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CTPOEHME z-PA3PEIIMMOM I'PYIIIIHI,
Y KOTOPOM MHAEKCHI HOPMAJIbHBIX 3AMBIKAHUI
NN KO®AKTOPBI HOAI'PYIII U3 ®PAKTOPOB OI'PAHUYEHbBI*

1

Yemanoeneno, umo ecau nopsioku kopaxmopos cyOHOPMANbHLIX NOOSPYAR AUOO UX UHOEKCbl
6 HOPMAIbHBIX 3AMBIKAHUSAX C80O00HbI OM K8aopamos, mo npou3eooHas m-oauna gaxmop-epynnet G [P (G)
He npesvliiaem 2, eciu 2 & T u npouzsoonas m-onuna gaxmop-epynnol G /@ (G) ne npesviuwaem 4, eciu 2 € 1.

Beenenne

PaccmarpuBaroTcss TOJIBKO KOHEYHble Ipynnbl. Bece 0003HaueHUs M MCMOJIb3yeMble
OIIPEJICTICHUS] COOTBETCTBYIOT [ 1; 2].

XO0poI10 U3BECTHO, YTO CBOWCTBO HOPMAJIbHOCTU IOJAIPYIIBI B IPYIIE HE SBIAETCS
Tpau3utuBHbIM. B 1957 roay lammonr [3] ycTaHOBHMJ CTpOEHHE pa3pelIMMBIX TPYIIIL,
y KOTOPBIX HOPMalIbHOCTh 00J1aJjaeT TPaH3UTUBHBIM CBOWCTBOM (t-rpymmbl). Takue rpymmbt
MOYKHO MPEJCTaBUTh B BUJE MOJYINPSIMOTO MPOU3BEIEHUS HOPMAJIbHOM a0eseBoil X0JI1oBoH
HNOJArPYNIBI HEUETHOTO MOPSIIKA U JEACKUHI0BOM MOATPYIIIHI.

I'pynnsl, 6mu3kue k t-rpynnam, MOXKHO ONpENessTh MpU MOMOIIM JAedeKkTa CyOHOp-
MaJIbHOW MOoArpynns! H, T. €. AJUHBI HAMMEHBILETo CyOHOPMAaJIbHOTO psifia OT MOArpynmsl H
7o rpynnsl G. O4eBUHO, YTO KaXkAas COOCTBEHHas HopMallbHas MOATpYyMa umeer aedexr 1,
nosToMy B {-rpynmax Bce cyOHOpMalibHBbIE MOATPYHIBI UMeET aedexT 1. I'pynmsl ¢ cyO-
HOPMaJILHBIMH MOJTPyIIamMu aedekra 2 ucciieaoBaiuch B [4].

B Teopum rpynn Beakyro noarpynny H rpynnel G MOXKHO OKPYKHMTh JBYMsI HOp-
MaJIbHBIMU B G TIOATPYHIAaMHU — HOPMaJIbHBIM 3aMbikanueM HC u sapom Hg, rne HE sBnsercs
HauMeHbIIeH HOpMalIbHOM B G moarpynmnoi, cogepxameid H, a H; — HaubombIield HopMalib-
HOW B G moarpymnmnoi, conepxameiics B H. Ilonarno, uto B t-rpynmax

|HS:H| = |H:H;| =1
JUIs Kax 101 cyOHOpManbHOU noarpynnsl H. Ecnu G He sBnsercs t-rpynmnoi, To
|[HG:H| > 1,|H:Hg| > 1

JUTSL KaKJI0M cyOHOpMaIbHOM HEHOpMaIbHON moArpymnisl H.

B pa6ote [5] 'o Baas6uns, Xy buas u B. C. MoHaxoB U3yuniau WHBApHUAHTHI pa3-
pemmmMoi Tpynmbl G B 3aBUCUMOCTH OT 3HaueHWW uucioBoi ¢yHkiuu t(G), onpeaenieHHon
CJIETYIOIIUM 00pa3oM:

t, (G) = max{n|p"T|H®:H|,H sn G},p € n(G).
t(G) = maxpen()(tp(G)).

*Paboma evinonnena npu unancosol nododepoicke beropyccroeo pecnybnuxancrkoeo gonoa gynu-
oamenmanvHwlx uccredosanuil (npoexm Ne @17M-063).
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Crnenys XymnmepTy, 6yjaeM ncronb308ath 3amuck p™T|HC: H| ai1s 0603HaueHns Toro,
uto p™ npenut |HC:H|, a p™*! me nemur |HC:H|. 3amucy H sn G 0603HayaeT, 4To IOJ-
rpymnmna H cyoHopMainbHa B rpymre G.

