1), (2) B [3] moctpoero orobpa-
xenue [lyankape nnas mpsAMol x =X., KOTOPOE HCIOJIb3YETCsl JJI MCCIEOBaHMUs BOIPOCa
0 CyIIECTBOBAaHUU Mepuoandeckux pemeHuil 3anaun (1), (2). Taxke mokazaHo, 4To 3aaaya
0 CYILIECTBOBAHUU MEPUOAUYECKUX pelieHuit cucreMsl (1), (2) cBoguTcs K 3amaye O Cylie-
CTBOBaHUM TNEPUOJAMYEKHX U HEMOJBHKHBIX TOUYEK HEKOTOPOTro OTOOpa)KeHUs WHTepBaja
B ATOT )K€ MHTEPBAJI, KOTOpOe omnpeaensercs GopMyoi

fW)==y+1(=y), (6)
rne [(—y)<y, y#0, y=x.

PaccmoTpuM 3a1a4y 0 CyIIeCTBOBAaHHH MEPUOINYECKUX pemeHuit 3agaun (1), (2), kor-
Ja (pyHKIUS UMITYJIbCHOTO BO3JICHCTBUS UMEET BU:
(A -Dy-A4y., y=0,

T2 ciy—-a 9., v<o, @)

rie y=Xx, A —HEKOTOpsIii napamerp, npuuem 0 < A < |min G(x)| .
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OTtoOpakeHue

A=), 20,
f)= y+1(}0—{l(y*+y% <0 (®)

HEMepepBHO JUIs BceX y € R u umeer Takue cBoicTBa: pu 0 < A <1 cyuiecTByeT TOJIbKO OJ-

Ha HETOJBI)KHAsA TOYKA, KOTOPasl ABJSETCS YCTOMYUBOM; mpu 1 < A < |min G(x)| — JIBE€ HEMO-

A . A
-2 42
NEPUOIUYECKYIO TOUKY Teproa 2:
A-A% A+ A?
TYEEAETERS
Touku nepuona 3 mist oroopaykeHus (8) 00pa3yroT JABa IUKJIA!

{1—12—43 COA+AA A+ A8 }

JABUXXHBIC TOUKHU:

Vs Vs

1+4° 1+4°3 1+4°
A=A A+AAY A-a-A°
11— 2 T o T

Takum o6pazom, auddepennmanbaoe ypaBHeHHe (1) ¢ UMITYyIbCHBIM BO3JECHCTUBEM
(2),(7),tne y=x,mpu 1 <A< |min G(x)|, umeer T(n)-nepruOJUYECKUE PELICHUSI TAKUE, YTO
¢da3oBast TOYKa JAHHON CHCTEMBI NpPU JIBMKCHUU BJIOJb COOTBETCTBYIOIICH TPAeKTOPUU
HOJBEPraeTcss pOBHO 7 MMITYJIBCHBIM BO3JIEMCTBUSAM 3a MEPHUOJ, TA€ 7 — IMPOU3BOJIBHOE
HaTypasibHoe uuciao [2; 3]. Touku, 3ajamomue LUKIbl, KOTOPHIE COOTBETCTBYIOT
NepuoIuYecKuM penteHusmM 3aaaui (1), (7), yaosaersopstot nopsaky lapkosckoro.

[TokaxkeMm, 4TO TOYKH, YTBOPSAIOLINE MEPHUOAMUECKUM IMKJIAM it oToOpaskeHus (8),
HE0OXOAMMO UCKATh Cpeau Ipolel BuIa

P (1)
1£4"

Ve ©)

rae P"(1) —muorounen Buna P"(A)=a,A"+a, A" '+..+a,A°+A, a,=%l,i=2, n.
JlokaxxeM paBeHCTBO (9), UCTIONB3YST METOJ MaTeMaTHUYeCKO MHIyKIUU. B yacTHOC-
TH, IPA 1 = 2 TIOIYYHUM:
y=Ant A 2y)=(A£ A1)y 1%y,
At D)y, =117y,
At A’ P*(1)
IEEY R Ty e
Homyctum, 9to (9) cmapBeyiuBo AJist 7 = k , T.€. CIPaBeJINBO PaBEHCTBO:
PY(A)
SREYL

y

.. (10)
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Hcnons3zys (10), nokaxkem, uto paBeHCTBO (9) cripaBenuBo o n =k +1.
3ammmenm (10) B Buge (1= A %)y = P*(A)y., uan, 410 To %e camoe, B BHjie