Eciu t(G) =0, To H® = H nna Becex cyOHOpMaibHBIX moarpynn H rpynmsl G
u rpynna G cranoButcs t-rpynmnoii. B [5] B 3aBucuMocTr oT 3HaveHui t((G) HaWIEHBI BEpX-
HUE IPaHUIBl HUJIBIIOTEHTHOM, TIPOU3BOTHON M P-IUIMHBI Pa3pelIuMoi rpymsl G .

Hanomuum, uro kodaktopom mnoarpynmnsl H rpynmel G HasbiBaeTcs (hakTop-
rpynma H/H.

B pabote [6] pemiena qBoiicTBEHHAs 3aja4a: UCCIEA0BaHbI MHBAPHUAHTHI Pa3pEIIMMOM
rpynnsl G B 3aBUCUMOCTH OT KaHOHMYECKHMX DPA3JIOKEHUU MOPAIKOB KOGaKTOpOB CyOHOP-
MaJIbHBIX MOATPYII.

B. C. MonaxoBbsiM B 2006 1. [7] ObLIO IIPEIOKEHO HOHATHE IPOU3BOIHON TT-IHHBI
T-pa3penmMoil rpynnsl G Kak HauMEHbINee YuciIo abeNeBbIX T-(aKTOPOB CpeaH BceX Cyo-
HOpMaNbHBIX (70, T)-psoB Iyl G, TJI€ T — HEKOTOPOE MOJAMHOMXECTBO MHOYKECTBA MPOC-
THIX yKcen P, a ' — ononHenne K T BO MHOKeCTBE P.

B nmanpHeiimem npon3BOIHYIO TT-IJIUHY TT-pa3pemnMoi rpymnmnsl G Oyaem 0003HavaTh
uepe3 [2(G). Ecimu m(G) = m, 10 3Havyenue [2(G) coBmagaer co 3HAYEHHEM MPOU3BOTHOMN
JUIMHBI TpyHIbl G.

B pabore [8] m3ydeHbl CBOWCTBA MPOU3BOJHON T-IUTMHBI TT-Pa3pelIMMON TPYIIIHI,
B pabote [9] WccienoBaHbl TT-pa3peniMMble TPYIIbL, Y KOTOPHIX CHJIOBCKHE P-TOATPYIIIHI
UKINYECKHe s BceX p € m. B 4acTHOCTH, MOKa3aHO, YTO MPOU3BOJIHAS TT-JIMHA TAaKHX
T-pa3pelIuMbIX TPYII HE MPEBBILIAeT 2.

Brionne ecrecTBeHHO pa3BUTh PACCMOTPEHHBIE BBINIE PE3yJabTaThl padot [S] u [6]
Ha CIy4ail m-pa3pemMbIX Tpynmi. OCHOBHBIM Pe3yJIbTaTOM SBISIETCS CIEAYIOIasi TEOpeMa.

Teopema. Ilycmv G — m-paspewumasn epynna. Toeoa lx(G/P(G)) < 2, ecau 2 € m,
uld(G/®(G)) <4, ecru 2 € T 6 KANCOOM U3 CLEOYIOWUX CTYHUACE:

1) nopsoox kogpaxmopa H/H; ceobooen om ksadpamos, 20e H — npouszsonvhas
cyonopmanvras nooepynna G;

2) unoexc |HC: H| ceobooen om xeadpamos, 20e H — npouszsonvuas cybHopmanvuas
nooepynna G.

BcnomoraresibHbIe pe3yJbTaThl
UYepes F(G) nu ®(G) obo3HauaroTcst moarpynna @urrtuara u noarpynmna OpartuHu
rpynnbl G COOTBETCTBEHHO; Zy, — HMKINYecKas rpynna nopsaka m; 0 ,(G) u 0 ,(G) —

HauOOJIbIIME HOPMaJbHBIE B G p- ¥ p'-IOATPYIIBI COOTBETCTBEHHO, a TT(G) — MHOKECTBO
BCEX MPOCTHIX JEIUTENCH MOpsAIKa TpynIbl G.

Jlnst noka3zaTtenbCcTBa OCHOBHOTO PE3yNbTaTa JAaHHOM CTaThU TOHAMOO0STCS Cledy-
IOIIHE JIEMMBI.