[Moacrasnss (11) B (8), momydaem:
Y=A 2(P*(A)y. £ A 9N =Ap. £ AP D)y £ 1y =
=ﬂy* iPkH(ﬂ,)y* i/”tk+1y=Pk+l(/1)y* i/% k+1y’

B Pkﬂ(ﬂ,)

y_1+ﬂ,k+1y

Taxum 006pa3om, T0Ka3aHO
Yr1Bepxaenue 1. Judppepenyuanvnoe ypasuenue (1) ¢ umnynvcnvim 6o3oeticmsuem

(2), (7), 20e y=x, npu 1< A <|minG(x)
umo azoeas MouKka OAHHOU CUCEMbl NPU OBUNCEHUU B800Ib COOMBEMCMBYIOUEl MpaeK-
Mopuu n008ep2aemcs poHO N UMNYIbCHBIX 8030€UCMBULL 3a Nepuood, 20e N — NPOU3BOTbHOE

Hamypanvroe yucno. Ilpu smom mouku 6030etUcmsus UMNYIbCHbIX CUL, COOMBEMCMEYIouue
T'(n) -nepuodeckum peutenusm, HeoOXo0UMo uckams cpedu opobdeti 8uda

, umeem T(n)-nepuoduueckue peweHus makxue,

_P'Q)
T

Ve )

20e P"(1) —mnocounen, éuoa P"(A)=a,A"+a, A" '+..+a,A°+A, a,==l,i=2, n.
N3yunm netanpHee 3a1a4y O BUZE TMEPUOJUUECKUX TOUYEK 0ToOpaxkeHHs (§), KOTOphIe
COOTBETCBYIOT 7'(n) -niepuoandeckum pemeHusm 3agauu (1), (7).

[Moctpoum MHuoOTOwneHsl P"(A) B sBHOM Buzae. llocTpoeHne HAYHEM C TOYKHU
A=A A~ =2

y K v. . llogeiicTByeM Ha 3Ty TOUKY OTOOpakeHueM (8)
+
A=A2=A .. =-2"
=41+ T Vi) (12)
VI

1+A"E (A=A =A== A"

SO =4y, K

CornacHo YTBepkIeHHIO 1, MHOTOUIEH B 3HAMEHATeNe OPOOH JOJDKEH CONepiKaTh
CTEMNEeHb 1, TAKUM 00pa3oM, 3HaK mnepen Apoowto B (12) Oyner «+»,a y<0.

I[IpousBens COOTBETCTBYIOIIKE NpeodpasoBanus (12), HOTyYHUM ClIEIyIOILYIO0 TOUKY:
A4 A—A 03
1+1" e

npu4yeM

Ry ey R
1+1"

. <0,
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WJIM, YTO TO XK€ caMoe,

A=A °=A°—...=1"<0. (14)
[ToBTOpUB ananoruyHsie cyxacHus ais (13), moaydum TOUKY:

CA+A A=A

‘s 15
1+4" Y (15)
A+ A=A = =1"
rae OIISITh JKe y. <0, unu
1+4"
A+A =1 °—...—1"<0. (16)

[Mpomomxkasi aHATOTUYHBIE PACCYXKICHHUS, ITOJydaeM, YTO €CJIM YUCIUTENb Ipodu (9)
Oyner paBHbIM 1+ A", To MHOrOWwIeHbl P"(A) B 3HaMeHaTele COOTBETCTBYIOIIUX TOUYEK
KA OyyT UMETh BHI:

A=A = Q3= 2o
A+ A=A — oo
A+ A2+ 23— ==,

(17)
A+ A4 A+ ==,
A+ A4 A4+ A+ A=A,
A+ A2+ 2+ A AT A
Kpowme Toro, 1 A pomkHa OBITh CIIpaBeIMBOI CHCTEMa HEPABEHCTB
A=A =A== A=A "<0,
A+ A=A = A= A= 1<,
A+ A4 A= =A== <0,
(18)

A+ A4 A+ + A=A = 1<,
A+ A4 4+ A= 17<0,
A+ A4 A4+ A+ AT A0,

OueBUIHO, YTO AJIS TOTO, YTOOBI YHCIO A YIOBIETBOPSIIO CUCTEMY HepaBeHCTB (18),
JIOCTAaTOYHO, YTOOBI OHO YIOBJIETBOPSJIO MPEANOCICAHEMY HEPABEHCTBY cucteMbl (18),
Te. A+ A+ A4+ 1"+ 1"'=1"<0. Takum 06pa3oM, MOXKHO TOKA3aTh, YTO MPHU YBEIH-
YEHHUU 71 CY)KAETCsl UHTEPBaJ, C KOTOPOTO MOKHO BBIOMPATh 3HAUEHUS MapaMerpa A .

IloBTOpSAA BBIIENIPUBEACHHBIE PACCYXKAECHUS AJIS Cilydas, KOrJa YACIUTENb 1podu (9)

2 3 n
0 A=A =1 "-..-1
paBen 1— A", T.e. KOorna HayajgbHas TOYKA UMEET BHJ ) = R V., TIOJTY-
YyaeM IpeCTaBICHHUS COOTBETCTBYIOIIMX MHOTOuWIeHOB P”(A) B ero 3Hamenarese. 9TH MHO-
rowieHsl OyyT UMEeTh BUI:
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A=A2=A = ===,
A=A+ A2+ 42"+ AT A,
A+ A=A+ A+ A+ A,
e (19)
A+ A4 A+ =2 A A,
A+A 2+ 2+ 4 A=A A,
A+ A4 A4 AT =2

B sTOM cityuae cuctema HepaBEHCTB, KOTOPBIE OMPEIEIISIOT HHTEPBAJl CYIIIECTBOBAHUS
napameTrpa A, CBEACTCS K BUILY:

A=A = A= =A== 1<,
A=A 4234+ A7 AT A0,
A+ A= 2+ +A"H ATHA>0,
A+ A+ A4 = A"+ AT+ A0,
A+A 4 A4+ 2= A" A0,
A+ A+ A+ 4+ 27+ A= 17<0.

Kak u ans cucremsl (18), amst Toro, 4To6bI yucio A yIOBIETBOPSIIO CHUCTEMY Hepa-
BeHCTB (20), 10CTaTOYHO, YTOOBI OHO yIOBJIETBOPSUIIO MOCIEAHEMY HEPAaBEHCTBY cucTeMsl (20),
T.e. A+ A+ A+ A"+ A= 17<0.

Takum 00pa3oM, MbI TIOTYYHIIH Ui 000X PACCMOTPEHHBIX CIIy4aeB OJMHAKOBOE HE-
PaBEHCTBO, KOTOPOE OIPEIEIIIeT HHTEPBAJ IS apaMeTpa A : U BceX

n>3 A ela, |minG()],
IJIe @ SABJSCTCS PEIICHUEM YPaBHEHUS
FAri4r o+ o =0

1+\/§

2

min G(x)|]. B wactHoctTM, mpn n=3 «a= ~1,61803,

mpu n=4 «a =l+3\/2+@+3\/£—g ~1,83928.

3 V27 9 27
OTmMeTuM, YTO BCE PACCYXJICHUS MPOBEICHBI JJIS Cllydyasi, KOr/la B Ka4ecTBE Haydallb-
. A=A =4 .. -1"

HOM TOYKH oTOOpakeHus (8) BHIOMpAIN TOUKH ) = T4 v.. Ecnu B kaue-
CTBE HaYaJIbHOW TOYKU BHIOPATh MHYIO TOYKY, TO MOJYYUM HaOOp TOYEK, KOTOPBIC OTpeaes-
10T MIEPUOAMYECKUI IUKIT OTOOpakeHus (8§), OTIMYHBIN OT MPUBEICHHBIX BHIIIE.