Jdemma 1. Ilycmo G — m-paspewumasn epynna u N — MUHUMATbHAS HOPMATILHASL D-NOO-
epynna epynnot G, p € 1. Tozoa |N| < p? 6 kasxcoom u3 ciedylowux cryuaes:

1) nopsioox kogpaxmopa H/H; ceoboden om ksadpamos, 20e H — npoussonrvnas
cyonopmanvras noocpynna G;

2) unoexc |HC: H| ceobooen om xeadpamos, 20e H — npouszsonvras cybHopmansHas
noozpynna G.

Jloka3aTenbCTBO.

1. Ilycte M — makcuMmanbHas noarpynmna B N. Torma |[N: M| =p. T. x. M; — Hau-
Oonblas HOpManbHas moarpynma B G, coxepxamasics B M, to Mg =1 u M = M /M.
T. x. M cybHOpManbHa, TO 1O ycinoBuio M nuknmuueckas u [M| < p, 1. k. M — anemeHTapHas
abenesa noarpynna. [lostomy |N| < p2.
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2. Ilycte K — moarpymnma mnpoctoro nopsiaka B N. T. k. N HopManbHas mpuMapHas
rpynna, To K cy6Hopmansaa B G u p? ne neut |K: K|. ITockonbky N — MUHUMAJIbHAs HOP-
ManbHas noarpynna, To N = K¢ u |K¢: K| = p. ITostomy |N| < p?. Jlemma foka3aHa.

Jdemma 2 [10, nemmsr 1, 2].

1) Eciu H u K nooepynnwet epynnet G u K € H, mo K; < Ky.

2) Ilycmvo N — nopmanvras nooepynna epynnet G, H — nooepynna uz G u N € H.
Toeoa N < H; u Hg/N = (H/N);.

3) Eciu N — nopmanwvhas nooepynna epynnet G u H — nodepynna uz G, mo

HeN < (HN);.

4) I[Tycmo N — nopmanvras nooepynna epynnet G, H — nooepynna uz G. Toeoa
HEN/N = (H/N)C.

O0o03HaunM, B 3aBHCHMOCTH OT CHTYyallud, 4epe3 F Kiacc Bcex TpyIi, y KOTOPBIX
nopsiiku KopaktopoB H/H; cBOOOIHBI OT KBaIpaToB, rae H — npousBoJIbHBIE CYyOHOPMAh-
Hble TIOATPYHIBl U3 G, 16O Kiacc BCeX TPyNH, Y KOTophlx uHiekchl |HE:H| cBoGOIHBI
OT KBaJpaToB, r1e H — mpou3BoJIbHBIC CyOHOPMATIbHBIC TIOATPYIIHI U3 G.

Jemma 3. Knacc F — comomopah.

JokazatenbctBo. Kodaktop noarpynmnsl H B rpynmne G o6o3nauum Cof; (H).

[lycts H=H /N — mpousBojibHas cyOHOpMalbHas moarpynna rpynnsl G = G/N.
Torma N < H < G uno nemme 2 (2)

Cofz(H) = (H/N)/(Hg/N) = H/Hg = Cofg(H).
ITo nemme 2 (4) nonydaem
|(H/N)¢:H/N| = |H¢/N:H/N| = |H®: H|.

Jlemma JtokazaHa.

Jemma 4 [8, nemma 4]. Ilycmov G — m-pazpewumas epynna u t — HamypaibHOe YUCIO.
IIpeononooicum, umo ly(G/N) <t 0na 6cex HeeOUHUUHBbIX HOpMATbHLIX nodepynn N epyn-
not G, no l3(G) > t. Tozoa:

1) 0,(G) =1;

2) 6 epynne G cyujecmgyem moibKo 00HA MUHUMATbHAS. HOPMATbHAS NOOSPYNNA;

3) F(G) = 0,(G) = F(0r(G)) 0ns nexomopozo npocmozo p € T,

4) 0,(G) = 1u Cs(F(G)) < F(G).

Jdemma 5 [11, teopema 3.1]. Ilycmo G — p-paspewumas epynna ¢ CUnO8CKoU P-noo-
epynnotl nopsioka p". Toeoa

n+1

1) ecnup € {2,3}, mo l5(G) < -

2) ecnu p € {2,3}, mo I§(G) S 1+ 7.

Jdemma 6 [8, teopema 2]. Ilycmv G — m-paspewumas epynna, G, — ee T-X01108a
nooepynna. Eciu G, abenesa, mo 15(G) < 1.

Jns p-paspemmmmoit rpynmel G Xomr u Xurmed ([1, teopema VI1.6.6]) mokazamm,
uto [, (G) < 1,(G), rne 1,(G) — rIaBHBLA p-paHr rpynmsl G. DTOT pe3yIbTaT yTOYHAET

Jemma 7 [12, teopema 2]. Ilycmo G — p-paspewumas epynna. Ecau 1,(G) = 1,(G),
mo aubo 1,(G) =1 nubo 1,(G) =2 u p€{2,3}. B uacmnocmu, eciu 1,(G) =3,
mo 1,(G) < 1,(G) — 1.

Jdemma 8. Ilycmv G — p-paspewumas epynna u cunogckas p-nooepynna P umeem
nopsook p>. Tozoa 1,(G) < 1 npup > 3.
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JoxkasatensctBo. T. k. |P| = p3, To 7,(G) < 3. Eciu 1,,(G) = 3, To cuioBcKas moj-
rpynna P abenesa u l,(G) < 1. Ecim 7,(G) = 2, 10 1,(G) < 1,(G) = 2. Ecim [,,(G) = 2,
10 110 Iemme 7 p € {2,3}. Tlosromy 1,(G) < 1 miap > 3.

Eciu 1,,(G) = 1, 10 [, (G) < 1,,(G) = 1. Jlemma jokazana.

Jdemma 9 [11] llycmo G — m-paspewumas epynna u m = 1w, U 1,. Toeda

I7(G) < 13,(G) + 17, (G).

Jloka3aTejbCTBO TEOPEMbI

[Tycts 2 £ m. [Ipennosnoxum, yTo G — rpyrina HAUMEHBIIETO OPSIKA, YAOBICTBOPS-
IOIasl YCIIOBHIO, JUISl KOTOPOH OIEHKH W3 3aKJIFOUEHHUS TEOPEMbl HE BBIMONHSIOTCS. [lo emM-
Me 3 kaxpaas gakrop-rpynmna G /N HacleayeT yCIOBUS TEOPEMBI.

[Ipennonoxum, uto ©(G) # 1. Torna, ecnu 2 € m, TO

Z(G/P(6) = [z ((G/P(G))/P(G/P(G)) < 2

", €CIIi 2 € T, TO

7(G/P(6) = [z ((G/P(G))/P(G/P(G)) < 4.

[TosTomy B manpHeitmem cuntaem, uto P (G) = 1 u no nemme 4 B rpymme G cymect-
BYET TOJIBKO OJIHA MUHUMaJIbHasi HOpManbHas noArpynmna N,

N = F(G) = 0,(G) n C5(F(G)) = F(G).

Toraa no nemme 1 |N| < p2.

Ecnu |N| = p, To dakTop-rpynmna G /N uzomopdHa NOATrpyNIe HUKINIECKOH IPyIIIbI
nopsiika p — 1. [loaromy xomnoBa m-noarpymnmna G, /N rpymmsl G /N sBiseTcs TUKINIECKOH,
rne G, — xomnoBa m-noarpynmna rpynmsl G. Torma mo nemme 6 L3(G/N) < 1. T. k. noa-
rpynma N abenesa, To [3(G) < 2.

Eciu |N| = p?, to Qakrop-rpynna G/N nsomopdua moarpymne rpymnst GL(2,p),
CHJIOBCKasl P-TIOATPYIIA KOTOPOW HMMeeT MOpsmoK p. IlosTomy cuiioBckast p-moarpymma
rpynnbsl G uMeeT TopAaok p>. O4eBUIHO, YTO l,(G) > 1. U3 nemmeI 8 crenyet, 4to p = 3,
T. k. 2 € 7. Ilostomy G/N m3omopdua noarpymne rpymmsl GL(2,3) u |GL(2,3)| = 2* - 3.
3naunt, ™ = {3}, T. k. 2 € T, U cunoBckas 3-noArpynna umeer nopsgok 33. ITo semme 5
I2(6) =15(G) < 2.

[Mycte ; = m\{2}. [1o temme 9 momydum, 4To

12(G/D(G)) < I&,(G/D(G)) + I¢(G/D(G) <2 +2 = 4.

TeopeMa JoKa3aHa.
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Pykamic mactyniy y paagaxusio 13.03.2019

Gritsuk D. V., Trofimuk A. A. The Structure of a =-Soluble Group in which the Indices of Normal
Closure or Cofactors of Subgroups of the Factors are Limited

The structure of z-soluble groups with limited the indices of normal closures or cofactors of subgroups
of the factors was investigated. It is established that if the orders of cofactors of subnormal subgroups or their
indices in normal closures are square-free, then the derived z-length of the factor group G/®(G) does not ex-
ceed 2, if 2  w and the derivative x is the length of the factor group G /@ (G) does not exceed 4 if 2 € m.