CrnenoBarenbHo, u3 (17) u (19) BuauM, 4To cpeau TOUYEK MEPUOANUECKHUX LIUKIIOB TIe-
puona n otoOpaxenus (8), korga ¢azoBas TOYKA MPU IBUKCHUH (A30BOH TPACKTOPHECH
ypaBHeHus (1) moaBep)keHa UMITYJILCHOMY BO37eHCTBUIO (7) POBHO 7 pa3 3a MEpHo/, 00s13a-
TEJIbHO OYIyT TOUYKH BHJIA!

Ha MHTEpBae (1,
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A=A2= A = =A== . A+ A+ A+ A AT A=
1+2" 1+4" '

21)

Hcnonb3ys (21), MoxxHO HaWTH HaOOp TOYEK A oToOpaxkeHHs (8), OnpeneNsronux
cooTtBeTcTBYyMOIIEe 7'(n)— nmepuogudeckoe pemenue 3agauu (1), (7).
42
Heo6xoauMo otmMeTuts, 4to ¢ yuetoM (17) Touka IR KOTOpasi ABJISIETCS TOYKON

neproja 2, COBNAJAET ¢ HEMOABUKHON TOUKON ™)
+

Taxum oOpa3oM, cripaBeIMBO
YrBep:knenue 2. Touku, onpedensarowjue nepuooudeckull Yuki nepuooa n Ha unmep-

sane (1, min G(x)|] ons omoobpadicenus (8), koeoa gazosas mouxka npu Oguxcenuu hazosou

mpaexmopuu ypasrenus (1) noosepocena umnynvchomy eozoeticmsuio (7) posno n pas
3a nepuoo, umerom Uo:

AR AP m A A A A A A A A A
1+A" 1+A" '

Ilpu smom c ygenuuenuem n Oyoem cyiHcamuvcs UHMEPBA, U3 KOMOPO20 8blOUPAIOMCSL
min G(x)

min G(x))]

[IpoBeneHHBIN aHAIU3 KaYE€CTBEHHOTO MoBeieHus cuctemsl (1), (2), (8) neMoHcTpupy-
€T CIIOKHBIN XapakTep MOBEACHHS TPACKTOPUH CUCTEM, ONPEICIICHHBIX TU(dEpCHIIHATLHBI-
MU YpaBHEHHUSIMU U YCIOBUAMU UMITYJIbCHOTO BO3CUCTBUSA, IPUUEM B TAKUX CUCTEMAaX MOTYT
MPOSIBISATHCS HEKOTOphIe crennduyueckue 3¢deKTsl (M3MEHEHUE aCUMITOTUYECKIX CBONCTB
pemienuss (Mpu ¢ —> ), COCYIIECTBOBAaHUE TEPUOJUYCCKUX PEUICHUH), O0O0YCIOBICHHBIC
UMEHHO UMITYJIbCHBIM BO3JICHCTBHEM.

], 20e a — peulenue YpagHeHUs.

3HaueHus napamempa A, a umenHo, A e(a,
1

F+rt 4+ " " =" =0 na unmepsane (1,
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Sobchuk V.V., Khitko 1.V. Periodic Solutions of Nonlinear Differential Equations with Impulse
Effect and Exclusive Views Point of Order of Sharkovsky

In the paper for the Lienard equation with impulse effect at non-fixed instants of time, it is shown that
the problem of the existence of its periodic solutions is equivalent to the problem of the existence of periodic

points of some mapping of the line segment into itself. Examples of impulse effect functions 1(X) are given for

which the Lienard equations have periodic solutions and for which the coexistence of periodic solutions in ac-
cordance with the Sharkovskii order takes place. The latter is provided by changes in the parameter in the func-

tion 1(X).



